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PREFACE TO TIIE SECOND EDITION 


As compiirecl to it?3 predociossor, “Fundamentals of Physical Optics/' 
the present text embodies extensions in two directions. The first ten 
(ihapters on geometi’ical optics have been added at the suggestion of a 
number of users who desire to include at least a brief review of the 
principles of this subject. At the Univwsity of CUilifomia geometrical 
and physical optics arc now presented in separate courses, and thcrefoni 
the former subject is here carried somewhat beyond the elementary level. 
Although we begin with first principles, these are introduced in a moni 
general form than is customarily used for beginners. The second exten- 
sion is the inclusion of a final chapter on the quantum behavior of light. 
The unity of subject matter which was achieved in “Fundamentals of 
Physical Optics” by covering exclusively wave optics has thereby been 
sacrificed, but experience leads us to believe that this drawbacJc^will be 
more than compensated by an increase in the general usefulness of the 
book. 

The field of optics has continued tci show a vigorous growth in re(*ent 
years. New and important applications of old primuples hitve appeared," 
and doubtless others are yet t o come. Developments sii^h as tlye phase- 
contrast microscope, direiitional radar,^ nonreflecting films, the electron 
microscope, and the Schmidt camera testify to the pra(d,ical importance 
of optics as a fic'ld of study. Although many, of the new ^is(R ivories 
are either too specialized or too complex to warrant a detaih^d treatment 
in a textbook devoted to fundamentals, they havij been included wherever 
they furnish apt illustrations of the prineijiles discusscjd. The former 
text on physical optics has been carefully scrutinized, not only from the 
stand])oint of inserting such examples, but also from that of improving 
the clarity and rigor of its presonTc^tion. In this ^connection the authors 
must acknowledge their deep oliligation to a number of persons wfio have 
taken great pains to cominuniijate their suggestions and criticisms. 
Besides Professor R. T. Birge and other members of the Departnwuit of 
i'hysics at Berkeley, those who have been most helpful in this connection 
are ProfesSors J. AV. ElKs, L. B. Heilprin, P. Kirkpatrick, C. F. Meyer, 
W. M. Preston, E. M. Purcell, G. D. Rochester, W. W. Sleator, and 
M. W. Zemansky. , 

The device of including brief descriptions of experimental illustrations, 
set off the main text by horizontal rulings, is* not as useful nor as appro^ 
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priatoin gofimotricjil ns in physic^nl opUes. Instead, wo have used in 
early chapters the same method of segregation for the solutions of numer- 
ical examples. 

The lists of problems at the ends of cJiaptcrs have be(;n completely 
changed and many new problems added. .Vnswers for the even-num- 
bered ones an; given at the back of the book. 

As regards laboratory experiments, we have not thought it advisable 
to include des(;riptions of these, becauso of lack of space and of the fact 
that the available ccpiipinent often varies greatly in dilTorent places. 
The laboratory manuals now vi use at the IJniversii.y of California may lie 
obtained by writing the Associatcil Students’ Store, Berkeley, requesting 
“Laboratory JOxercises in (leometrical Optics” and “Jiaboratory Exer- 
cises in rhysical Optics,” both hy B. S. Minor and 11. E. AVhite. 

Fuaxcis a. Jknkins 
I lAuviiY E. White 



PREFACE TO THE FIRST EDITION 


This textbook is intendod for use in an advanced undergraduate course 
in optics. It is assumed^ that the student lias completed a thorough 
course in elementafy^ physics and is familiar Avith the methods of the 
calculus. W^e have presented the material in such a Avay, liowcver, that 
the book may be used in classes in which some students do not have the 
above malh(»matical iin^paral ion*. Thus, wherever possible, the mathe- 
matical deriv-alioiis are supplemented liy simple grajihical or vec.tor treat- 
mtMits of the jiroblem. '^Fhe applications ol caknilus liave been purposely 
made very brief, liut an* always included for the benefit of those students 
with a mathematical turn of mind. The main emidiasis is placeil on the 
physical explanation of the various phenomtiiia, which we believe is most 
successfully accomplished in the pres(‘nt subject, by the use of graphical 
methods. For this reason a large number of illiuU rations have been 
prepared with considerable care to have them as exact as possible. 

VVe have deliberately restrictcnl the subje(;t matter to ratlier narrow 
limits. Thus, on tlie one hand, we have incliuhid no geometrical optics. 
The knowledge of this subject gained in an elementary physics course is 
ample for an understanding of the material of this book. On the other 
hand, no systematic discussion of the c|fiant,um theory and its appli(‘ations 
to spectra and atomic structure has been giv*n, even thpiigh this is an 
essential part of the subje(*,t <}f physi(;al optics as the term is gtauTally 
understood. It would liave been impossible to include an a(l(H|uato 
account of tliis field Avithout a considerable increase in the size of the book.* 
We have th(?refore limit ( k 1 ourseh’^es strictly t(f the so-called classhtal 
physical o])tics, or wave optics. This has been nec(»ssary in order that 
there should be room for a sufficiently detailed consid(‘ration of our 
subject. 

Hut there is a more fundamental reason for this limitation than the 
mere exig(»nci(\s of space. 'Fhe coiiiplementary character of the wave and 
(piantum aspects of light, AvhicU is an essential part of the modern |heory, 
reveals these as two ecpially important, but (piite di.'^inct, fields of study. 
In coA'cring only the one fiel3, the book acjhievcs a unity Avliich Avould be 
lost by the inclusion of a necessarily brief account of the other fiedd. The 
usual procedure in an introductoiy presentation of light has been to 
develop the wave theory first, and afterward to d(?sc 1*^)0 some of the 
quantum phenomena re(iuiring the particle theory. The dilemma in 
which Ave arc left concerning the true nature of light its then emphasized 
in such a Avay as to l(*ave (1 k^ impression that ultimately one or the other 
of these theories Avill prove to be correct. It seems to us that the time 
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has corne to adopt the point of view emphasized hy the quantum mechan- 
ics, namely, tliat the wave and particle properties of light are merely £wo 
different aspecis of the same thing, and that one will probably never be 
more important than the other. These two aspcjcts are to be regarded as 
complementary rather than as antagonistic. ^ Although the acceptance 
of this point of view rcfiuires a fundamental chaijge in our ideas as to 
what constitutes an ‘^exj)lanation” of a phenomenon, the thoughtful 
siiuh'nt should certainly ])e given the benefit of this newer outlook. 

The dual character of the present the'ory of light and matter leads to a 
logical way of dividing the subject matter into two parts. On tin* one 
hand classical mechanics, the mechanics of particles, corresponds to the 
quantum picture of light, and to geometrical optics. On the other hand 
the wave mechanics corresponds to wave optics. In confining ourselves 
to the latter field, we are covering the subject of “physical optics” in the 
sense of classical physics only. In our opinion the quantum asp(*cts of 
light, which are apimrently so sharidy divided from tb.j wave aspects, arc 
best presented in a separate (joursc. If it is d(\sired to include them in the 
same course, reference should be made to other books in which a fairly 
complete treatment of the (|uantum theory* is given. To be sure, it was 
' not necessary or desirable to omit all mention of the (plant um aspc‘(*ts 
in the present book. iJn the later chapters, which deal with the interac- 
, tion between light and matter, wc have Ix'cn ('arc'ful to jioint out the 
sllortconiings the wavf, picture, and the nec(\ssity of turning to the 
quantuhi Uieory for a complete explanation. 

The most beautiful and st riking experiments in physics are to lie found 
• in the field (jf physical optics. Hence it is very d(\sirable lhat as many as 
possible bf these be shown to the class or ])erformed by the students 
themselves. Descriptions of many demonstration I'xperinu'iits are given 
throughout the t(\\t; th(^,se are set off from the text- itself iiy liorizontal 
lin(»s. The laboratory work ac(;ompariying the course? now gi\'('n at tlu; 
l'niv(?rsity of (California is dcscrib(,Hl in “Laborator^'^ Kxperiments in 
Physical Optics,” by It. S. Minor an(J.'H. p]. White. 

In writing this text We have had free access to the l(?cture notes us(h 1 by 
Professor II. T. Pirge in his advanced course on physical of)tics, and from 
these we have taken some of the explanaiions and drawings used in the 
more involved phases of the subject. Wc are also deeply indebted to 
Prof(?.ssor Birgc for reading the entire manuscript and for mailing numer- 
ous valuable su<^gestions in regard to it. Wc wish to express our sincere 
thanks to Professor R. S. Minor for the niling of the various sjiecial dif- 
fraction gratingp Used by us in obtaining the photographs in Figs. Od, 
Gfi, 7 A, and 7F. 


Fuancis A. Jknkins . 
HaUVEY E. W'uiTE 
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CHAPTER 1 
LIGHT RAYS 


Optics, the study of light, is conveniently divided into three fields, each 
of which requires a markedly difTerent method of theoretical treatment. 
These are (a) geometrical optics j which is treated by the method of light 
rays, (/>) physical optics^ which is concerneil with the nature of light and 
involves primarily the; theory of waves, and (c) quantum optics, which 
deals Avith the interaction of light with the atomic entities of matter and 
wliich for an exact treatment requires the methods of quantum mechanics. 
This book deals almost entirely with (a) and (6), although some of the 
salient features of (a) will be outlined in the last chapter. These ficOds 
might preferably ho. called macrosc^opic, microscopic, and atomic optics 
as giving a more specific indication of their domains of applicability. 
^\^len it is a qu(?stion of the Ixdmvior of light on a large scale, th(J w.q)rc- 
s<'ntation by means of rays is almost always sufficic^nt. 

1.1. Concept of a Ray of Light. The distiiK'tion, l)etwe(‘n geometrical 
and ijhysical optics ai)pears at once When we attempt by means of 



(a) (b) (c) 

I'iu. I A. Attempt to isolate a siriKle ray of liKlit. 


diaphiagms to isolate a single ray of light. In Fig. lA let S represent 
a source of light of tlie smallest possible size, a so-called point source. 
Such a source is commonly realized by focusing the light from the white- 
liot. positive pole of a carbon arc on a metal screen pierced with a small 
hole If another opac^ue screen 11 provided with a much larger hole 
is now interposed between S and a white observing screen M [Fig. 1 A (a)], 
only the |)ortion of the latjer lying between the straight lines drawn from 
N will be appreciably illuminated. This obscrvatic^n fbrnv* the basis for 
saying that light is propagated in straight lines called rays, since it can 

* Tho roTic(Mitrat(Hl-.*irc lamp to he tlcs'ribod in See. 21.2 also furnishes a very con- 
venient way of appruxiiiiatiiig a point sourec. • • ® 
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be explained by assuming that only the rays not intercepted by H reach 
the observing screen. If the hole in 11 is made smaller, as in (6) the 
figure, the illuminated region shrinks correspondingly, so that one might 
hope to isolate a single ray by making it vanishingly small. Experiment 
shows, however, that at a certain width of // (a few tenths of a millimeter) 
the bright spot begins to widen again. Tkc result of making the hole 
exceedingly small is to cause the illumination, although it is very feeble, 
to spread over a considerable region of the screen [Fig. 1^4 (c)]. 

The failure of this attempt to isolate a ray is due to the process called 
diffractiouy which also accounts for a slight lack of sharpness of the edge 
of the shadow when the heje is wider. Diffraction is a consequence of 
the wave character of light and will be fully discussed in the secition on 
physical optics. It becomes important only when small-scale phenomena 
are being considered, as in the use of a fine hole or in the examination of 
the edge of the shadow with a magnifier. In most optical instruments, 
however, we deal wUh fairly wide beams of light and the effects of 
diffraction cjin usuall 3 ' be neglected. The con(;ept of light rays is then a 
very useful one because the rays show the direction of flow of energy in the 
light b^eam. 

iM, Laws of Reflection and Refraction. These two laws wei-o dis- 
covered experimentally long before their significance was understood, and 
together they form the basis of, the whole of geometrical optics. They 
may be derived from certain general principles to be discusse^.d later, but 

for the present we shall merely state 
them as experimental f ac ts. When 
a ray of light strikes any boundary 
betw^een two transparent substances 
in which the velocity of light is 
appreciably different, it is in general 
divided into a reflc^cted ray and a 
refracted ray. In Fig. \B let lA 
represent the incident ray, and let 
• it make the angle 4> with NA, the 
nornlal or perpendicular to the surface at A. 0 is called the angle of 
incidence and the‘ plane defined by I A and NA is called the plane of 
incidence. 

The law of reflection may now be stated as follows: 

The reflected ray lies in the plane of incidence, and the angle of refleC'^ 

tion equals the angle of incidence. 

That is, I A, l^A, and AR are all in jlie same plane and 

0" = * (la) 




1.3] 


PRINCIPLE OF REVERSIBILITY 


The law of refraction^ usually called Snell's law after its discoverer/ 
stateg that 

The refracted ray lies in the plane of incidence, aiid the sine of the angle 
of refraction bears a constant ratio to the sine of the angle of incidence. 


^Jlie second part of this law therefore recpiires that 


sin 4> 
sin 0' 


= const. 


(i&) 


Tf on the left side of the boundary*in Fig. \B there exists a vacuum (or 
for practical purposes air), the value of the constant in Kq. 16 is called 
the index of refraction n of the im'dium on ftie right. By experimental 
measurements of the angles 4* and 0' one can determine the values of n 
for various transparent substances. Then, in the refraction at a bound- 
ary between two such substances having indices of refraction n and n\ 
Snell's law may be written in the symmetrical form 


n sin ^ = n' sin * (Ir) 

Wherever it is b^asible we shall use unprimed symbols to refer to the first 
medium and primed ones for tjie s(‘cond. The ratio n'/w hi often* c^^illed 
the relative index of the second medium with respect to the first. The 
constant ratio of tlie sines in lOq. 16 equals this relative index. When 
the angle of incidence is fairly small, Ik|. ic shows that the angle of 
refraction will also be small. Under these circumstances a Very good 
approximation is obtained by setting the sines equal to the angles them- 
selves, so we obtain , ' 


<#> _ W 
0' n 


FOK SMALL ANCJLFS 


(Id) 


1.3. Principle of Reversibility. The symmetry of Kf]s. In and Ic with 
respect to the primed and unprimed symbols shows at onc,(*, that if a 
reflected or refracted ray he reversed in direction, it will retrace its original 
path. F'or a given pair of media with indices n and n' any one value of 
4> is correlated with a corresponding value of 0'. This will be equally 
true when the ray is reversed and 0' becomes the angle of incidence in 
the medium of index w'; the angle of refraction will then be 0. Since the 
reversibility holds at each reflecting or refracting surface, it holds also for 
even the most complicated light paths. This useful principle has more 

* Willehrord Snell (1501-16556) of the University of Ijoyden, Holland. He an- 
nounced what is essentially this law is an unp\iblishcd paper ih 1621. * His Kcometrical 
c:onstru(!tion required that the ratios of the cosecants of 4 >* and 0 be constant. Des- 
cartes was the first to use the ratio of the sines, and the law is gcperully known as 
Descartes’ law in France. (See footnote, p. 9.) • • ' 
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than a purely geometrical foundation, and it will be shown later thal it 
foII(»ws from the application to wave motion of a corresponding pripciplo 
in mechanics. 

1.4. Optical Path. In order to state a more general principle which 
will include both the law of reflection and that of refraction, it is con- 
venient to have the definition of a quantity called the; optical path. 
When light travels a distance d in a medium of refractive index n the 
optical path is the product nd. The physical inl^erpretation of w, to bo 
given later, shows that the optical path represents the distance in vacuum 
that the light would traverse in the same time that it goes the distance 
d in the me<lium. When there are several segments d\, da, * • ■ of Ihe 
light path in substances having different indices ni, 712, • " • , the optical 
path- is found as follows: 


Optical path = [d] = nidi + + 


^ H jli (Ic) 



Fk'i. \C, JIluNtratiiifr 
Fermat's prinriplo. 


opf ir.’il path and 


For examples let L in Fig. VC represent a lens of refractive index n' 

immersed in some liipiid of index 
71/ The optical path between 
two points Q and Q' on a ray 
becomes, in this case, 

[d] = ndi + n'd 2 + nds. 

TTere Q and Q' need not necessarily 
represent points on the object and 
image; they are merely any two 
• chosen points on an actual ray. 

One may also define an optical path in a medium of continuously vary- 
ing refractive index by replacing the summation by an integral. Th(^ 
paths of the rays are then curved, and the law of refraction loses its 
meaning. We shall now consider a principle which is applicable for any 
type of variation of n and hence co\itains within it the laws of reflection 
and yefraction as well. 

1.6. Fermat’s* jPrinciple. A correct and complete statement of this 
principle is seldom found in textbooks, because the tendency is to cite it 
in Fermat\s original form, which was incomplete. Using the concept of 
optical path, the principle should read 


I 

* Piorro Fermat (1608 1665). French mathomaiieian, ranked by some as the 
discoverer of diffcrpitial calculus. The justification of his principle given by Fermat 
was that “iiatum is ecouomi(;al/’ but he was unaware of circumstances where exactly 
the Inverse is true. • 
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The path taken by a light ray in going from one point to another through 
atm set of media is such as to render its optical path equal, in the first 
approximation, to other paths closely adjacent to the actual one. 

The other paths must be possible ones in the sense that they may only 
undergo deviations wjiere there are reflecting or refracting surfaces. N ow 
Fermat’s principle will,hold for a ray whose optical path is a minimum 
with respect to adjacent hypothetical paths. Fermat himself stated that 
the time required by the light to traverse the path is a minimum, and the 
optical path is a measure of this time. But there are plenty of cases in 
wliicdi the optical path is a maximum, or else neither a maximum nor a 
minimum but merely stationary (at a point *of inflection) at the position 
of the true ray. A special case of the latter type occurs where the path 
is constant, as it would be in Fig. 1C, for example, if Q and Q' were related 
as object and image. Assuming the lens to be perfect, each ray leaving 
Q would reach (f having traversed exactly the same optical path. The 
essential condition involved in Fermat’s principle is that any slight varia- 
tion of the actual path, for example to the broken line of Fig. 1C, must 
at most cause only a second-order variation in the optical path. The 
t.(urn “stationary” expresses this condition, and also includes the ^ossi* 
bilities of having the optical path a maximum or a minimum. 

• 

Tt is easily shown that both the laws of reflection and refraction follow 
at once from tliis principle. Figure lD{a), which reprcseilts the jrefrac- 



Fi«. \D. Path of .a ray (a) refracted and (&) reflected at a plane surface. 

tion of a rajr at a plane surface, may be used to prove the law of refraction, 
Eq. Ic. I'he length of tlfe optical path between a pgint Q in the upper 
medium (index n) and anotlior point Q' in the lowfer medium (index n'), 
passing by any point A on the surface, is 


[d] = nQA -h n'A(r 
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Calling the perpendicular distances to the surface h and h' and the total 
length of the x axis intercepted by these perpendiculars p, we have 

[d] = n[h^ + (p- xy]i + n'[{h'y + 

According to Fermat’s principle, [d] must be a maximum or minimum (or 
in general stationary) for the actual path. The mathematical statement 
of this requirement is that the first derivative with respect to x must 
vanish, or that 




in 


"Jf = (-2P + 2.) + (2-) = 0 

This gives 

p — X _ , X 

”1/1=* + (^ - a:)*Ji ~ ” r(A')=‘‘TFIi 



(c) 




By reference to Fig. lI>(o) it will be seen that the multipliers of n and 
n' are just the sines of the corresponding angles, so that we have now 
proved Eq. Ic, namely 

n sin 0 = n' sin 4 / (Ic) 

Application of the same method to part (6) of the figure will give 
sin ^ = sin 0", or ^ = 0", thus proving the law of reflection. 


1.6. AplanatxC Surfaces. A surface of such a shape that it brings 
together all the rays emanating from a point source Q at some other 
point Q' is called an aplanatic surface. Fpr any given aplanatic surface, 
Q and Q' are called the aplanatic points. Since all rays drawn from Q 


Skc. 1.7] PE.\CILS, BKAMS, AXD BUNDLES OF RAYS 9 

to Q' by roflection or refraction at an aplanatic surface are possible rays, 
Fern^at’s principle tells us that the optical lengths of all these paths ipust 
be e(|ual. 

The aplanatic surface for reflection is in general an eUi])soi(l of revo- 
lution or spJieroid having Q and Q' as foci. Figure l-£^(tt) illustrates this 
case. It is a well-known property of the ellipse that the distance 
QA + -If/ is constant for aii 3 ' position of Aj and also that QA and AQ' 
make equal angles with the normal drawn at .1 (law of reflection). Inci- 
dentally, a simple example of a case wIkm-c* Fermat’s principle requires 
th<‘ path to l>e a mad'inunn may be seen b}' comparing the surface given 
by the broken line in Fig. J/i^(a) with that of (he spheroid. This surface 
is more curved than the spheroid but is tang(»nt to it at -4. It is clear 
that the path of a ray reflected at A will be greater than other .paths 
drawn to adjacent points on the broken curve. When one of the points, 
either Q or Q', is at an infinite distance, as in Fig. \E(b), the aplanatic 
surface for reflection becomes a paraboloid of revolution. This is the 
shape used in astronbmical telescope mirrors and in searchlight reflectors. 

The aplanatic surfaces for refraction are sonn^what more complicated, 
since they are defined by the equation 

7i(QA) + 7i'(AQ') = consl. 

^rhese surfaces were first investigated by Dc'scartej** and are called car- 
toFian ovah in honor of him. An example is shown in Fig. ]E{c). In 
the case where one of the aplanatic points is at infinity the^^Jx^corne conic 
sections, as for example in the spheroid of Fig. \E{d). Aplanatyi refract- 
ing surfaces are of little practical use in ojftics becaiuse the^’' give a pc'rfect 
image for only one point at one distance. An except ion to this st atement 
is found, however, in the use of the aplanatic poiiits of a sphere in the 
oil-immersion microscope (Sec. 9.6). 

1.7. Pencils, Beams, and' Bundles of Rays. A narrow cone of rays 
coming from a point source, or from some one point of a broad source, is 
called a 'pencil of rays. Specifically'' it is a homocentric pencil, since all 
the rays when projected back ward* pass through a common center. A 
homocentric j)encil will remain homocentric after reflection or refraction 
only' if the surface is an aplanatic surface [Fig. lF(^)Ji Any' other form 
of surface will render the refleetted or refracted pencil nonhomocentric, 
as in {h) of Fig. IF. Hence it is rather rare that a refracted pencil remains 
truly'' homocentric. 

The summation of all the pencils coming from tlip \^rioiis points on a 
broad source is called a bcafu of light. Thus, in Fig. lF(c), to represent 

* Dcsr.irtes (1590-1650). Kroiioh niatheinutician and pliihf^ophcr. He was, 
ail early proponent of tlu‘ nsts of inomenttiin and of thef conservation of niomentuin. 
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the complete \yeam one would have to draw divergent pencils from each 
point on the source S. It is worth noting that even though the individual 
pencils after passing through the lens L may consist of parallel rays, the 
resulting beam does not constitute truly parallel light, since there are 
rays in it which make considerable angles with each other. The light 
will be more nearly parallel the smaller the size of the source relative to 
its distance from the lens. 

The term bundle of rays is used to designate the pencil which, starting 
from some point on the liglit source, traverses an optical instniment from 
one end to the other. Somewhere within any instrument the width of 

(a) 


(b) 


(c) 

Fr<j. \F. I]lu.^trntiiif! (a) hoiiioronr rir |»onril.s; (h) refrartcnl pencil not homocentnc; 
(r) rc»^rac|'ed beam coii.si,s1iiiK of parallel lioiiioeoiitric pencils. 

the system of rays is limited by an aperture which determines the efFec- 
tive rays to be included in th(^ bundle. The bundle is therefore defined 
in terms of a particular optical instniment. The suliject of apertures 
and stops will be discusst'd in detail in (^hap. 7. 

1.8. Wave Fronts. When lighti travels in an isotropic medium like 
glass or air, in which the velocity of the light does not . with direction, 
any surface which is everywhere; perpendicular to the rays in a pencil is 
called a wave front. In certain crystals this situation docs not hold (sec 
Sec. *25.2), but we shall assume for the present that we are dealing only 
with isotropic m(*(iia. The wave fronts associated with homocentric pen- 
cils are spherical, as shown at W and IF' in Fig. lF(a) and at W in 
Fig. XFQi). Consideration of wave fronts is useful in certain parts of 
geometrical optigs, and it is not necessary here to know their physical 
significance. * For the present they may be considered as surfaces drawn 
perpendicular to the rays in a pencil. The significance of the term “wave 
front'’ will b^ explained when we come to the subject of wave motion 
in Chap. 11. 
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1.9. Malus’ Theorem.* This theorem states that when a pencil of 
rays .traverses two or more media, and hence has been refracted one or 
more times, a new wave front may always be found in one of the subse- 
(]ueiit media by measuring; off equal optical paths along; all rays, starting; 
from a wave front in the first medium. In other words the optical path 
between any two wavefronts is the same Jor any ray. It is not difficult to 
derive this theorem from Fermat's principle, and the two are in fact 
entirely etpiivalent. Thus in Fig. 1 C, which is Fig. \F{f)) shown in 
greater detail, let the surface IF' he drawn so that it cuts each ray at 
the point where its optical path 
from II' is the same. Then Malus’ 
theorem states that this is a wave 
front, i,e,j is perpendicular to all 
rays. To prove this we have 
<lrawn two rays Ci-li and 
which are close together and each 
per])endicular to the*surface IF. 
paths to IF', so that 



Fio. ^G, IlliistratiiiK Mullin' thoorem. 

By construction they luive ecpial optical 


[d] = nQiAi = nQ^Az + • ( 1 /) 

Now we apply Fermat’s prin<;iple to the true path and the closc‘ly 

adjacent path C2.I1C2 (broken lines). R is n^qnired that 

nQzAz + n'A^Q!, ^ nQ.Ai + . (hj) 

where the symbol ^ (hmotes equality whtn second-order terms are nog- 
l(‘cle(l. To this degr(»e of approximation we then have, from J‘]qs. Ij 
and !(/, • • 

n(hA , + n'A iQi ^ nQ.Ai + n'A ,Q[ (I/O 

Since by constniction QiAi ± QiQzj we know that Ci-li = ^ 2 . 1 1, and 
hence that 

nQ.Ax^nihAi (li) 

Upon subtracting lOf]. If from JOq. \h, there results* 

n'AiQ't^n'AyQl * 

«o that finally AxQi^A\Q\, and Q'lQ't L AyQ^i. The surface IP is 
thcK^foi-e everywhere i^erppndicular to the rays and by definition consti- 

• . 

♦fitieniie ^^allls (1775-1812). Fren«h army ciigiiioor. lli.s most celcbrattMl dis- 
covery was that of })olarization by reflection (('hap. 24), which he observed by acci- 
dent wlicn looking through a culcite crys^ at the light reflected from the windows of 
the Luxembourg palace. • • * 
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tutes a wave front. This proof can be reaciily extended to the case where 
several surfaces separating different media are involved. , 

1.10. Huygens’* Construction. The theorem of Malus may be used 
to find the refracted wave front, and hence the refracted rays, through 
a geometrical construction due to Huygens. In Fig. l//(a) suppose it is 



Fi«. 17/. roiiatruction (a) when the wave front and the aiirface have arbitrary 

ahapos; (fc) whon a plane wave i^trikoa a plane boundary. • 

reej Hired to find the wave front IF' which is separated by the constant 
opticarpath • 

[d] = nd + n^d' (li) 

from the original wave front Evidently d and d' will be different for 
each ray, but^if the value of [d] is specified we can measure d for each, 
and cpmputd tlie corresfxmding values of d' from Kq. \j. If we then 
draw circles about the appropriate points such as Ai, A 2 , and A% using 
these values of d' as radii, we see that the new wave front If’'' must be 
tangent to all the circles, and furthermore that the refracted rays must 
be drawn to the points of tangency and QJ. Only in this way can 

th(? wave front be always perpendicular to the ray and at the same time 
be consistent with Malus’ theorem. 


As an example the usefulness of Huygens’ eonstniction, we may give 
lierc 4;hc rather familiar proof of the law of refraction. Keferring to 
Fig. !//(/>), tlu; (Hkustant optical path })etween W and IF' for any ray 
such as the one incident at A 2 is seen to be 

[d] = ndi + n'dj = n(A 2 A 3 ) sin ^ + w'dj 

• • 

*r!hristian IInyKohs -1605). Famous Dutch scion list and contemporary of 
Isaac Xowton. Ifuj'gons* principal contributions wore in the wave theory of light 
(Chap. 13), hut ho, also made valuable discoveries in dynaniios, inathoTnatics, aiid 
•astroyomy. It is said that Huygens got his^rst ideas about the propagation of waves 
by watching the ripples on a Dutch canal. 
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But this must aiso represent the optical path difference for the ray whose 
path/^i lies entirely in the first medium, namely 

[d] = ridi = n(AiA|) sin 0 

Equating the two values of [d] and substituting A 1 A 3 — AiAi for AiAt^ 
one easily finds that * 

dj = ;^ (AiAj) sin 0 (lA) 

The fact that d^ is directly proportional to the distance A 1 A 2 shows that 
the refracted wave remains plane. Furthermore dJ/(A 1 A 2 ) = sin 0', and 
substituting this value in Eq. lA;, we again obtain Snell’s law 

n' sin = n sin 0 

Once it is known that W' is plane, it is only necessary to construct the 
circle of radius d^ and draw the tangent that passes through Ai. 


1.11. Color Dispersion. It is well known to those who have studied 
elementary physics that refraction causes a separation of white light,into 
its component colors. Thus, as is shown in 
Fig. II, the incident ray of white light gives 
rise to refracted rays of different colors 
(really a continuous spectrum) each of which 
has a different value of 0'. By Eq. Ic the 
value of n' must therefore vary with colqr. 

It is customary in the exact specification of 
indices of refraction to use the particular 
colors corresponding to certain dark lines in 
the spectrum of the sun. A table of these so- 
called Fraunhofer* lines, which are designated 
by the letters A, B, • • • , starting at the 
extreme red end, is given later in Sec. 21.10. 

The ones most commonly used are those in 
Fig. 1/. 

The angular divergence of rays F and C is 
a measure of the dispersion produced, and has been greatly exaggerated in 
the figure relative to the average deviation of the spectrum, which is 



Fio. >7. 
of white light. 


Refraction of a ray 


* Joseph Fraunhofer (1787-1826). Son of a poor Bavar^ •glazier, Fraunhofer 
l(>arned glass grinding, and entered the field of optics from the practical side. His 
rare experimental skill enabled him to produce much better spectra than those of bis 
predecessors and led to his study of the solar lines with which his nanfle is now associ- 
ated. Fraunhofer was one of the first to produce diffra^on gratings (Chap. if). 
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measured by the angle through which ray D is bent. To take a typical 
case'^of crown glass, the refractive indices as given in Table 231 are. 


Uf = 1.5330, fin = 1.5270, nc = 1.5244 

'Now it is readily shown from Eq. Id that for*a given small angle 
the dispersion of the F and C rays Is proportional to 

Uf — Uc — 0.0080, w'hile the deviation of the D ray (0 — 0^,) depends 
on nij — 1 = 0.5270 and is thus more than sixty times as great. The 
ratio of these Uvo quantities varies greatly for different kinds of glass 
and is an important characteristic of any optical substance. It is called 
. the dispersive power and is defined 

by the equation 


1-: • . ".c - 1 

jk I 1 — 1 

n • , • , 

►riQ-l 

' • j The reciprocal of the dispersive 

, • ' ' , power, designated by the Greek 

, I letter r, lies between 30 and 60 for 

I most optical glasses. 

t’ 17 C ^ Figure IJ illustrates schematic 

, violet Slue ^Green Yellow Red cally the type of variation of n with 

Fig. iJ. Variation of rcfractr»’e iiaiex with eolor that is Usually encountered for 

c^olor. • .1.1 

optical materials, iiie numerator 
of Kq. IZ, which is a measure of the dispersion, is determined by the 
difference in the indej: at two points near the ends of the spectrum. The 
denominator, which measures the average deviation, represents the mag- 
nitude in excess of unity of an intermediate index of refracstion. 

1.12. Diffusion and Absorption of Light. These are processes which 
weaken or destroy light rays. The laws of reflection and refraction apply 
to surfaces smooth enough to yield regularly reflected and transmitted 
pencils. In nature the majority of surfaces are not of this kind but con- 
tain small particles or fibers which scatter the light in all directions as 
illustrated in Fig. lif(a) and (Z/). We then speak of diffuse reflection 
and diffuse transmission. The cause of this phenomenon and the laws 
governing it will be discussed in later chapters. For the present we may 
a.ssume that it will be negligible for the surfaces of optical parts like 
lenses. * 

Absorption of a light beam, t.e., the conversion of the energy of the 
> light into heat, will always occur to a greater or less extent in reflection 
and transmission. When light is reflected from a highly polished metal 
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it penetrates a minute distance into the metal, and a certain fraction of 
the Itght does not appear in the reflected beam because of absorption 
[Fig. l/f(c)]. Similarly when light passes through any medium, even a 
so-called ''transparent'' one, some of the light always fails to be trans- 
mitted [Fig. lK{d)], The absorption is not usually equally strong for 
different colors. For example, large thicknesses of glass or of water have 
less absorption for green light. Very strong absorption, as occurs for 
instance in a metal, is always accompanied by strong reflection. 



Via. l-ff. Sc'lioinatic representation of (a) difTiise reflort^)ii; (h) difTuHit tnaiismissioii ; 
(r) alworptioii upon reneetiuii; (d) a1>8orptioii upon traiii«nii.>>sion. • * 

Absorption and diffusion are processes wliicli affect the intensity of 
light and the lirightiiess and contrast of optical in^ages. We shall first 
be concerned, how(‘ver, with the position, size, and shape of th«\se images, 
wliich arc determined by the basic laws of geometrical optics given in the 
preceding sections, and shall return to questions of intensity in Chap. 7. 

Problems 

1. In the experinient of Fir. 1.4, if the source and ohserviiiK screen are each 1 m 
from the hole II and the latter is 0.5 min in diameter, ditlracliun will spread the li^ht 
on the screen into a circular patch 2 inm in diameter. What is tlte maximum permissi- 
ble diameter of the ‘‘point” source in order that spreading due to the finite size of this 
source sliall not exceed one-tciith of that duo to diffraction? 

2. The angle of incidence of a ray on the surface of water («' = 1.3330) is 10®. 

\\'hHt percentage* error in the afigle of refraedion is made by assuming that in Siieirs 
law the sines may be replaced by the angles as in Kq. Id? • * 

3. An appi'oximate law of refraction was given by KephT in the form ^ » 0'/ 
(1 — A; sec ^')i where k = (fi' — l)/n', n' l)cing the relative ind<^. ^ Plot curves on 
the same set of coordinates showing the variation of 0' witji 0 according to this formula * 
and according to the true £q. Ic. 
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4 . Parallel falls on a 60** glass prism of rofrartivn index 1.50, the angle of 
ineidc'nec on the first surf are being 30**. Using Huygens’ construetion and Malus’ 
theorem, draw the position of (a) a wave front in the prism, and (6) another wave 
front after emergeiiee from the prism. 

6 . Assuming the length of the base of the prism in IVob. 4 to be 8 cm, calculate 
the optical path in centimeters between the first and last contacts of the wave front 
with the prism 'when the angle of incidcuicc is 30°. 

6. A long pipe is closed at either end w*ith a glass plate 5 mm thick (refractive 
index of glass = 1.57) and is eva(‘ua(.ed. If the separation between the outer surfaces 
of the two glass windows is exactly 10 m, A^hat is the optical path between these sur- 
faces? By how much is it changed if the pipe is filled with air at one atmosphere 
pressure (refractive index of air = 1.000277)? 

7. A ray pa.s.se8 pcrpendiculari 3 ' through a plane-parallel glass plate 8 mm thick 
and having an index of refraction of 1.620. If the plate is turned through an angle of 
5° about an axis perpendicular to the ray, what is the increase in th(^ optical path? 

8 . Draw a ra^' between two points Q and both of which lie on the axis of a thin 
lens. The ray passes through a point A in the lens, this point not being on the axis. 
Extenil AQ' to some point lie^'^ond the focus Q'. By considering the change in the 
path QAQ'' when the position of A is changed slightly, fincL whether the actual path 
QAQ'* is a maximuin, a inii.imum, or otherwise stationary. 

9. A glass sphere of radius 5 cm has n = 1.667. I^et a straight ray be drawn from 
a pcyiit on the surface of this sph<*rc, through its center and to a point 25 cm away, 
I.C., 15 cm outside the surface of the sphere on* the other side. Find, by graphical 
construction and int*asurcinent of the paths, whether Hits ray has a path which is a 
maximuin or a minirnum. Draw in roughly the form of the aplanatic surfacre for th(\se 
two points, making it tangent to th^ .spherical surface. 

* 10. (a) V'alQulate the dispersive powers and i^values for water (ny ** 1.33711, 

flu => 1. 333001^ and nc = 1.S3115), and also for the crown glass mentioned in Sec. 1.11. 
(6) iSiinli^ht is incident on a surface of this crown glass immersed in w'nter, its rays 
making an angle of 60° with the normal. Find the angular separation of the C and 
F rays in the glass. 

11 . T/vo plane mirrom are inclined at a fixed angle a, and can be rotated about their 
line of intersection as an axis. Using the law of reflection, show tliat any ray whosii 
plane of incidence is pcrpcn<iicular to this axis is deviated in the two reflections by an 
angle which is independent of the rotation of the mirrors. ’ I'^xprcss this deviation in 
terms of a. 

12 . Show from the equation of a parabola, y — ax*, that a paraboloid constitutes 
the aplanatic surface for a point at y =,+ « and the focus of the parabola. 'I'liis 
amounts to showing that the path between any incident plane wave front and the focus 
is constant. 



CHAFl^El^ 2 
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The behavior of a pencil of light upon reflection or refraction at a plane 
surface is of basic importance in geometrical optics. Its study will reveal 
several of the features that will later have to be considered in the more 
difficult case of a curved surface. Plane siiTfaces often occur in nature, 
for example as the cleavage surfaces of crystals or as the surfaces of 
liquids. Artihcial plane surfaces are used in optical instruments to bring 
about deviations or lateral displacements of rays as well as to break light 
into its colors. The most important devices of this type are prisms, but 
before taking up thi^ case of two surfaces inclined to each other, we must 
examine rather thoroughly what happens at a single plane surface. 





n<n 


I'lG. 2A. Uefloc'tioii and refraction of a psirallel l>oani. (n) lOxtcrnal rcSrctioii ; (b) in- 
ternal reflection at an aiifcle smaller than the critical alible; (r) total internal reflection at 
the critical angle. 


2.1. Parallel Beam. In a beam or pencil of parallel light, each ray 
intiets the surface traveling in the^same direction. Therefore any one 
ray may be taken as representative of all the others. The parallel beam 
remains parallel after reflection or refraction at a pjane surface, as is 
shown in Fig. 2A(a). Refraction causes a change in width of the beam 
whit^h is easily seen to be in the ratio cos 0'/cos 0, whereas the reflected 
beam remains of the same width. This will prove to be important for 
intensity considerations (Sec. 28.1). There is also .dispersion of the 
refracted beam (Sec. 1.11) but not of the reflected one. The incident 
pencil, which is homocentric with its center at infinitjr, remains homo- 
centric in both cases. One may say that a plane surface fs an aplapatic* 
surface (Sec. 1.6) with both its apianatic points at inflmty. 

17 
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Reflection at a surface >vherc n increases, as in Fig. 2^4 (a), is called 
external reflection. It is also frequently termed rare-Uhdenae reflet;tion 
because the relative magnitudes of n correspond roughly (though not 
exactly) to those of the actual densities of materials. In Fig. 2A(b) is 
shown a case of internal reflection or denee-to-rare reflection. In this 
particular case the refracted beam is narrow becau»d is close to 90". 

2.2. Total Reflection. The particular value of ^ for which — 90" 
is called the critical angle At values of 4> greater than this there can 
be no refracted beam, and the light therefore undergoes total reflection. 
An equation giving the critical angle is obtained by substituting = 90", 
or sin 4 / = 1, in the law of refraction, Eq. Ic: 

n sin = 71 ' X 1 

so that 


sin 0c = (2a) 

a quantity always less than unity. Total reflection*is really total in the 
sense that no energy is lost upon reflection. In any device intended to 


Total reflection Porro Dove or inverting 



I'ic. 2H. neflf^ting prisms utilisiiiK the principle of total reflection. 

utilize this property there will, how'ever, be small losses due to absorp- 
tion in the medium and to reflections at the surfaces where the light 
enters and leaves the medium. The commonest device of this kind is 
the total reflection prism, which is a glass privm with two angles of 45" 
and one of 90*^. As show'n in Fig. 2B{a), the light usually enters perp<;n- 
dicular to one of the shorter faces, is totally reflected from the hypotenuse, 
and leaves at fright angles to the otjier short face. This deviates the 
rays*through a right anghi. Such a prism may also be used in two oth(»r 
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ways which are illustrated in (6) and (c) of the figure. The Dove prism 
(c) interchanges the two rays, and if the prism is rotated about the direc- 
tion of the light, they rotate around each other with twice the angular 
velocity of the prism. 

Many other forms of prisms which use total reflection have l^een devised 
for special purposes.* Two common ones are illustrated in Fig. 2B(d) 
and (e). The roof prism accomplishes the same purpose as the total 
reflection prism (a) except that it introduces an extra inversion. The 
triple mirror (e) is made by cutting off the comer of. a cube by a plane 
which makes equal angles with the three faces intersecting at that comer. 
It has the useful property that any ray striking it will, after being inter- 
nally reflected at each of the three faces, be sent back parallel to its original 
direction. The Lummer-lirodhun “cube'* shown in (/) is used in pho- 
tometry to compare the illumination of two surfaces, one of which is 
viewed by rays (2) coming directly 
through the circulaj region where the 
prisms are in contact, the other by 
rays (1) which are totally reflected 
in the area around this regioiv 


Since, in the examples shown, the 
angle of incidence is always 45®, it 
is essential that, this shall exceed the 
critical angle in order that the reflec- 
tion be total. Supposing the outer 
medium to be air (n' = 1), this 
requirement sets a lower limit on the value of thew index n of t^ie prism. 
By Eq. 2a we must have 



"fiQ. 2C, Principle of a refractometer. 


n n 


sin 45® 


so that n ^ y/2 = 1.414. This condition always holds for glass and is 
even fulfilled for optical materials having low i-efraclive indices such as 
Incite (n = 1.49) and fused quartz {n = 1.46). ® • 


The principle of most accurate refractometers (instmments for the deter- 
mination of refractive index) is based on the measurement of the critical 
angle 0c. In both the Pulfrich and Abbe types a convergent beam strikes 
the surface between the unkno^vn sample, of indfex n, and a prism of 
known index n'. Now w' is greater than n, so the two must be inter- 
changed in Kq. 2a. The beam is«so oriented that some^)f its rays jusf^ 
graze the surface (Fig. 2C), so that one observes in the transmitted light 
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a sharp boundary between light and dark. Measurement of the angle 
at ^^ich this boundary oecurs allows one to compute the value «f 0c 
and hence of n. There arc important pre(;autions that must be observed 
if the results arc to be at all accurate. 

2.3. Reflection of a Divergent Pencil. When a homocentric pencil of 
any degree of divergence is reflected at a plane surface, it remains homo- 
centric. All rays originating f rorn 
a point Q (Fig. 2D) will after reflec- 
tion appear to come from another 
point Q' symmetrically placed 
behind the mirror. The proof of 
this proposition follows at once 
from the application of the law of 
reflection (Eq. la), according to 

which all the angles labeled 0 in the figure must be equal. Under these 
conditions the distances QA and AQ' along thg line QAQ' drawn 
perpendicular to the surface must be equal: i.e., 

s' = s (2h) 

The point Q' is said tp be a virtual image of (?, since when the eye receives 
the reflected rays they appear tfo come from a source at Q* but do not 
lictually passthrough Q'^as would 
l)e the case if it nere a real image. 

In order to produce a real imr.ge 
a surface other than a plane one is 
required. • 

2.4. Refraction of a Divergent 
Pencil. As was stated in Sec. 1.7, 
the refraction of a homocentric Q" 
pencil will in general render it 

nonhomocentric. Referring to 2A’. Refrurtiou of a diverKout pencil. 

Fig. 2E, let us find tljie position of 

the point Q' wheijn* the lower refracted ray, when produced l)ackward, 
crosses the perpendicular to the surface drawn through Q. Let 
QA = 6*, Q^A = and AB = h. Then 




Fi<i. 2D. Reflection of a divergent pencil. 


h = s tan 0 = 6*' tan *0^ 


*For a valuable idoKcript ion of this and other methods of (hdermining indiros of 
» refraction sec A.*(\ JIardy and F. II. Perrirt, Principles of Optics,” 1st cd., pp. 359- 
364, McOraw-IIill Book Company, Inc., New York, 
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tan 4> __ sin 0 cos 0' 
tan sin cos 0 


Now according to the law of refraction, Eq. Ir, the ratio 


We therefore have 


si^0 
sin 0^ 


— = constant. 
n 


n' cos 0' 

s 

n cos 0 


(2c) 


The ratio of the cosines is not constant. Instead, starting at the value 
unity for small 0, it increases slowly at first, then more rapidly. As a 
consequence the projected rays do not intersect at any single point such 
as Q'. Furthermore they do not all intersect at any other point in 
space ; f.c., the refracted pencil is nonhomocentric. For a further descrip- 
tion of the characteristics of this pencil see Sec. 2.6 below. 



Fn:. 2F. Tmnf^o by rofniftiuii of ])arnxial ra.vM by a plane surface. 


2.5. Images Formed by Paraxial Rays. It is well known that when 
one looks at objects through the plane surface of a refracting medium, 
as for exami>le in an aquarium, the objects arc seen clearly. Actually 
one is seeing virtual images which are not in the itrue position of the 
objects. When one looks perpendicularly into water they appear closer 
to th(^ surface in about the ratio 3/4, which is the ratio n' /n, since n' = 1 
for air and ii = 1.33 = 4/3 for water. This observation is readily under- 
stood when bne considers 4hat the rays entering the pupil of the eye will 
in this case make extremely small angles with the Aormarto the surface, 
as shown in Fig. 2F, Therefore both cosines in Kq. 2c are nearly equal 
to unity, and their ratio is even more nearly so. Hence* as long as tho 
rays are restricted to ones that make very small angles with the normal 
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to the refracting surface, a good virtual image is formed at the distance 
s' gi'O’en by • 

It' 

s' = -8 PAltAXIAL HAYS (2d) 

Hays for which tlie angles are small enough so t hat we may set the cosines 
cciiial to unity, and tlie sines equal to the angles, are called paraxial rays. 

2.6. Astigmatic Pencil. When a narrow incident pencnl makes a large 
angle with the normal, the refracted, pencil departs radically from the 
homocentric character obtained above. It is said to be astigmatic. To 
explain this term we refer fi^st to Fig. 2f7(a), in w’hich the ext reme rays 
of the refracted pen(‘il when projected backward are seen to cross the 
. normal at different points as is required by Eq. 2c. Let their intersection 



, • ^ (b) 

• Fig. 20 . A.stiKiiiatiHiii of an oMif 4 Uc pencil. 

lie at T. This is not how(?ver a virtual point image of Q as would appear 
from thp diagram. .For since the angle of refraction is constant at a 
given angle of incidence, the shape of the pcuicil in space is obtained by 
rotating the figure slightly about the line QA as an axis. T then traces 
out a short line perpendicular to the figure. When all the rays are pro- 
jected backward, they are found to cross somewhere along the line T and 
again along a second line S coinciding with the normal. The eye sees a 
somewhat blurred image of Q located somewhere between these two 
focal lines T and 

(\>nsidcration of the form of the refracted w'ave front will help to 
understand the nature of astigmatism. In Fig. 2G{b) the refracted pencil 
is magnified and drawn in perspective. A rectangular segment of the 
wave front is, also shown, the sides Oi and 02 being respectively in and 
perpendicular to the plane of the figure. From the above description 
of the rays it Avi]] be seen that the wave front has different curvatures in 
• these, two mutually perpendicular directions. The center of curvature of 
the arcs ai lie on T and of the arcs a 2 on 8. This is the characteristic . 
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feature of an astigmatic wave front and, as we shall see, is of common 
occurrence. Finally it should be mentioned that, for a very wide pencil 
occupying a cone centered on QA, the summation of all astigmatic pencils 
gives rise to a virtual focus in the shape of a caustic, and the effect is 
known as spherical aberration. Detailed consideration of this phenom- 
enon will be postponed until we come to the more easily visualized case 
of a real focus (Sec. 6.9). 

2.7. Plane-parallel Plate. When a single ray traverses a glass plate 
with plane surfaces that are parallel to each other, it emerges parallel to 
its original dimction but with a lateral displacement d which increases 



Flu. 2H. Hefraction by a plaiie-parupcl plate. ' ^ 

with the angle of incidence 0. Using the notation shown in Fig. 2H(a), 
we may apply the law of refraction and* some simple trigonometry to 
show that the displacement is given by 


d 


= t Hin 4f 


n cos 
n' cos 0'/ 


(2c) 


For small angles, d is nearly proportional to sin 0, but the ratio of the 
cosines soon becomes appreciably less than 1, causing a somewhat more 
rapid rate of increase. * 

If we now consider a divergent pencil to be incident on such a plate, 
the different rays of the pencil are not all incident at exactly the same 
angle and therefore they undergo slightly different lateral shifts. For 
paraxial rays this yields a point image which is shifted toward the plate 


by a distance 




This result may easily be obtainod by applying Eq. 2^ successively for. 
the two surfaces, considering the image due to {he first sui-face to be the 
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object for the second. Referring to Fig. 211(b), let Qi be the point 
sourcb at a distance si from the first surface. For the distance to* the 
image Q[ formed by this surface, Eq. 2d yields 


= 



'Fhe rays strike the second surface as though they come from which 
may therefore be also considered as 4 point object Qn for this surfa(;e. 
It is at the distance s- = i?i + / from this surface, so that one has for the 
final image distant^e , 

** = H' ** = «> + ') = n' V « + 7 = + n' ^ 

Therefore the disi)lacement of the image is 

as statdd above. 



I'lG. 21 . Angular iiuiKniacsition by 
priHTn (inonochniiiiatic liKht). 


When the plate is lurned through an appreciable angle as in part (c) 
ojF Fig. 2II) the emergent pencil becomes astigmatic, because the lateral 

displacement, s of the rays are su(;h 
that their projections no longer pass 
even approximately through a point. 
This leads, as in tlie case of a single 
surface, to the formation of two 
virtual fo(^al lines T and S. 

2.8. Refraction by a Prism. Tn a 
prism the two surfaces are inclined 
at some angle a so that the deviation produced by the first surface is not 
annulled b}" the second init is further increased. The dispersion of color 
(Sec. 1.11) is also ineVea-sed, and this is usually the main function of a 
prism. First let usVon.sider, however, the geometrical optics of the prism 
for light of a single color, i.e., for monochromatic light such as is obtained 
from a sodium arc. The solid ray in Fig. 21 shows the path of a ray 
incident on the first surface at the angle 0i. We assume that the prism 
is in air or else th'atw/.' represents the relative index of the prism with 
respect to its surroundings. 

, First it is of 4nferest to find the change d02 in the angle of emergence 
that results from a small* change d^\ in the angle of incidence (see the 
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broken line in Fig. 21). Applying the law of refraction to the first 
surface we have 

sin 01 = n' sin 0( 


To obtain the change of 0i with 0i we dilTorentiale, obtaining 


,cas 01 d0i = n' cos d<l>\ 

(2/) 

Similarly, for the second surface. 


• 

cos 4>»2 ( 1 <I >2 = n' cos 02 d0j 

(2ff) 

Hence, dividing Eq. 2g by JOcj. 2/, 


d02 _ cos 01 cos 05 
d0i cos 02 cos 05 r/05 

(2A) 

From the geometry of Fig. 21 one finds that 4>i + 05 
angle. DitTerentiatfon therefore gives 

= a, the refracting 

d0i = — d02 


Substituting in Eq. 2h thcTC results 


_ cos ^ cos 05 

(/0i cos 02 cos 05 

(2») 

• 


'’Finis if one looks through a prism at a monochromartic sou];ce which 
subtends a small angle d0i, its apparent width d02 will vary with the 
angle of incideinje. When 0i is decreased somewhat from the value 
illustrated in Fig. 2/, 02 will approach 90° and the light leaves at 
grazing emergence.” Then cos 02 = 0, and the angular 'magnification 
dit>» 'd4>i = X . The apparent width of the source is infinite. At “graz- 
ing incidence” 0i = 90°, we have d02A/0i = 0. Even a wide source will 
look like a line. 


An interesting application of the latter fact is*tjiat of looking at a 
mercury arc through a prism oriented for grazing incidence. One can 
sec the mercury spectrum, and even resolve the yellow doublet, without 
the use of a slit or lenses. One can say that the face of the prism acts 
as the slit. • • 

. • • 

In the special case where the ray makes ecpial angles with the two 
faces, as in Fig. 2J (a), 0i = 02 and.0j = 02, so that by l]q» 2i the anpilar. 
magnification is unity. 
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2.9. Minimum Deviation. In the above-mentioned symmetrical case, 
where for an equilateral prism the ray traverses it parallel to the bace b 



(a) ■ (b) 


Fio. 2J. (a) Uay at iniiiimuiii deviation; (b) asiiKniatic pcncdl by refraction at an anide 

other than that of ininiinuin deviatittii. 


[Fig. 2J(a)], the total deviation h goes through a minimum. In general 
6 is the sum of the deviations at the two surfaces, so that 


5 = + (^2 — -f ^2 — (^' + 

or, since = a, * 

5 == 01 “h 02 — ct (2j) 

At a minimum the first derivative must vanish. Hence we have 


. -\ccordingly, by lOq. 2t, 


= 1 + = 0 
d«i . 


DS 01 COS 02 


1 


(2k) 


‘ Evidently this relation is satisfied when 0] = 0i and 02 = 0i. The casc^ 
where 02 = — 0i and hence 05 = —05 is trivial, since it corresponds to 
a prism having a = 0. 

Measurements wdth a prism are usually made at the position of mini- 
mum deviation. One reason is that only here doc^s there exist a simple 
relation between the refractive index and the angle of deviation. Putting 
01 = 02 in Eq. 2j and noting that at minimum deviation a = 205 = 205, 
there results , 

/ sin 01 __ sin 02 _ rin min + a) ,2ft 

sin 05 sin 05 sin 


The most accurate measurements of refractive index are made by placing 
the sample in the form of a prism on the taNe of a spectrometer and 
measuring the angles A and the latter for eacli color desired. When 
prisms are used in spectroscopes and spectrographs, they are always set 
%s nearly as possib^le at minimum deviation bectause otherwise any slight 
divergence or convergence* of the ineddent light would cause astigmatism 
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in the image. We have already seen that a divergent pencil incident at 
any*arbitrary angle yields two focal lines T and S. Only at minimum 
ileviation do they merge to form a true point image. To prove this 
statement we note from Fig. 2J{]b) that the widths of the refracted and 
incident pencils at the prism face are in the ratio 


s d0i cos 02 01 


(2m) 


if we neglect the change in width* of the pencil in traversing the prism, 
'^rhat is, the four short segments of wave front shown by broken linos 
make angles 0i and 0^ with the first surfai*/^, 02 and 02, witli the second, 
and we assume the two middle ones to be equal in length. The first 
focal line T lies at approximately the same distance « from the prism as 
does the source, because it is the focus for rays in a plane perpendicular 
to the figure and we are neglecting the thickness of the prism. Tlic ratio 
of the distances o^ the two focal lines therefore becomes, from Kqs. 
2m and 2i, 

s' _ d0i cos 02 cos <l>[ ^ /o N 

s (/02 *008 01 cos 05 Vd02/ ^ 


Jhit at minimum deviation was proved i^t the end of the last 

section to be unity. (Consequently «'/» = 1, or if = «', and the astigma’- 
tisni vanisfws at minimum deviation. It also vanishes for^ parallel liglft 
incident at any angle, and therefore it is customary to render the incident 
beam parallel by means of a collimating dens and to focus the* emergent 
parallel light with a telescope or camera lens. If the collimator provides 
strictly parallel light it is permissible to use the prism out of minimum 
deviation in order, for example, to increiise the dispersion. 

2.10. Dispersion by a Prism. As was mentioned in Sec. 1.11, the fact 
that the refractive index depends on color leads to a separation of any 
incident ray into its component colors when it is refracted through an 
appreciable angle. The dependence of a' on color cannot be accurately 
represented by aiiy simple equation, and this question is to be investi- 
gated in detail later (C^hap. 23). If one knows thff.yalue of /?' for any 
one color, a ray of that color may be traced through the prism by means 
of the relations 


sin 01 = n' sin 0( 

+ 02 = « 
sin 05 = sin 02 


(2o) 


At a particular point in the spectrum the dispersion of (^lors is proper* 
tional to d02/c/?t', and it is important to know how this varies with the 
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angle of incidence. By differentiating the three equations 2o with respect 
to regarding and a as constants, and by combining the results to 
eliminate d^\/dn' and d^ydv/^ one obtains 

sin a ^ . . 

5n' cos 4>i cos ^ 

At minimum deviation 4t[ = a/2 and 4>2 = ^i. The numerator may be 
expanded as 2 sin (a/2) cos (a/2), and the e(|uation for the dispersion 
then simplifies to * 

d 02 2 sin (a/2) . 

“r^ at minimum deviation {2q) 

drv cos 

It is difficult to see from Eq. 2p how the dispersion depends on the angle 
of incidence, so we give in Fig. 2K a curve for a typical case where 



a = 00® and n' = 1.50. The dispersion is nearly constant in the neigh- 
borhood of grazing incidence and increases vc'ry little up to the angle 
for minimum deviation. From there on it grows rapi<lly, becoming 
infinite at grazing emergence, as may be seen by putting ^2 = 90® in 
10(|. 2p. Beyond this angle the ray is totally reflc(;ted from the second 
face of the prism, because ^2 exceeds the critical angle. Prisms are not 
used at angles of incidence much smaller than that corresponding to 
minimum deviation, even though the dispersion is large. One reason is 
that a good fraction'of the light is lost by internal reflection when the 
angle at the second face approaches the critical angle. 

• For any one angle of incidence on a prism, say that for minimum 
deviation, the distribution in angle of the other colors will depend upon 
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the characteristics of the material of the prism. All common optical 
materials are such that n' increases toward the violet end of the spectrum, 
and at an increasing rate. Details of this variation will be given in 
Chap. 23. The result is that the violet is always deviated through a 
greater angle than the red, and the blue and violet are more widely spread 
than the orange and* red. 


As an illustration of the dispersion due to an actual prism, let us com- 
pute the angles of deviation of the principal Fraunhofer lines (Sec. 1 . 11 ) 
by a 60^ prism of barium flint glass. Assume that the prism is set at 
minimum deviation for the blue F line, which lies almost in the center 

Table 21. Deviations of the Fraunhofer Lines by a 60" Prism of Fijnt CiLAssi 


Line 

n' 


♦I 


^2 

i 

(; 

1.58848 

53"3' 


29"48' 

62*8' 


D 

1.59144 

53"3' 

30"9' 


52“23' 

45"26' 

i:* 

1.59512 

53"3' 


29"56' 

52"45' 

45"48' 

F 

1.59825 

53"3' . 

30"0' 


53"3' 

46"6'* 

(r 

1.63067 

53"3' 

2S»°53' 


53"35' 

46"38' 

IT 

1.60870 

53"3' 

29’47' 

30°13' 

54"3' 

47"6' 


of the spectrum. The value of n' for this line is (by Table 21 ) 1.59825. 
Substitut ing this value in Kq. 2/ and using a =*()()®, we^find d„,i„ =.46®6'. 
To find the angle of incidence we then yse Eq. 2j with 0 i =* 02 , which 
gives 01 = i(46°G' + 60°) = 53°3'. This angle refers to the incident 
ray of white light, and is common to all the colors. . In finding the angles 



Fic;. 2L. Dispersion of the solar si^cetrum with a simple prism spectrograph. 

of emergence 02 , and hence the total tleviations 6, the exact method is 
to apply the three equatibns 2o successively for eacl\ value of n'. The 
results of this computation are given in Table 21. " Actually the various 
colors traverse the prism so nearly at minimum deviation that the appli- 
cation of Eq. 21 gives the 5’s dirccJtly, within the accuracy of the figures 
of Table 21. Figure 2L represents these results scheyiatically, but the 
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dispersion had to be greatly exaggerated in order to distinguish the lines. 
The whole spectrum really should occupy an angle of less than 2^. » 

The spectrum lines produced by a prism are slightly curved, being con- 
cave toward the violet end of the spectrum. Thi;? effect is due to the 
fact that a pencil from one end of the slit does ngt traverse the prism in 
a plane exactly perpendicular to the refracting edge. Thus the section 
of the prism containing sii(;h rays has an effective refracting angle larger 
than a, and the ends of the spectrum lines are more strongly deviated. 

Most modern spectrographs utilize prisms of special forms that are 

Constflini deviation Abbe Wadsworth 



Flu. 2M. Dispersing prisms commonly used in spectrographs and monuuhroinators. 


suited to the desired objectives. Figure 2M shows a number of these 
forms. In (a), (b), and (c) are shown three ways of accomplishing con- 
^tant deviaiion. It is an interesting problem in geometry to prove that 
upon rotation of the prism [or prism and mirror in (c)] the deviation of 
the ray that trav^^rses the effective 60" prism at minimum deviation 
remains constant and equal to twice the complement of the angle of 
reflection. This property is very useful in monochromators, which are 
spectroscopes provided with an e.xit slit for obtaining nearly monochro- 
matic light. With a fixed angle between eollimator and telescope, 
rotation of the prisifl brings various wavelengths through the slit, and 
the images are free from astigmatism since they are always observed at 
•minimum deviation. The Young-Thollon half prisms (d) are frequently 
used in quartz nionochromators for the ultraviolet, one prism being of 
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left-handed and the other of right-handed quartz (Chap. 27). The 
Littcow prism (e) is silvered or aluminized on the back surface, and a 
single lens can be used as both collimator and telescope [principle of 
autocollimation, as for a grating, in Fig. 17Af(c)]. The direct-vision 
prism (/) is made of two crown-glass prisms Cr cemented with balsam 
to a flint-glass prism* FZ. It produces a spectrum the center of which is 
undeviated as a result of the fact that the deviations by the crown com- 
ponents are compensated by an opposite deviation by the flint compo- 
nents. Under this condition the .dispersions do not cancel, because the 
dispersive powers of crown and flint glass are different (Sec. 1.11). 

2.11. Thin Prism. The equations for the prism become much simpler 
when the refracting angle a becomes small enough so that its sine, and 



also the sine of the angle of deviation 5, may be set equal to the angles 
themselves. Even at an angle of 0.1 rad, or 5.7®, the difference between 
the angle and its sine is less than 0.2 per cent. For prisms having a 
refracting angle of only a few degrees, we may therefore simplify Eq. 2Z 
by writing 

sin '^(^min "f" Of) ^ min + a 

sin ia a 


and 


5 = (n' — l)a THIN PRISM IN Xip, (2r) 


The subscript on d has been dropped because such prisms are always 
used at or near minimum deviation. It is customary to measure the 
power of a pl-ism by the deflection of the ray in centimeters at a distance 
of 1 m, in which case the unit of power is called the* prism diopter, A 
prism having a power of 1 prism diopter therefore displaces the ray on 
a screen 1 m away by 1 cm. In IJig. 2A(a) the deflec^iox on the screen, 
is X cm and is numeri(;ally eiiual to the power of the prism. For small 
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values of S it will be seen that the power in prism diopters is essentially 
the atagle of deviation S measured in units of 0.01 rad, or 0.573°. • 


For the barium flint glass of Table 21, = 1.59144, and Eq. 2r 

shows that the refracting angle of a l-dioptcr prism should be 


0.573 

0.59144 


0.97° 


Tho dispersion of such a prism is negligible, since for the separation of 
the blue and the red we have 


Sj. - Sc = (n'f, - = (1.59825 - 1.58848)0.97 = 0.0095® 


In terms of the dispersive power 1/y defined in Sec. l.ll, this is just 
the dispersive power multiplied by the deviation, since by Eq. 2r 
4 x = S/(n' — 1), so that 


Sjf — Sc — 


riy, — Tif 


< - 1 


Od 7 

V 


i2s) 


2.12. Combinations of Prisms. In measuring binocular accomoda- 
tion, ophthalmologists make use of a combination of two thin prisms of 
equal power which can be rotated in opposite directions in their own 
|ilane [Fig! 2iV(&)]. Such a device, known as the Kisley or Herschel 
prism* is equivalent to a single prism of variable power. When the 
prisms are parallel the power is«twice that of either one, while when they 
are opposed the power is zero. To find how the pow’^er and direction of 
deviation depend on the angle between the components, we use tho fact 
that the deviations add vcctcirially. In Fig. 2N{c) it will be seen that 
the resultant deviation S wdll in general be, from the law of cosines, 

S = 25i57'cos'i8 (2/) 


w'here P is the angle betw^een the two prisms. To find the angle y between 
the resultant deviati(j|p and that due to prism 1 alone (or, we may say, 
betw^ecn the “equivalent'' prism and prism 1) we have the relation 


tan y = 


82 sin P 
81 H” 82 cos P 


(2 m) 


Since almost always 5i = 5s, we may call the ‘deviation by either com- 
ponent 5„ and the equations simplify to 


5 = + cos pj = 


45,- cos® ^ = 25j cos 


(2v) 
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and 

<1 

sin (3 4 . 

tan 7 = nj— , — i = tan ^ 

1 + cas /8 2 


so that 


o 

(2w) 


There are two important types of prism combination in which the 
prisms are of different kinds of glass. 'i''hcse arc the direct-vision prism 
and th(‘ achromatic prism. The former was l>riefly described at the end 
of Sec. l.JO and has as its purpose the production of dispersion without 
deviation. The latter type produces deviation without dispersion. If 
wo can consider the prisms as thin, it is not diflii^ult to derive the neces- 



(a) • (b) 


Fig. 20. Priam combinations. («) Piroct-visioii prism; (h) achromatic prism. • • 

• » 

sary conditions for these cases, and ecpiations for the r(’^ultant»dispersion 
or deviation. 

For the direct-vision prism [Fig. 20(a)] w^hich consists of a crown-glass * 
prism, index n' and angle a', oppase<l by a flint-glass one, index n" and 
angle a", let us retpiire that the deviation of the D line be zero. Thus 
5/> = — 6^' = 0. With the help of F(j. 2r, we then find 


- Da' - (n" - D«" = 0 


a' n'l, — I DIKKCT- 

— 1 VISION PRISM 


'I'he residual dispersion is then — bv = (^5^ “ (5c “ 5^'), which 

may written, using Fci. 2s, 


hr - he = ~ h\, - 1 s;; = i («' -])«'- ;J7 («" " !)«" 

J 

But by 1^1(1. 2x we have (/t', — 1)^^^ - "" l)«'^•so*thafc the dispersion 

becomes 



DIRKOT-VrSION PRISM » (2y) 
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For the achromatic prism [Fig. 20(6)] we wish the same deviation for 
all colors. This will be nearly the same if we make it the same fon any 
two, and we therefore take — 5c = 0. Again making use of Eqs. 2r 
and 2s, equations corresponding to Eqs. 2x and 2y may be derived. 


These are 
a' _ 

a" n’f - n'c’ 


S,. = « - - v") 


ACHROMATIC 

PRISM 


( 2 ^) 


These relations for thin prisms are pot often used in practice because 
in the case of the direct-vision prism the dispersion produced by thin 
prisms is too small and in the case of the achromatic prism there is no 
need for achroinatization unless the angles are fairly large. A prism 
like that illustrated in Fig. 2M (/) would require a more involved calcu- 
lation. The thin-prism equations do, however, illustrate the important 
principle that, by properly adjusting thi* ratio of the refracting angles of 
two opposed prisms of difTercnt kinds of glass, it is possible to eliminate 
either the dispersion or the deviation and leave some^)f the oilier. Since 
when v' = v” both the expressions 2y and 2z arc equal to zero, one sees 
that it* is only by virtue of the diflFercnce in the dispersive powers of 
different glasses that these prism combinations can function. Isaac 
Newton made the error of assuming that the dispersion was exactly pro- 
portional to the deviation in dUTerent materials (f.c., that they have 
qqual i^’s) •and thereby conchnled that it was impossible to make an 
achromatic lens. We shall see in Sec. 9.10 that such lenses arc made 
and that the principle of their design is similar to that of the achromatic 
prism set forth above. 

Problems 


1. Prove Kq. 2c for the Interal displacement of a ray Avliich is incident on a plane- 
parallel plat(' at an an^le 

2. Carbon disulfidci (n — 1.6255) is poiinal into a beaktT to a depth of 3 em. 
On top of this i.s poured a layer of water (n' = 1.3330) 2 cm deep, (a) How far above 
or below its true position does a speck of dirt on the bottom of the beaker ap])ear to 
an observer looking straight down? (6) What is the criti(‘al angle for total reflection 
at the interface between water and carbon disulfide, and from which side of the 
interface must the ligh1^a|iproach ? 

3. Show that in thS refraction of a narrow pencil by a plane surface at any angle 
the distance from the point of incidence on the surface to the first focal line [T in 
Pig. 2G{a)] remains constant and equal to the distance from the surface of the point 
image formed by paraxial rays at normal incidence. 

4. A determination of the index of refraction of Iftcite is made with a Pulfrich 
refractometer in which the prism has n = 1.650 and a refracting angle a = 80" (see 
Fig. 2C). The boundary betw(;en light and dark is found to occur at an angle of 26**38' 
with the normal tp the second face. Find the refractive index of Incite. 

* 6. «A 60" flint-glass prism has n^fractivc indices of 1.75124 and 1.75094 for the two 

yellow mercury lines., (o) If the prism is uscmI at an angle of incidence -= 70“ with 
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a collimator lens of 20 cm focus and a slit 0.15 mm wide, will the images of tho yellow 
lines 4>e separated? (b) If the collimator lens is removed, what will be the disiai)ee of 
the second focal line S from the prism? 

6. Show that, for any angle of incidence on a prism, 

sin i(a -h S ) ^ ^cos — ^g) 

sin ia cos — ^ 2 ) 

which reduces to n' at minimum deviation. 

7. Two thin prisms are superimposed so that their deviations arc at right angles to 
csach other. If the powers are 3 prism * diopters and 4 prism diopters, find (a) the 
resultant deviation in degrees, (b) the i)ow'er of the resultant prism, and (r) the angla 
that the resultant prism makes with the W€‘aker of the two prisms. 

8 . Prove that as long as the angles of incidence and refraction are small enough so 
that the angles may be substituted for the sines, i.c., for a thin prism not too far from 
normal incidence, the deviation is independemt of the angle of incidence and equal to 
(n' - l)a. 

9. On either side of the angle for iiiininium deviation there must he two angles of 
incidence for which the <leviations are equal. A 60" prism gives a iniiiiiniim deviation 
of 37® 1 1'. At an angle* of incidence of 63®27J' the tleviatioii is 40®. Find the other 
anght of incidence which gives this same dm'iation. 

10. For the Wadsworth prism-mirror combination [Fig. 23/'(c)] prove that the total 
angle of deviation for a ray traversing the prism at minimum deviation is constant. 
Find the relation between this total angle S and the angle /J that the plane of the mir- 
ror makes with the plane bisecting the refracting angle of the prism. 

11. A thin pnsm of barium flint glass has a Refracting angle of 6® and is to be com- 
bined with one of borosilicate crown glass to produce a combination that i^ achromatic 
for the C and F lines. Find the necessary refracting an/tle for the crqwn-glass prism'^ 
Find also the resultant deviation of the D line. Use Table 231 fsir refractive indices. 

12. The indiccis of refrac^tion of a (K)® prism for the sodium and lithium lines are 
1.5170 and 1.5140, respectively. Suppose the prism to be set at minimum deviation 
for the sodium line, and the angles of deviation of both the sodium and lithium linos 
Jii(*asured. What error is made in the value of the refractive index for the latter line 
if it is computed as though the meiisurcHl angle were that for minimum deviation? 

13. netermiiic the angle of minimum deviation for a prism of 45® angle, if the glas.s; 
hjis an index of rcfrac^tion of 1 .650. 

14. A liollow prism of 60® angle, made with glass plates with parallel sid(«, is filled 
with carbon disulfide, index 1.759. Calculate the angle of minimum deviation. 

16. Solve Prob. 14 if the hollow prism is filled with water of index 1.333. 
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Most lenses have spherical surfaces, and it might therefore seem appro- 
priate to consider next the refraction by a single spherical surface. Such 
a surface, in contrast to the plane surface considered in the last chapter, 
is capable of forming a real image. But this type of image is usually 
produced not by means of a single spherical surface but by a lens, t.e., 
by a combination of two such surfaces. Therefore, in order to review 
certain features of image formation and to establish some important defi- 
nitions, we give in this chapter the elementary fa(;ts about image forma- 
tion by thin lenses. Most of these will already be familiar to those who 
have studied elementary physics. 


0 be d 6 f 



Converging or • Diverging or 

positive lenses negotive lenses 


Fig. 3A. proas sections of common typos of thin lenses. 

A thin lens, as the name implies, is one whose thickness may be neg- 
lected so that the vertices of the two surfaces may be regarded as coin- 
ciding at the geometrical center of the lens. A more rigorous definition 
will be given later in Sec. 5.7. Cross sections of several standard forms 
of thin lenses are shown in Fig. SA. The three converging or 'positive 
lenses, which are thicker at the center than at the edges, are known as 
(a) equiconvex, (5)^*plano-convex, and (c) positive meniscus. The three 
diverging or negative lenses, which are thinner at the center, are (d) 
equiconcave, (c) plano-concave, and (/) negative mcmiscus. Such lenses 
are usually made of optical glass as free as possible from inhomogenoities, 
but occasionally other transparent materials like quartz, fluorite, rock 
salt, and plastics are used. Although as we shall see the spherical form 
for the surfaces may not be the ideal one in a particular instance, it 
gives^easonably good images and is much the easiest to grind and polish. 
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3.1. Focal Points and Focal Lengths. Diagrams showing the refrac- 
tion of light by an equiconvex and by an equiconcave lens are given in 
Fig. SB. The axis in each case is a straight line through the geometrical 
center of the lens and perpendicular to the two faces at the points of 
intersection. For spherical lenses this line joins the centers of curvature 
of the two surfaces. ’"The primary focal point F lies on the axis and is 
defined for a positive lens as the point from which diverging rays are 
refracted by the lens into a parallel beam. For a negative lens it is the 
point toward which rays must converge in order to be refracted into a 
parallel beam. Every thin lens in air has two focal points, one on each 
side of the lens and equidistant from the center. This may be seen by 




Titj. ‘.iff. Ray rliaKrniiis illustrating *tlio primary fucal points /*’ and the corresponding 
primary focal Icngtlis /. 




Fiu. 30. Ray dia;'rums illustrating the seeoiidury focal points F' and the corresponding 
secondary focal lengths /'. 


symmetry in the cases of equiconvex and equiconcave lenses, but it is 
also true for other forms provided the lenses may be regarded as thin. 
The secondary focal point F' as shown in Fig. SC may in each case be 
located by applying the principle of reversibility (Sec^ 1.3) to the corre- 
sponding diagrams in Fig. SB. For a positive lens incident parallel rays 
converge toward F', while for a negative one they diverge as though 
they came from F'. 

A plane perpendicular to the axis and passing through a focal point is 
called a focal plane. The significance of the focal plan^ is fllustrated for 
a converging lens in Fig. SD. Parallel incident rays making an angle d 
with the axis are brought to a foeps in this plane at af point Q' in line . 
with the chief ray. This is defined as the i\iy which crosses the axfs at 
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some prescribed point — in the present case, at the center of the lens, 
'^rhe- distance between the center of a lens and cither of its focal points 
is called its focal length. These distances / and /', usually measured in 
centimeters or in inches, have a positive sign for converging lenses and 
a negative sign for diverging lenses. Note in Fig. 3-B that the primary 
focal point F for a converging lens lies to its left, whereas for a diverging 

lens it lies to itm right. For a lens with 
the same medium on both sides, we 
have, by symmetry and by the reversi- 
bility of light rays, 

/ = /' LENS IN AIR (3a) 

3.2. Image Formation. When an 
object is placed on either one side or 
the other of a converging lens and 
lieyond the focal^ plane, an image is 
formed on the opposite side. This case is illustrated in Fig. iE. If the 
object is moved closer to the focal plane, the image will be formed farther 
away irom the lens and will be larger, i.^., magnified. If the object is 
moved farther away from the lens, the image will be formed closer to 
the lens and will be smaller in size. 

ff 

In Fig. 3B all the rays coming from an object point Q are shown as 
brought to a focus at Q' and the rays from another point M as brought 
to a f-ocus at M\ This ideal condition never holds exactly for any actual 



Fiu. 37). lllu8trntiiiK how ] luriillel in- 
oidont rays are hnniHcd at the focal 
plane of a lens. 



Fto. ^E. IinaRC formation by an ideal thin lens. All rays from an objec;t point Q which 
pass through the lens are refracted so they pass through the same image point. 

& 

spherical lens. liepartures from it give rise to defects of the image 
known as aberrations. The elimination of aberrations is the major prob- 
lem of geometrical optics and will be discussed in some detail later 
(Chap. 9). If the rays considered are restricted to paraxial rays, a good 
image is forihcd Vith monochromatic light, just as in the case of the 
plane surface discussed in Sec. 2.5. In the case of a lens or lens system, 
paraxial rays <ar^' defined as those rays which make very small angles with 
the ixis and lie close to the axis throughout the distance from object to image. 
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The formulas given in this chapter are to be taken as applying to images 
formed by paraxial rays. 

3.3. Conjugate Points and Planes. The principle of reversibility of 
light rays has the consequence that if Q'il/' in Fig. were an object, an 
image would be formed at QM. Hence if any object is placed at the 
position previously o<?cupied by its image it will be imaged at the position 
previously occupied by the object. The object and image are thus inter- 
changeable, or conjugate. Any pair of object and image points such as 
M and in Fig. 3A" are called conjugate points, and planes through 
these points perpendicular to the axis are called conjugate planes. 

If one is given the focal length of a thin lens and the position of the 
object, there are in general two methods of determining the position 
and size of its conjugate image. One is by graphical construction and 
the other is by calculation using the lens formula 



(3fc) 


and the corresponding ecpiation for magnification, E([. 3r below. Here 
s is the object distance, 6*' the image distance, and/ the focal length, all 


Fkj. SF. Parullel-ray method for the graphiral loratiou of an image. / — primary frieal 
length,/' = ^ceondury foonl length. * 



measured to or from the center of the lens. These equations will be 
derived in Sec. 3.13. Let us consider the graphical methods first. 

3.4. Parallel-ray Method. The most familiar graphical method is 
illustrated in Fig. 3F. Consider the light emitted from the extreme 
]mint Q on the object. Of the rays emanating from this point in different 
directions the one QTj traveling parallel to the axis?, v^dll by definition of 
Ihe focal point 1x5 refracted to pass through F\ The rly QA, which goes 
through the lens center where the faces are parallel, is undeviated and 
meets the other ray at some point Q'. These two rays are sufficient to 
locate the tip of the image at Q', and the rest of the image lies in the 
conjugate plane through this point. All other rays from Q will also be 
brought to a focus at Q'. As a check, 'we note that the ray QF which 
passes through the primary focal pqint will by definition* of tF be refracted , 
parallel to the axis and will cross the others at Q' as shown in the figure. 
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This method of constructing the image is termed the parallcUray method. 
The numbers 1, 2, 3, etc., in Fig. SF indicate the order in which thp lines 
are customarily drawn. 

3.6. Oblique-ray Method. The above construction reciuires the use of 
an object point which lies off the axis. A somewhat more general 
graphical method allows us to determine the poskion of the point that 
is conjugate to an object point on the axis. This involves finding the 
place where the ray again (Tosses the axis, because all other rays from 
the object point will cross it at thqt same point. In Fig. SG let 
represent any ray incident on the lens from the left. It is refracted in 
the direction TX and crosses the axis at Af'. The point X is located 
as the inters(‘ction between the secondary focal plane F' IF and thcdasln^d 
line Jilt' drawn through the ccntcT of the lens parallel to M 1\ 



FicJ. 3^. 01)li<iuc-rny method for the graphical location of an image. 


The order in which teach step of the construction is made is again indi- 
^ catc'd by the numlxTS 1, 2, 3, etc. The principle involved in this method 
may be uiKlerstood by, reference to Fig. 3D. Parallel rays incident on 
the fens are brought to a focus at the focal plane, the ray tlirough the; 
lens center being undeviated. Therefore if we actually have rays diverg- 
ing from Mj as in Fig. 3(7, we may find the direction of any one of them 
after it passers through the lens by making it intersect the parallel line 
RR' through A in the focal plane. This locates X and the position of 
the image J/'. Note that RR' is not an actual ray in this case and is 
treated as su(!h only as a means of finding the point X. 

3.6. Use of the Lens Formula. In illustrating the application of Kq. 3h 
to find the image position, we take a specific example in wliich all quanti- 
ties occurring in the equation have a positive sign. Let an object lx; 
located 6 cm in fMit of a positive lens of focal length 4 cm. Substituting 
in Kq. 3b, we have 



Transposing and finding a commcni denominator, there r(;sults 
A*' 4 ij \2 12 12 


or 


s' = 12 cm 
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The image is formed 12 cm from the lens, and is real as it will always be 
when s' has a positive sign. In this instance it is inverted, corresponding 
to the diagram of Fig. (see also Sec. 3.8 for the analytical methcxl of 
determining this). These results can be readily checked by cither of the 
two graphical methods presented above. 

^ 3.7. Convention ot Signs. The following set of sign conventions will 
be adhered to throughout the following chapters on geometrical optics,, 
and it Avould be well to have them firmly in mind : 


1. All figures arc drawn with the light traveling from left to right. 

2. All object distances (s) are considered as positive when they are 
measured to the l(^ft of the lens, and negative when they are meas- 
ured to the right. 

3. All image distances (s') are positive when they are measured to the 
right of the lens, and negative when to the left. 

4. lloth focal lengths are positive for a converging hms and negative 
for a diverging lens. 

5. Transverse directions are positive when measured upward from the 
axis and negative when measured downward. 

With regard to the signs of radii of curvature, see Sec. 3.10. 

3.8. Magnification. In any optical instrument the ratio between the 
transverse dimension of the final image and the corresponding dimension^ 
of the original object doiiuai iho lateral magnifuyition, A si.nple formula 
for the magnification by a single lens may be deriv('d from the geometry 
of Fig. 3F. lly construction it is seen that the right triangles QMA and 
Q'M'A are similar. (Corresponding sides arc therefore proportional to 
eacdi other, so tliat 

M'Q' ^ AM 
MQ AM' 


where AM' is (he image distance s' and AM is the object distance 5. 
Taking upward directions as po.sitive, y = MQ and ?/' = —Q'M', so we 
have l)y direct substitution y'/y = —s'/s. The la]teral magnification is 
therefore 





(3c) 


When s and s' are both positive, as in Fig. 3F, the negative sign of the 
magnification signifies an inverted image. 

3.9. Virtual Images. The images formed by the converging lenses in 
Figs. SE and SF arc real in that they can be made visible on a screen.’ 
They are characterized by the fact that rays of light are actually brought 
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to a focus in the piano of tlio imago. A virtual imago (Sco. 2.3) cannot 
bo formed on a s(U’oon. "riic rays from a given i)oint on the obje/it do 
not actually come together at the corresponding point in the image; 
instead they must be projected backward to find this point. Virtual 
images arc produced with converging lenses when the ol)jeet is placed 
closer to the lens then the focal point, and by divel*ging lenses wlu'n the 
object is in any position. lOxamples of these crises are shown in Figs. 
3// and 3/. 

Figure 3// shows the parallel-ray construct ion for the ease where a posi- 
tive lens is being used iis a magnifier, or reading glass. Rays emanating 
from Q are refracted by the lens but. are not sufficiently deviated to come 
to a real focus. To the ol)s('rver’s eye at E these rays appear to be com- 



VTk;. a//, l^irallol-ray nf const nirt ion for the location of the virtual imaee formed 

by a positive lets wlion the obun-t lies inside of the focal point. 

M ' 

ing from a point f/ in back of 'ihe lens. This represents a virtual image, 
because the rays do not actually pass through they only appear to 
come from there. Jlcre the* iinagt*, is right side up and magnified. In 
tin? construction of this figure, ray QT parallcd to the axis is refracted 
through F', while ray QA through the center of the lens is undeviated. 
Thes(‘ two rays when extended backward intersect at Q\ The third ray 
QS, traveling outward as (hougli it came from F, actually miss(\s the lens, 
but if the latter were larger tlui ray would iu; refracted parallel to the 
axis, as shown. Wl^n projected backward it also iiit<u*sccts th(^ other 
projections at f/.® 


As an example consider an object placed 0 cm in front of a converging 
lens of focal lepgtl? 10 cm, and let it be recpiired to find the image. J)irect 
substitution in Fq. 3/> gives 



10 ' 


3 5 

30 30 


1 

10 


2 

30 
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from wliich s' = —15cm. The minuH sign indiciites a virtual image to 
the ifeft of the lens, lly substitution in 3r the magnification is* 


m = 




'I'lie positive sign means that the image is erect. 


In the case of the negative lens shown in Fig. 3/ the image is virtuaf 
for all positions of the object, is always smaller than the object, and lies- 
closer to the lens than does the object. As is seen from the diagram; 
rays diverging from the objec^t point Q arc made more divergent by the 
lens, 'fo the observer’s eye at E these rays ai)pear to be coming from 
the point Q' in back of but close to the lens. In applying the lena 



I'icj. . 3 /. P:inillol-r.ay iiiclliod of con.striiftioii for tlio Io(‘utit)ii of tlie virtual iinaKo formeTl ’ 
hy a iieKativo Ions. (Nutk: Tlio ordor of the jiriinary and .soooiidary fooal puint.'^ is just 
the rovoisi» of that for a ixisitivo Iimis.) * i 

formula to a diverging lens it must be rememl)ered that the focal length 
/ is negative. 


To illustrate, consider the following example: 

Example: An object is placed 12 cm in front of a diverging h'us of ft)cal 
length 6 cm. Find the image. 

Solution: Again making use of Eep 36, we obtain 


i ^ ^ ^ 1 - 3 

Vi -o' 6 If s' ^ 12 


from wliich 


-12 

3 


— 4 cm. For the image size, I'kp 3c gives 



nie image is therefore to the left of the lens, virtual, eroct, and onc-third, 
the size of the object. • 
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3.10. Lens Makers’ Formula. If a lens is to be ground to some speci- 
fied focal length, the refractive index of the glass must be known. 'It is 
customary for manufacturers of optical glass to specify the refractive 
index for the yellow sodium D line. Supposing the index to be known, 
the radii of curvature must be so chosen as to satisfy the equation 



As the rays travel from left to right through a lens, all convex mrfaces 
encountered are taken as having a positive radius, and all concm^e surfaces 
encountered, a negative radius. For an ecpiiconvex lens like the one in 
Fig. 3A(a), ri for the first surface is positive and ra for the second surface 
negative. Substituting the value of 1// from Kq. 3/>, we may write 


s \ri rtj 


Example: A plano-convex lens having ai focal length of +25 cm [Fig. 
3-'1(6)] is to be made of glass of refractive index a = 1.520. Calculate 
the radius of curvatqre of the grinding and polishing tools that must bo 
used to iiqike this lens. ‘ 

Solution: fjince a plano-convex lens has one flat surface, the radius for 
that Siirffj^ce is infinite, and ri in Eq. 3d is replaced by oc. The radius 
r 2 of the second surfac^e is the unknown. Substitution of the known 
quantities in lOq. 3d gives 



Transposing and solving for rs, 


i .0.620(0-1) 


0.520 

^2 


r.. == - (25 X 0.520) = - 13.0 cm 


If this lens is turned around, as in the figure, we will have ri = +13.0 cm 
and r 2 = . . 


3.11. Lens Power in Diopters. It is customary in opt ometry and 
ophthalmology to specify lenses not 'by their focal length but by their 
power in diopters. This is a (piantity analogous to the power of a prism 
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(Sec. 2.11). The power of a lens in diopters is given by the reciprocal of 
the fdcal length in meters. Thus 

P == I Diopters = = — (3/) 

/ local length in meters 

• 

For example, a lens with a focal length of +50 cm has a power of 
1/0.50 = +2 diopters, (P = +2 D), whereas one of —20 cm focal length 
has a power of 1/— 0.20 = — 5 diopters, (P == — 5 D), etc. Converging 
lenses have a positive power while diverging ones have a negative power, 
liy Eq. 3/ the power of a lens has the dimensions of 1/meters, or meters“*. 

Spectacle lenses are made to the nearest quarter of a diopter, thereby 
reducing the number of grinding and polishing tools required in the 
optical shops. Furthermore, the sides next to the eyes are always hollow 
ground to permit free movement of the eyelashes and yet to keep the lens 



Xf. Par:ilUM-ray inetliod of lo(*.*ilinx tho image formed by two thin lonsea. 

Note: It is important to insert a plus or minus sign in front of the 
number specifying lens power, thus, P = +3 D, P = —4.5 D, etc. 

3.12. Thin-lens Combinations. The graphi(*al and also the analytical 
methods of finding the image which have been presented above are 
readily extended to optical systems involving two or more thin lenses. 
(Vmsider, for example, two converging lenses spaced some distance apart, 
as shown in Fig. 3/. When the focal lengths of. the lenses and their 
sc^paration arc known, the final image of an object suchNas Q\M\ is located 
in the same manner as was done in Sec. 2.7 for the image seen through 
a plane-parallel plate. 

As a first step the right-hand lens is disregarded, and the image pro- 
duced by the first lens alone is determined. In the diagram the parallel- 
ray method as applied to the object point Qi locates a real inverted 
image at Q[. This image then becomes the object for tho second lens . 
and hence is also labeled Q 2 - Since all possible rays from Q\ as they 
leave the first lens must be converging toward the fay Q[A 2 WQ\ can 
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be drawn in reverse as the one ray that passes undeviated through the 
second lens. Since ray 7 between the lenses is parallel to the axis, if will 
upon refraction by the se(;ond lens pass through fj. The intersection 
of ray 9 and ray 11 locates the final image point Qj- 
conjugate points for the first lens, and Mi and A/ 2 are conjugate for the 
second lens, while Mi and are conjugate for the combination of two 
lenses. 

The oblique-ray method as applied to the same two lenses is shown in 
Fig. SK. A single ray is traced throifgh the combination and yields the 
same set of conjugate points along the axis. 


By way of comparison and as a check on the graphical solutions, the 
lens formula, lOq. 3?>, will be applied to the following problem: IVo con- 
verging lenses having focal lengths fi = +3 cm and fi = +4 cm are 



Vkj. 3fr. T^e obliqiio-ray inuthnd of forating the ]>ositiort of tlip imago with two thin 
n*n.s<‘.s. 

placed 2 gm apart. An obj('cf» is located 4 cm in front of the first lens. 
Find the final image. * 

To solve this problem, we begin by applying the formula to the first 
lens alone, obtaining * 

4 ' ’ 3’ is[ 3 4 ' 12 

from which s[ = 12 cm. Since this image Q[ is 12 cm to the right of the 
first lens, it is only 10 cm from the second lens. The obje(?t distance* for 
the second lens is therefore «2 = —10 cm. The negatives sign is essential, 
and results from ^?\e fact that the object distance is measunid to the 
right of the second lens. We say that tlie image whicjh the first lens 
w'ould give in thci al>sence of the second lens constitutes a virtual object 
for the second lens. Applying the lens formula to the second lens, we 
obtain , 

I ,1^1 1 A ^ ^ 

10 ''' <4 4’ ' 4 JO 20 

giving = V = 2.80 cm. 
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3.13. Derivation of the Lens Formula. A derivation of Eq. 3fc, which 
is th<5 lens formula in the Gaussian’^ form, is readily obtained from* the 
geometry of Fig. 3F. The necessary features are repeated in Fig. 3L, 
whicdi shows only two rays leading from the object of height y to the 
image of height y\ ^Jet s and s' as usual represent the obje(!t and image 
distances from the lens^ center, and x and a;' their respetstive distances 
measured from the focal points F and F'. 



Vrc. .3/].. Clroiiiotrical diiifcram from which the Icii.s formulas may f>c derived. 

From the similar triangles Q*TH txmlF'TA the proportionality between 
corresponding sides gives 

^ - v'y_ 

" s' T 

Xofe that y — ;»/' is wriH.en instead of y', beeaifse ?/ by the conven- 
tion of signs is a negative (luantity. From the similar trian^es QTS- 
amlF.-KS, • * , 

« ' / 

Thci sum of Ihese two <*ciuations is 

y- y’ , y- ?/' = ?/ _ v' 


Since in air/ = /', the two terms on the rigid may b(' combined and 
y — y' canceled out, yielding the desired r<‘sult, 


1.11 ' 
h = . CfAUSSlAN T.KNS FOIIMITI.A 

H S J 




W(^ shall deriye the lens makcM-s’ formula lal(»r in Se(\ 4.9. 

* Karl Friedrich (iaiiss (1777-18r>r>). Cioniiaii astronomer and physicist, chi*‘fly 
known for his contribidions in the inatlicinatical theory of innj;iicf Lsiii. Coming 
from a poor family, he rocc'ived siipimrt for his education hecAus^i of his obvious 
inatheinatical ability. Tn 1811 he ptibiished the first general tn*atmeni of the Srst- 
order theory of lenses in his now famous papers, “Dicjptrisidie Untersuehiingen.” 
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Another form of the lens formula, the so-ealled Newtonian form, is 
obtained in an analogous way from two other sets of similar triahgles, 
MQF and FAS on the one hand, and TAF' and F'M'Q' on the other. 
We find 


u = “•/ 
^ ’ / 


and 



(3i/) 


Multiplieation of one (Miiial.ion by the other gives 

XX' = P NIOWTONIAN I.KXS FOKMULA (3/i) 

In the Gaussian formula the object and image distances are measiin'd 
from the lens, while in the Newtonian formula they are measuretl from 
the foeal points. Object distances (s or x) are positive if the object lies 
to the left of its reference point (A or Fy respectively), while image 
distances (s' or x') arc positive if the image lies to the right of its ref(u- 
ence point {A or F', respectively). 

The lateral magnification as given by Kq. 3c corresponds to the Gaus- 
sian form. When distances are measured from focal points, one must 
use the Newtonian form, which may be obtained at onccj from Jiqs. 3g as 


m 



f 

X 


^as comi)are<] to 


VI = - = 

y 


•/ 


.s 


f 


s 


LATKIIAL MAGNIFICATION (NEWTONIAN) 


LATWIAU MAGNIFICATION (gATSSIAN) 


(30 


(3c) 


3.14. Object Space and Image Space. For every position of the 
object there is a corresponding position for the image. Since the image 
may be either real or virtual and may lie on either side of the lens, IIkj 
image space extends from infinity in one direction to infinity in the other. 
But object and image points are conjugate, so the same argument holds 
for the object space. In view of their complete overlapping, one might 
wonder how it is thijt the distinction between object and image space is 
made. This is (}c3ne by defining everything that pertains to the rays 
before they have passed through the refracting system as belonging to 
the object space, and everything that pertains to them afterward as 
belonging to the image space, llefcrring to P'ig. 3.7, the ol>ject Qv and 
the rays QiTy Qi4i,,and Q\V arc all in the object space for tin; first lens. 
Once these rays leave that lens, they are in the image space of the firsf, 
hms, as is also t^c image Q[. This space is also the object space for the 
second lens. *Once the rays leave the second lens, they and the image 
point Q 2 the image space of the secanid lens. 
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3.16. Thin Lenses in Contact. When two thin hiiisos are placed in 
contact as shown in Fig. Sil/, the combination will act as a single* lens 
with two focal points symmetrically located at F and F' on opposite sides. 
Parallel incoming rays arc shown refracted by the first lens toward its 
secondary focal point F[, Further refraction by the second lens brings 
the rays together at F'. This latter is defined at the secondary focal 
point of the combination, and its distance from the center is defined as 
the combination’s focal length /. 

If we now apply the simple lens'formula, lOq. 3ft, to the rays as they 
enter and leave the second lens Lij we note that for the sec^ond lens alone 



Fiu. 3iVf. The power of a combinatioii of thin leiiHOS in contact ia oqiial to tlic Huni of 
the powers of the individual lenses. 


/i is the object distance (taken with a negative sign), / is the image dis- 
tance, and /s is the focal length. Applying Eq. 3ft, these substitutions 
for s, and / respectively give 


Transposing, 


/. / h 


1 = -1 + A 

/ /i 


(3i) 


In other words, the reciprocal of the focal length of a thin-Iens combina- 
tion is equal to the sum of the reciprocals ,of the focal lengths of the 
individual lenses. 

Since by Eq. 3/ we can write Pi = l//i. Pa = l/'/a, and P = 1//, we 
obtain for the power of the combination, • ^ 

P = Pi + P 2 (3*) 

In general when thin lenses are placed in contact the power of the cam- 
bination is given by the sum of the powers of the individual lenses. 

. * 

Problems 

1. An object 5 cm high is placed 18 cm in front of a thin posit ivc lens of focal length 
12 cm. Find (a) the image distance, (6) the magnification, and (c) the nature of the* 
image. Solve graphically and by (calculation. 
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2 . An object, located 30 cm in front of a thin lens, has its image formed on the 
opposite side 60 cm from the lens. C.^alculate (a) the focal length of the lens, apd (6) 
the lens power. 

3 . An object 12 cm high is located 60 cm in front of a negative lens whose focal 
h'ligth / «= — 20 cm. ('aleiilate (a) the |M)wer of the lens, (&) the image distance, and 
(e) the lateral inagniheation. Graphically IcM'ate the image by (d) the parallel-ray 
method, and (c) the oblique-ray method. 

4 . The radii of a thin lens are ri ■* +10 cm, and r* 25 cm. The lens is made 
of ghiss of index 1.600. (’alculate (a) the focal length and (6) the power of the lens. 

6. A plano-convex lens is to be made of flint glass of index n » 1.65. (''alciilate 
the radius of curvature necessary to give the lens a power of +413. 

6. An equiconca VC lens is to be made of crow'll glass of index n ^ 1.52. (-alculate 
the radii of curvature if it is to have a jxiwer of —3 J3. 

7 . A converging lens is used to focus the image of a candle flame on a distant screen. 
A second lens with radii ri = +15 cm and r* =* —30 cm and index 1.50 is placed in the 
converging beam 50 cm from the screen. Calculate (a) the pow'er of the second lens, 
(5) the position of the final image. 

8. Two lenses with focal lengths /i ■« +20 cm and ft — +30 cm are located 10 cm 
apart. If an object 5 cm high is located 30 cm in front of the first lens find (a) the 
position, and (h) the size of the final image. 

9. Tw’o lenses having focal lengths /i = +20 cm and /* —30 cm are placed 

20 cm iqiart. If an object 5 cm high is located 50 cm in front of the first lens, find 
(a) the position, and (b) the size of the final imagfe. 

10. A doiible-c^onvex lens is to Ihi made of glass having an index of 1 .65. If one 

surface is to have twice the radius of the other and the focal length is to be 20 cm, find 
the radii. • 

11 . An object is located 1 m from a white scTecm. What formal huigth lens will bo 
required to for»n a real, inveited image on the scrc'en W'ith a inagnifi(‘ation of 4? 

12 . *A la^'tcrn slide 3 in. high is located 20 ft from a projeettion screen. What fo(‘al 
length lens w’ill be required to project an iin;ige 3 ft high? 

13 . Tw’o thin lenses having the following radii of curvature and indi^x are phu*(Ml in 
contact: r[ +20 cm, .r, = — 30 cm, r/ = — 40 cm, rj — +60 ern, n' = 1.50, 
n" = 1.60. Find their eoinbincd (a) focal length, and (b) power. 

14 . Three thin lenses have the following pow'ers: —ID, +2 D, ainl +4 D. What 
arcj all the possible pow'crs obtainable W'ith these lensi»s using one, two, or thn*e in 
contact? 



CHAPTER 4 
'SPHERICAL SURFACES 


Tliere are close analogies between the effects produced by a thin lens 
and those produced by a single spherical refracting surface. Such a 
surface can focus a divergent pencil to form a real image. It therefore 
has associated with it focal points and focal lengths just as docs the thin 
lens. Although the real or virtual images produced by a single surface 
also have magnification or reduction, they are seldom made use of 
directly in optical instruments. Nevertheless, they occur as inter- 
mediate stages in the functioning of any lens system involving two or 


«• 



(a) ^ (b) 

Fic!. 4 A. Hefrartioii at a .siiifclc* sphorical surface* showiiiK («) tho primar.^ point 

F and primary foual length /, and (h) the secoiida/y focal point F' and secondary focal 
length /'. 

more spherical surfaces, and it is Iherefore important to have an under- 
standing of their formation before attempting to analyze the more diffi- 
cult cases. In this chapter we shall discuss first the behavior of paraxial 
rays upon refraction at one spherical surface, and then at two in suc- 
cession. The latter case forms the basis for the treatment of thick 
lenses to be given in Chap. 5. Reflection at spherical surfaces will then 
be considered in Chap. 6. ^ 

4.1. Foci of a Single Surface. Figure 4A shows a^pherical surface of 
radius r separating two media of indices n and n\ In the first diagram 
rays diverge from a point source F in the first medium and are refracted 
into a parallel beam. In the second a parallel beam incident on the 
same surface is shown as brought to a point focus F/. The similarity 
between these diagrams and the corresponding ones for a thin converging 
lens in Figs. 3H and 3C will be obvious. As before, F and F' are called 
the primary and secondary focal points, and their dist*anees / and 
measured from the vertex A are the primary and secondary focal lengtlis. 
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In contrast to the case of the thin lens in air, the two focal lengths are 
not equal; the ratio of /' to / is found to be n'/n. Incidentally, the same' 
would he true for a lens if it had different media on the two sides. 

The significance of the focal plane associated with a single surface is 
illustrated in Fig. 4B. This figure is closely analogous to Fig. 3JD for a 
thin lens, but there is one important difference.* The ray which is 
undeviated must be the one that goes through the center of curvature 

C, because this one meets the sur- 
face perpendicularly. Hence the 
chief ray, which in a thin lens 
crosses the axis at the center of the 
lens, here crosses it not at the vertex 
but at the center of curvature. 

4.2. Conjugate Points and Planes. 
A diagram illustrating the image 
formation by a single refracting sur- 
face is given in *Fig. 4C. It has been 
drawn for the case in which the first medium is air with an index n == 1 
and the second medium is glass with an. index n' = l.GO. The focal 
lengths / and /' therefore have the ratio 1 : 1.6. 

An equation similar to the lens makers’ formula, Eq. 3d., will l)e derived 
for a single surface in Sec. 4.8. «Such a formula gives the image distance 



4Ji. rarallcl rays are hroiight to a 
focus at Q' ill tho focal plane through F', 



I'lo. 4C. All rays leaving the object point Q, and passing through tlic refracting surface, 
arc brought to a focus at the image point Q\ 

s' in terms of the object distance s, the refractive indices n and w', and 
the radius of curvature r, as follows: 


71 71’ — 

s r 


(4a) 


Example: The left-hand end of a solid glass rod of index 1.50 is ground 
and polished to a hemispherical surface of radius 1 cm. A small object 
•is placed in aif on the axis 4 cm to the left of the vertex. Find the posi- 
tion of the image. Assume n = 1.00 for air. 


Src. 4 . 2 ] 


COS JUG AT K POINTS AND PLANES 
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Solution: Substituting the given quantities in Kq. 4a, one obtains 

" 1 4- 1-^1? = _ i 

4 s' j- ^ 

from which s' = G cm. Applying the same sign conventions as wore 
used for lenses (Seef. 3.7), one concludes that a real image is formed in 
the glass rod 6 cm to the right of the vertex. 


As the object point M is brought closer to the primary focal point, 
15q. 4a shows that the image distance AM' becomes steadily greater and 
that in the limit when the object reaches F the refracted rays are parallel 
and the image is forQied at infinity. Then we have s' = co and Eq. 4a 
becomes 

w ^ _ n' — n 

s CO r 


Since this particular object distance is (*alled the primary focal length/, 
we may then write 


11 

/ 



(46) 


Similarly, if (he object distance is made larger and eventually approaches 
infinit}', the image distan(*e diminishev and becomes etpial to f' in the 
limit s = oc. Then * 


n 

X 




or, since this value of s' represents the secondary focal lengt.h /', 


n' __ n' — n 
/' 


(4r) 


l*'(|uating the left-hand members of Eqs. 45 and 4r, we get 


n n' n f 

f = /' = /' 


(4r0 


When (n' — n)/r in Eq. 4a is replaced by n/f or 1)^ n'/f' according to 
Eqs. 15 or 4c, there results 


n n' __ n 
's ^ s' ~ f 


or 


n , n' __ n' 

~s s' ' /' 

.1 * 


(4c) 


Either of these ec^uations gives the conjugate distances for a single spher- 
ical surface and is analogous to the Gaussian formula,' Eq. 3a, for a thin 
lens. • 
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4.3. Graphical Constructions. It would bo well to romind the reader 
ut l.liis point that, although the above formulas hold for all posi^iblc 
object and ima;];e <listances, they apply only to images formed by paraxial 
rays. For such rays the refraction occurs at or very near the vertex of 
the spherical surfa(*e, so that the correct geometrical relations are obtained 
in graphical solutions by drawing all rays as though* they were refracted 
at the plane through the vertex A and normal to the axis. 



Fto. 4D. Illustratiiif! t}io ])aralloUr:iy method for graphically hx'at ii)f> the imago formed 
by a biiigle bi)hcrie:il siirfiico. 

The parallel-ra\’ melhod of construction is illustrated in Figs. 41) and 
4E for convex and troncave surfaces respectively. These constructions 
are matfe in the same manner as those for thin lenses tluit were illust rated 
in Figs. 3^ and 3/, with the single exception that the uiideviated ray 5 
is drawn toward the center of curvature C rather than through the central 
point -1. In both these figures the medium to the right of the surface 
-has the grc'ater index; i.c., we lake a' > ?/. If in Fig. 4D the medium 
on th(i left were to have Mie greater index, so that n' < 7i, the surface 



Fio. 4E. IIlii.Nt rsitiiig the parallel-r;iy method applied to a eoiicavo splierical surface 
liaviiig diverging properties^ 

would have a dive^ing effect and each of the focal points F and F' 
would lie on the opposite side of the vertex from that shown, just as 
they do in Fig. 4E. Similarly, if we had ft' < a in Fig. 4E, the surface 
would have a converging effect and the focal points wouldMie as th(\v 
do in Fig. 4D. Similar modifications are obtained in the case of thin 
lenses if the index of the lens is made smaller than that of the surround- 
mgs, as in the ease of an “air lens” (enclosed within two watch glasses 
cemented together) when immersed in water. 
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The obliqiic-ray method as applied to a single refracting surface is 
shmvn in Tig. 4/»\ Again the coiustniction is very similar to that in the 
thin-lens (?ase sliown in Fig. and identical symbols have been used 
here. The only difference is that the “hypothetiear^ ray RX is drawn 
through the center of curvature whereas in Fig. 3(7 the corn\sponding ' 
line was drawn through the lens center. Just as before, M and A/' are 
conjugate points and fepreseiit a point object and its image. 

In order to perform a graphical solution of any problem, the focral 
lengths / and /' either must be giwui or must first be calculated from the 
known refractive indices and radius of ciirv^ature. For this purpose 
F(is. \h and Ic are to be used. The student is urged to carry out graph- 
ical const ructions for various conditions to see the effect of changing the 
object distance and the relative magnitud(^s of n and ?i'. In particular, 



T'k;. lIluhtrutiiiK the ohliqno-ray method for Kraphirally locutiiiK ininffe rayn and 
poiiiU. • 

the formation of a virtual image, in analogjr to Fig. 3f/, should "be 
investigated. , ^ • 

4.4. Magnification. To determine the relative size of the image 
form(*d by a singh* surface, reference is made to the geometry of Fig. 4D. 
Here the undeviated ray 5 forms two right triangles QMC and Q'A/'C. 
Proportionality of corr(*sponding sides requires that 

.1/V ^ (M/' -//' ^ s' - r 

M(i ~ CM y ~ » + r 


Since by definition y^/y is the lateral niagnilication in, we obtain 


u s — r 

m ==■'=- — 

y s + /• 


W) 


If ?w is positive the imago is virtual and erect, while if it is negative tho 
image is refil and inverted. 

Allot h(u- V(»ry useful formula for the magnilicafion is derived in Sec. 
8.5. By Fq. 8/t, 
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4.5. Newtonian Formulas. In the Newtonian form of the lens for- 
mula* (lOc^. 3/0 the object and image distances x and were measured 
from the focal points rather than from the lens itself. A similar equation 
may be derived for a single refracting surface. By inspection of Fig. 
AD one observes that the triangles QMF and {^AF form one set of similar 
triangles, while TAF^ and form another. ' Wc may therefore 

Avrite, for the two sets, • 


U 

X 



and • 


V 

T 


.r" 


^JVansposing and solving each for the lateral magnification, we find 


in 




.r' 

/' 


From the last equality we obtain the Newtonian relation analogous to 
the lens formula, which here becomes 


r-r' = //' (4/0 

4.6. Reduced Vergence. In the CJaussian formulas for the lens and 
for t he single surface, K(|s. 3/;, 3f/, 4a, and 4c, the distances s, .s', r, r', /, 
and /' appear in the denominators. The reciprocals of these magnitudes 



Fiij. 46'. llliiHtnitiiig the rcfrnciiuii of liKht wavos by ;i .single spheriral .surf:ic*u. 


(namely, J/.s, I/s', 1/r, 1/V, 1//, and 1//') actually represent. curvalurcSf 
of which s, s', r, r', /, and /' are the radii. As regards the* objei^t and 
image distances s and s', the curvatures involved are those of vm'c 
fronts (Sec. 1.8). Reference to Fig. AG w’ill show that the wave fronts 
in the object space* have a radius s and a curvature 1/s just as thc}^ 
arrive at the refraciing surface. The latt(*r has a radius r and curvature 
l/r. Immediat(4y after refraction the radius of the wave front is s' and 
its curvature I/s', the center of curvature being at the image point M\ 
In the second diagram the object point is at infinity and fhc incident 
wave fronts have zero'curvaturc (I/**) as they strike the surface. Their 
curvature is 1// immediately after refraction. The Gaussian formulas 
may therefore be considered as involving the addition and subtraction 
of quantities proportional to the curvatures of convergent and divergent 
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surfaces. The formulas become simpler and more convenient when these 
curvatures, rather than radii, are used. 

We may now introduce the following quantities: 


V = 


n 

— j 




n 

r 




n' 



and P' = yf 


(4i) 


The first two of these, V and F', aro called reduced vergences because they 
are dire(?t measures of the convergence (or divergence) of the object and 
image wave fronts, respectively. For a divergent wave front in the 
object space, s is positive and so is its vergence V. For a convergent 
ol)jcct wave front, on the other hand, s is negative, as is also the vergence. 
For a converging image wave front V' is positive and for a diverging one 
1"' is negative. Note that in each case the refractive index involved is 
that of the medium in which the wave front is located. 

The third quantity K is the actual curvature of the refracting surface 
(reciprocal of its radius), while the third and fourth quantities are, accord- 
ing t o Eq. 4d, c(iual, and define its refracting power P. When all distances 
are measured in meters, the reduced vergences V and F', the curvature 
A", and the power P are in diopters (sec Sec. 3.1 J). Uemembering that 
the diopter is a unit of power, we see thaji V represents the power of the 
object wave front that just touches the refracting surface (of durvaturc 
K and power P), while V' repnjsents the pow6r of the correspoivling 
image wave front which is tangent to that refracting surface. *In these 
new terms, l^q. 4a becomes 


V +V' ^ (?i' - 7t)K 

45 becomes 

P = or P = («' - 7i)K 

and lOc}. 4c becomes 

V + r = p 


(«i) 

(4*) 

(40 


Example: One end of a glass rod of refractive index 1'.50 is ground and 
polished with a convex spherical surface of radius 10 cm. An object is 
placed in air on the axis 40 cm to the left of the vertex. Find (o) the 
curvature of the surface, {b) the power of the surface, and (c) the position 
of the image. • ' 

Solution: (a) From 1'lq. 4i, expressing distances in meters, we have 


I ^ 1_ 

• 6.10 


+10 D 
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(b) Using Kq. 4k, 

P = (1.50 - 1.00) X 10 = +5 D 

(c) For the powers of the wave fronts, we liav(‘, from JOcp Ai, 


and from h^q. 41, 


V = 


l.(K) 

0.40 


+2.5 D . 


2.5 + r = +5 

K' :s= +2.5 J) 


To find the image distance, we have V' = so that 


5 ' 



1.50 

2.5 


= 0.00 


or 


s' = 60 cm 


This answ^er should he verified by the student, usin^ one of the grajihical 
constructions drawm to a convenient scale. 


4.7.* Two Spherical Surfaces. When two spherical surfaces are 
involved in the formation of an image, the problem may be solved by the 
use of the precjcding formulas, appl^dng them first to one surface alone 
and then to the other. The prctcedure is mu(;h the same as that discussed 
in Sec. 3.12^ for two thin lenses; the image for the first refracting surface 
becomes the virtual object for the second. 



FifS. 4//. ISofructioii .it two splioricsil surfarrs (ihirk Umis). 


To illustrate, consider the geometry of Fig. MI, where two surfaces of 
radii ri and r 2 sejiarate three media of refractive indices n, n', and w" 
respectively. The obli(|ue ray M\T\ from the object point M\ is 
refracted tow'ard the conjugate image point. M[. Upon rea(^hing 7’-2 the 
ray is further refracted from its <lirection T 2 M\ to the hew' direction 
7’2.1/5. In other words, M\ is also the object! point for the second 
surface, and ^1^ conjugate image point. 


Example: An equiconvew l(*ns 2 cm thick and having radii of curvature 
2 cm is mounted in the end of a water tank. An object in air is pla(*e<l 
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on the axis of the lens 5 em from its first vertex. Find the position of the 
final imaf^e. Assume refractive indices of 1.00, 1.50, and 1.33 for air, 
glass, and water, respectively. 

Solution: The relative dimensions in this problem are those shown in 
Fig. 4//. Applying Eq. 4a to the first surface, we have 

1.00 , 1.50 1.50 - 1.00 1.5 0.5 1 

^ I ~ t) or ~ _ 


from which ft[ = 30 cm. Xow, when the same equation is applied to the 
second surface, the following substitutions are made: Si = —28 cm, 
h' = 1.50, n" = 1.33, and /‘a = —2 cm. Hence 


1.50 1.33 
-28 ■ 

This gives 


M3 - 1.^ 
-2 


or 


1.33 _ 0.17 1.50 
if, 2 ■ 28 


Sa = +9.G cm 


Particular attention should be paid to the signs of the various quantiti(‘s 
in this second step. Because the surface is concave toward the incident 
ray, ra must be assigned a negative sign. The incident rays in the glass 
(n' = 1.50) correspond to an object point M 2 which is virtual, and thus 
50, being to the right of the vertex A 2, must also be pegative. The final 
image is forin<*d in the water (a" = 1.38) at a distance +9.0^cm from 
the second vertex. The positive sign of the result signifijvs that the 
image; is real. , ^ • 



The sludc'iit will find it instructive to carry through this problem by 

the use of the Newtonian formula (using 

I^qs. 45, 4c, and 45) and also by the method 
of r(‘duc('d vergenc«*s (E(is. 4j to 41). 'I'o 
obtain tlie magnification of the image, Eq. 

4/ must be applied twice — omre to obtain the 
size of t he virtual obje(;t, and once to obtain 
th(‘ size of the final image relative to this. 

Tin; final magnification is found to be 
VI = — I.78X, the symbol X denoting 
'‘times the size of the object.” 

4.8. Gaussian Formula. The basic equa- 
tion 4a is of sufficient importance to warrant deriving it by two different 
nudhods, the method of wave fronts and the method of rays. Each 
method brings out instructive points. 

In employing the wave-front method we shall have need of a well- 
known geometrical theorem known as the sagitta fomvula. In Fig. 1/ it 


Tk;. 4/. Diaeruin sliowinfc tlio 
Kcoiiiofry from which the sagitta 
formula may be derived. 
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can be shown that tli(^ triangles ABU and BDH are similar, so that 

All _BII d h 

Jill ~ mi " h 2r - d 

Now, if d is very small compared with the radius r, it may be neglected 
ill the right-hand denominator. When this is done and h is transposed 
to the right side, one obtains • 

I A" /X N 

d = ^ SAOITTA FORMULA (4?n) 


In Fig. 4.7 the heavily drawn arc represents a spheri(;al refracting sur- 
face of radius r separating two media of index n and w'. A point object 
at M is imaged at its conjugate point il/'. A wave front BAG in the 



6 N 


Fio, 47". Derivation of conjiifsatc foeal relations for a sinKlc refracting surface by the 
method of wave fronts. 

• 

object spat^e is shown langem'^to the refracting surface, as well as the 
wave front DIN in thy image space and tangent to that. surfa(?e. J^y 
Mahis' theorem (Sec. 1.9) the optical path between these two wave 
fronts is the same along any ray. Therefore 

= n\M) 

For a paraxial ray it muy be assumed that B'D = Bl), so wt; have 

(B'D) = {BD) = (,/A) 

IT(*nce 

n(JK) = n'(AI) (4w) 

For the two distances along the axis we may substitute JK = JA + AK 
and AI = AK giving 

n{JA + AK) = n\AK - IK) 
or 

n{JA) + n(AK) = n\AK) - n^UK) 

Since the small line, segments in parentlusses all corr(‘spond to the sagittas 
d of certain arcs, we may write, using the sagitta formula, 



, /i2 

2s 2r 2r 


k\ 

2.s' 
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This simplifies to 

n , w __ n' 
8 r r 


or 


n n' __ 7i' 

« s' ” r 


(4a) 


The two approximations made in deriving this equation, namely that 
B'D = BD and that* the simplified sagitta formula is applicable, are 
justified for paraxial rays only. From Fig. 4J it is observed, however, 
that as the height A of a ray decreases, the two segments B'D and BD 
become more nearly parallel and the same time more nearly equal in 
magnitude. Furthermore the sagittas become more insignificant as com- 
pared to the radii. 

Similar approximations must of course be made in deriving Eq. 4a 
by the ray method. Thus in Fig. 4/v, if the incident and refracted rays 



Vi(S. 4K, Deriviitinii of conjuKuto rolatioiiH for a Kingle refr.actiiiK surface by the ray 
jiiethod. 

* 

MD and DM' are paraxial, the angles and will be small enough sp 
that we may put the sines equal to the angles apd use !</: 


<!> _ 7l' 

n 


(Id) 


Now 4> is an exterior angle in the triangle MDC and equals the sum of the 
opposite interior angles: 

^ = a + 


Similarly P is an exterior angle of triangle DCM\ so that + 7 , 

and 

= iS — 7 • ^ 

Substituting these values of 0 and 0' in l']ci. Id and multiplying out, we 
obtain 


or 


n'p — n'y — na + np 
na + n'y = (a' — n)P 


For paraxial rays a, p, and y arc very small angles, anjl we may set , 
a = A/s, p = h/rj and y = A/s'. Substituting these values and can- 
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ccling h, we have the desired result 


n h' __ n' — n 

8 s' r 


(4a) 


Clearly the two approximations which had to be made in this derivation 
are similar to those required in the wave-front method. 

4.9. Derivation of Lens Makers’ Formula. ' The thin-lciis formula, 
Eq. Ssy may be derived from Eq. 4a by applying it to each surface 
independently and then adding the** two equations. Let /i, a', and a" 
represent the refractive indices as shown in Fig. 4//, and ri and r 2 the two 
radii. For the first surface 


n ^ n' _ n' —jn 
s\ ^ s\ “ ri 


and for the second surfa(‘o 


n' 

. n" 


+ r 

Si 

St 


(40) 


(4p) 


Assuming the thickness A\Ai of the lens to be negligible compared with 
the object and image distances, and noting that the image distance 8[ 
becomes the object ^distance fo^the second surface but with the opposite 
ttign, we 'have 

• * * 

' ‘ S\ St 


We now add I'k^s. 4o and Ip, ol)taining 

(4(Z) 

(4r) 

If the medium oyboth sides of the lens is the same, n = n". Further- 
more Si and .So can be called the object and image distances s and s' for 
the lens as a whole, so we may write 


n . n" _ w' — n w" — n' 

I f~ ”i ~ 

Si St ri Tt 

n ^ h" _ 

Si ^ s't ri r-j 


or 


71 }t _ 71.' - 

• s ^ s' ri 




+ ^; = (n' - v) 
s 



(4^r) 
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Finally, in case the surrounding medium is air (n = 1), we obtain the 
lens makers’ formula 


i + 1 („/ _ 1) A _ 

s s ' \ri r*/ 


(3s) 


In the power notatimi of Kq. 4t, the more general formula, Kq. Aq, can 
be written < 

F + r = Pi + P, (4<) 


where 



(4m) 


again using the simplification of replacing s\ and .sj i>y « and respec- 
tively. Also 


I\ = 



and 


n'' - a 

r-i 


(4v) 


By Eq. 41 the sum of the vergences equals the total jiower, so that by 
Eq. 4^ 

P ^Py+P^ , {4W) 


wliere P is the power of (he lens. Stating this in words, ihe refracting 
power of a thin lens is equal to the sum of the powers of the two surfaces. 
In terms of focal lengths, the powers a»*e«given by 


P 


n n" 


i 1 - y. 

Ji Jl 




.(4t) 


Problems 

1. The loft end nf a lonp rIjiss rod, of imlcx l.oO, is pjroiind and polished to a ron- 
vex sphrricul surfacf* of radius 4 (mii. A small ohjfM't 1 rni hifrii is lo(‘atod in the air and 
on the axis 10 cm from tlic vertex. Find (a) the primary and secondary focal lengths, 
(6) the power of the surface, (r) llu* image distance, and (r/) tlie lateral magnification. 

2. The left end of a long plastic rod, of index I. -40, is ground and polished to a 

convex spherical surface of radius 2 cm. .\ small object 1 cm high is located in the 
air and on the axis 10 cm from the vertex. Find (a) the primary and secondary focal 
points, (6) the image distaiu*e, (c) the size of the image, and (d) the power of thc^ 
siirfaia:. • 

3. Determine graphically by the obli(pic»-rjiy method the ima|^‘ distance in Prob. 1. 
By tlie ])arallel-ray method, find the size of the image. 

4. Determine graphically by the oblique-ray method the image distance in Prob. 2. 
By the parallel-ray method, find the size of the image. 

6. The left end of a water trough has a transparent concave surface of radius 3 cm. 
A small object 2 cm high is located in the air and on the axis^l2 cm from the vertex. 
Find (o) the primary and secondary focal points, (6) the image distance, (c) the lateral 
inagnifi(‘ation and size of the im.age, and (r/) the power of the surface. 

6. Solve Prob. 2 uiitler the assuiiiptioii that the polished surface is concave instead 
of convex. 
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7. Solve Prob. 5 griiphically using first the oblique-ray method and second the 
parallel-ray method. 

8 . Solve Prob. fi graphically using first the oblique-ray method and second the 
parallel-ray method. 

9. The left end of a long glass rod of iiuh^x 1.700 is polished to a convex surface of 
radius 1 cm, and then submerge^d in clear water (n — 1.333). A small object 2 cm 
liigh is located in the water and on the axis 10 cm from the vortex. Calculate (a) the 
primary and secondary focal lengths, (6) the image distatfee, (c) the lateral magnifica- 
tion, and (d) the power of the surface. 

10. A glass rod 2 cm long ami of index 1.^ has both ends polished to spherical sur- 
faces of radius 2 cm. An obj(M‘t 2 cm high is located on the axis 5 cm from the vertex. 
Kind (a) the image distance for the first surface, (b) the object distance for the second 
surface, and (c) the final image distance, (d) What is the size of the image? 

11. A parallel beam of light enters a clear plastic Ix^ad of index 1.40 and radius 2 cm. 
At what point beyond the bead an* these rays brought to a focus? 

12. A glass head of index 1.70 and radius 1 cm is submerged in a clear liquid of 
index 1.30. If a parallel beam traveling in the liquid is allowed to enter the bead, at 
what point beyond the far side an* the rays brought to a focus? 

13. A hollow glass cell is made of thin glass in the form of an cqiiiconcavc Icms. 

The radii of the two surfact*s are 5 cm. Wh(*n sealed airtigfit, this cell is submerged 
in water, (a) Assuming this to be a thin air lens in water, calculate its focal length, 
assuming the refractive index for water to be 1 .333. (b) If an object is located in the 

water on the axis and 10 cm from the lens, locate the final image, (c) Find the power 
of this lens under these conditions. 

14. The focal length ^of a thin glass lens in air is 25 cm. What will be the focal 
length of the same lens when it is submerged in water? Assume the refractive indices 
h)r air, waiter, and glass to be 1.000, 1.333, and 1.500, respectively. Calculate the 
power of the fens in both caces. 

16. An cquiconycx glass lens 3 cm thick and having radii of 4 cm is mounted in the 
end of a water tank. If a paralh*! beam of light in air enters the lens along its axis, 
at what point in the water will the rays c!onie to a focus? Assume the glass to have an 
index 1.600 and water to have an index 1.333. 

16. A small artificial flower ’s cunbeddefi at the center of a glass sphere of 3 cm 
radius. Kind its apparent position ancl relative size, if the index is 1.50. 



CHAPTER 5 
THICK LENSES 


Wlion the thickness of a lens cannot be considered as small compared 
to its focal length, some of the thin-h*ns formulas of C"hap. 3 are no longer 
applicable. The lens must be treated as a ‘‘thick lens.” This term is 
used not only for a single homogeneous lens with t wo spherical surfaces 
separated by an appreciable distance, but also for any system of coaxial 
suHaces wliich is treated as a unit. The thick lens may therefore include 
several component lenses, which may or may not be in contact. We have 
already investigated two cases which come in this category, one of which 
was the combination^of a pair of thin lenses spac^ed some distance apart 
(Sec. 3.12), the other the system of two spherical surfaces (Sec. 4.7). 
The latter represents a homogeneous thick lens. As has been shown, it 
is possible to determine the position of the image in this case by applying 



(a) (b) 


ri«;. Ti.-I. Hay (linKranis showing tho loc.'tlioii <»f («) i)w primary foral point F and fora! 
piano, and tlin primary principal jKiiiit // ami principal plane, and {h) the .secondary focal 
point F' and focal plaric, and the aecoiidury principal point IF and principal plane. 

the eciuntioiis for a single r(‘f raiding surfai'e successively t.o t^aidi surface. 
'^l''his procedure is cumbersome, however, and it would be preferable to 
have methods of constricting and computing the image directly from the 
properties of the thick lens as a whole. In the present chapter such 
methods are developed, based on the use of the six \'a''^iinal points of tlu^ 
lens: the two focal points, two principal points, and two nodal points. 
I^he first four of these are the most, useful, and we begin by considering 
their location for a single homogeneous thick lens. 

6.1. Focal Points and Principal Points. Ray diagrams showing the 
(diaracteristics of the two focal points of a thick Icms kre given in Fig. 5A. 
In the first diagram ra 3 '^s diverging from the primary focal point F emerge 
])arall(d to the axis, while in the second diagram parallel* incident rays > 
are brought to a focus at the secemdary focal point F\ In each case the 
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incident, and refracted rays have been extended to their point of inter- 
section. Transverse planes throiij^h tluvse intersections constitute the 
primary ami secondary principal planes, '^Fhese planes cross the axis at 
points H and //', called the principal point .s. When this graphical con- 
struction is carried out for parallel rays at different heights above or 
below the axis, the positions of the principal points and focal points will 
])e found to vaiy somewhat. This implies that fhe focal planes and prin- 
cipal planes are in reality curved surfaces. For paraxial rays, however, 
all four points 11, and IC aiv to be regarded as fixed, and the 

corresponding “planes’* as truly plane. 

If the medium is the same on both sides of the lens, the primary focal 
length /is exactly equal to tluj secondary focal length /'. For this to be 
true the focal lengths must, as is shown in the figur(% be measured from 
the focal points to their respective principal points // and //' and not to 
their respective vertices A\ and Ao. In general the principal points and 
focal points arc not located symmetrically with respect to the hms but 
are at different distances from the verti(;es. As a lens of a given focal 



I'l*;. o7?. Illu.M rutiiiK the variation fif the po.sitioii.s of the )>riiii:ir.v and M'eondi prin('i|)al 

planes, as a thiek lens of a ttivcii ftjeal Icm^th ia suhjoet to " l)cntlinf{.*’ 

length is ‘‘bent*^ (Fig. 57i), departing in either direction from the sym- 
metrical shape of an ecpiiconvex lens, the i)rincipal points shift in the 
opposite direction. For the. cMpiiconvex lens shown in the cemter, 11 and 
W divide the lens thickness into three approximately equal pjirts. In 
the plano-convex lens one principal point falls exactly at iho, V(‘rtex of 
th(^ coiiv(;x surface, and th(* other falls about one-third of the thi(?kness 
inside this vertex. For mc'niscus lenses of considerable thickness and 
curvature, H and^/'*may lie completely outside the lens. 

6.2. Conjugate Relations. In order to trace; any ray through a thick 
lens, the positions of the focal points and principal points must first be 
determined. Once this has l)een (lone, either graphically or ly compu- 
tation, the parallcl-raj'' construction can be used to locate the image as 
shown in Fig. hC, 'The construction procedure follows that given in 
Fig. 3F for a thin lens, except that here all rays in the region lK;twccn the 
• two principal •planes are drawn parallel to the axis. This reciuirement 
results from the fact that by definition tlie primary and secondary 
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prmmpal planes are conjugate planes for which the lateral magnification is 
unity and has a positive sign. Any ray starting from one of these pianos 
must, after emerging from the lens, appear to (?ome from that point on 
the other plane whieh is at the same distance from the axis. 



Fi«. ^C. Parallcl-ray Tnonicwl for tlio erapliical Jocatioii of an iriiagc forriie<I l»y a thick lens. 


By comparison of Fig. 5C with Fig. 3F and with the derivation of Se(\ 
3.13, it will be found that provided the object and image distances are 
measured, from the principal points the geometry of the right triangles is 
the same as that for thin lenses, and we may apply to the thick lens the 
Gaussian lens formula, namely 


In the more general case wlic*re the mc'dia are diffenuit on th(i two sides 
of the lens, the equation corresponding to 5tt is * * 


n w" __ w _ //" 

^ ~ 7 " T 


( 66 ) 


or 


V + r = p 


(Sc) 


In this general case as Avell, the focal lengths and the olqect and image 
distances must l)e measured from the principal planes and not from the 



Fi«. 5D. Principal phiiicH arc plancH of unit iiiaKiiifieation. 

lens surfaces. Figure 57) emphsisizes tliis fact by showing' that for tlio 
purposes of graphi(,*al construct ion the lens may be regarded as replaced 
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by its two principal planes. This figure also illustrates the unit magni- 
hcation that exists between the principal planes in that any ray intersects 
tiiese two planes at the same ordinate. 

6.3. Graphical Construction. The obSque-ray method of constniction 
may be used to find graphically the focal points and principal points of a 
thick lens. As an illustration consider a glass lens of index 1.50, thick- 
ness 2 cm, and radii ri = +3 cm, r 2 = —5 cm.‘ By graphical construc- 
tion or by formula the focal points for each surface alone are first obtained 
and then marked on the axis of the Iftns as siiown in Fig. 5A\ All known 
distances are tabulated as follows: 

ri = +3 cm d = 2 cm /i = +0 cm /j = +15 cm 
r-i = -5 cm n = 1.50 J[ = +9 cm jf^ = +10 cm 

A parallel ray 4 is refracted by the first surface toward the secondary 
focal point F[ of this surface; within the lens this ray has the direction 
labeled 5. Line 7 is next drawn through Ca parallel to ray 5, extending 



Fkj. hE. 0?ilirmp-ray constnu-tioii for locating tho secondary focal point and secondary 
principal point of a thick leiisi. 


it to its intersection with the focal plane of the second surface at 
Finally ray 8 is drawn from T' through A'. The intersetition of ray 8 
with the lens axis locates the secondary focal point F* of the lens, while 
its intersection with the incident ray 4 locates the secondary principal 
plane W. 

By turning the leijs around and repeating this procedure, the positions 
of the primary f(/:al point F and of the primary principal point H can be 
determined. The student w’ill find it wtU worth while to carry out this 
C(3n8truction and to check the results by measuring the focal lengths to 
verify the fact that they arc eciual. It is to be noted that, in accordance 
with the assumption of paraxial rays, any refraction is taken as occurring 
at the plane tangent to the boundary at its vertex. 

6.4. Thick-lens Formulas. The focal lengths and power of a ono- 
coRiponent thick lens, as Avell as the positions of the focal points and 
principal points^ can be calculated by the use of the following equations: 
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Gaussian formulas 

Power formulas 
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A,1I = +J,cP^ 

(5j) 

A„F' = +/'^| - 


(1 — cPi) 

(6A) 

.1*//' = 

Jl 


II 

1 

' («) 


The subscripts I and 2 refer to the first and second giirfaeos of the lens, 
respectively. "Fhesc equations are derired from geometrical relations 
that may be obtained* from a diagram like Fig. 5Z?. ^ 

In the design of certain optical systems it is conveniejit to know* the 
vertex power of a lens. This power, sometimes called the effective jwwer, 
is given as 

1\ = + Pt (5m) 

and is defined as the reciprocal of the distance from the back surface of 
the lens to the sc'condary focal point. This distancre is commonly called 
the hack focal length. Kquation 5/a is derived by substituting the value 
of P from hkp 5d in Fep bk and solving for 1/A»F\ wdiich is the vertex 
power Pv In this derivation the lens is assumed jLo be in air so that 
w" = 1. ^ 

In a similar way the distance from the primary focal point to the front 
surface' of a lens is called the front focal lengthy and the reciprocal of this 
distance is called the neutralizing power. The name is derived from the 
fact that a thin lens of this specified power w'ill, upgn contact with the 
front surface, give zero power to the combination. 

* Derivations of those equations are left as exercises for the student. See Prohs! 1 7 
and 18 at the end of tliis chapter. , 
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To illustrate the use of the above formulas, consider aii^ain the lens 
discussed in the preceding section. The quantities given are rj = +3 cm, 
r 2 = — 6 cm, n = n” = I, w' = l.t50, and d = 2 cm. 

Applying the set of Gaussian formulas, Eqs. 5c, 5/, and 5r/, we obtain 
for the individual focal lengths of the surfaces 


n n' - a 1.50 -1.00 

T = ~ 

Ji ri 6 


w' _ n" — a' _ 1.00 — 1.50 _ 
/* r* -5 


=0.1(57 = 

/; = 1.5 = +9 < m 

r 1110 J.ir: 

•'^^ = 0 . 100 = 

n = i i = +10 cm 


d 2 , 

c = — 7 = = 1.333 (;in 

w' 1.50 

The focal length of the lens is calculated from lOq. 5//, which gives 

j = 0.J07 + 0.100 - 1.333 X 0.107 X 0.100 = 0.215 

Since air exists on Iboth sides (he lens, n = «" = 1, and tlie primary 
'and secondary focal lengths arc etiual: 


/=/' = 


1.00 

0.245 


4.08 cm 


The principal points aiul focal points arc located by the u.se of lOcjs. 5i, 
5j, 5k, and 51, as follows: 


A,F 

AiH 


vU/<’' 


A ill' 


-4.08^1 - 1.50 ^ 
+4.08 X 1.50 ' 

t 

f / 1 333\ 

+4.08(1 - 1.50 ’-j 


-4.08 X 1.50 


1.333 

9~ 


= -4.08 X 0.8(57 = -3.5-10 cm 
= +4.08 X 0.133 = +0.542 cm 
= +4.08 X 0.778 = +3.175 cm 
= -4.08 X 0.222 = -0.90(5 cm 


Positive signs represent di.slanccs measured to the right of the refemnee 
point and negative signs tho.sn measured to the left of it. By adding the 
magnitudes bf the first two intervals AiF and AtH, the primary f(K‘aI 
length FH = 4.08 cm is obtained, and this serves as a cheek upon the 
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calculations. Similarl 3 ’' the addition of the two intervals and 
gives the secondary focal length H'F* as 4.08 cm also. 


Once the principal points and focal points of a thick lens have been 
located, the thin-lens formulas may be applied to find object and image 
drslaiices, through the relations 


Vl A- — — 


or 


F + F' = P 


{bh and c) 



Ftc. RF. IlIustratinK the proper- 
uiid poKitioMH f>f i!he iiodul* 
points^ nodal pianos,*: and optical 
center of a thick lens. 


and the magnification through lOqs. 3c or 3t, in case the medium is the 
same on i)oth sid(\s. magnification when the medium is different 

will be discusscKl in the next s(‘ction. Tn using these formulas it is 
im])ortant that all distaiu'es must be measured from the principal points 
and not from the lens surfaces or from the 
center of the lens. 

5.6. Nodal Points and Optical Center. 

Of all the rays that pass through a lens 
from an off-axis object point to its 
corresponding image point, there will 
always be one for which the direction of 
the ray in the image space is the same as 
1 haf* in the object space, i.c., the segments 
of the ray before reaching the lens, 
and after leaving it, are parallel. The 
t^^o points at wliich these segments, if projected, intersect the axis are 
called the nodal points, and the transverse planes through them are called 
the nodal planes. This third pair of cardinal points and their associated 
plan(‘s are shown in Fig. 5P, which also shows the optical center of the 
lens at C. It is readil^^ shown that if the medium on both sides is the 
same, the nodal points N and N' coincide with the principal points II 
and //', but that if the two media have different indices, the principal 
points and the nodal points will be separate. Since the incident and 
eniergt'iit rays make equal angles with the axis, the nodal points are 
called conjugate points of unit positive angular magnificaiion. 

If the ray is to emerge parallel to its original direction, the two surface 
elements of the lens where it enters and leaves must be parallel to each 
other so that the effect is like that of a plane-parallel plate. A line 
betweem these two points crosses the axis at the optical center C, It is 
ther(?fore through the optical center that the undeviated ray must be 
drawn in all cases. It has the interesting property that ,its position, 
depending as it does only on the radii of curvature and thickness of the 
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Ions, does not vary with color of the light. All the six cardinal points 
will in general have a slightly different position for cacjh color. 

Figure 5G will help to clarify the different significance of the nodal 
points and the principal points. This figure is drawn for n" n, so 
that the tw’o sets of points are separate. Ray 1 1 through the secondary 
nodal point is parallel to ray 10, the latter being incident in the direction 
of the primary nodal point N, On the other hand both these segments 
intersect the principal planes at the same distance above the principal 
points H and 7/'. From the small parallelogram at the center of the 



Fus. 5(7. Parallol-ray inoth<i<i uppliod to the grupliic'ul location of nodal points) and p1ant*8. 

diagram, it is observed that tlu^ distance between nodal phines is exactly 
e(|[ual to the distance between ])rincipal planes. In general, thtu-efore, 

AW' = ////' (5/0 

Furthermore in this case, where the initial and final values of the refrac- 
tive index differ, the focal lengths, which are measured from t.lui priii(‘i[)al 
points, arc no longer ecpial. The primary foetal length FH is ecpial to 
the distance Avhile the secondary focal length //'F' is equal to/'W: 

/ = F// = A-'F' and /' = IFF' = FN {oo) 


Ncnlal points may be determined graphically^ as shown in Fig. 5(7. by 
measuring off the distance ZQ = 7/77' = Z'Q' and drawing st raight lines 
through QZ' and ZQ'. From the geometry of this diagram, the lateral 
magnification y'/y is given by 

^ 1 / s' - 7/.V 

y s~+ ITM 

where 


When the object and image distances s and s' are, as usual, measured 
from their corresponding principal points 7/ and 77', JOq. 56 is also valid 
in this case for paraxial rays. 
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6.6. Other Cardinal Points. In thick-lens problems a knowledge of 
the six cardinal points, comprising the focal points, principal points, and 
nodal points, is always adequate to obtain solutions. Other points of 
lesser importance but still of some interest are (1) negative principal 
points, and (2) negative nodal points. Negative prinetpal points are con- 
jugate points for which the lateral magnification is unity and negative. 
They lie at twice the focal length and on opposite sides of the lens. 
Negative nodal points lie as far from the fcx^al points as the ordinary 
cardinal nodal points, but on opposite sides. Their position is such that 
the angular magnification is unity and negative. Although a knowledge 
of these two pairs of cardinal points is not essential to the solution of 
optical problems, in certain cases considerable simplification is achieved 
by using them. 

6.7. Thin-lens Combination as a Thick Lens. A combination of two 
or more thin lenses may also be referred to as a thick lens. This is 
because of the fact that the optical properties of a set of coaxially mounted 



Fig. hH. Foci and principal points of a combination of two positive thin Ien.ses. 

lensc^s can be conveniently treated in terms of only two focal points 
and two principal points. If the object space and image space have 
the same refractive index (and this is nearly always the case), the nodal 
points and planes coincide with the principal points and planes. 

A combination of two thin lenses with focal lengths of 8 and 9 cm 
respectively is shown in Fig. 5//. By the oblique-ray method the focal 
points F and F' and the principal points H and //' hav. been determined 
graphically. In doing so the refraction at each lens was considered in 
the same way as the refraction at the individual surfaces of the thick 
lens of Fig. bE. There is a strong resemblance between these two 
diagrams; i.c., for a thin lens we assume that all of the deviation occurs 
at one plane, just as for a single surface. This assumption is justified 
only when the separation of the principal planes of the lens can be neg- 
lected. The definition of a thin lens is just a statement of this fact: 
a thin lens is one in which the two principal planes and the optical center 


74 


THICK LENSES 


[Chap. 5 


coincide at the geometrical center of the lens. The locations of the centers 
of the two lenses in this example are labeled Ai and A 2 in Fig. 5H. 

A comparison of Fig. 5H with Fig. 5D will show that the order of the 
principal points has been reversed, i.e,, they are crossed in Fig. 5H, The 
parallel-ray method of construction of object and imago rays for such a 
case is sho^^^l in Fig. 5/. All object rays are terminated at the primary 
principal plane II, where they are projected bacl^ward with unit magnifi- 


H • 



Fi<i. fi/. Parallel- niy eonstruel iun when tlio principal points are crossed. 


cation to the secondary principal plane //'. From there the image rays 
are drawn following the principles of the parallel-ray method described 
earlier. 

A diagram for a combination of a positive and a negative lens is given 
in Fig. oJ. The construction Jines are not shown, but the graphical pro- 
'cedure Used in determining the paths of the two rays is the same as that 
shown in Fig. 511, Note here that the final principal points H and H' 


H H’ 



Fig. RJ. SliowiiiK the cibliciin'-r:iy method applied to positive and ncKative thin lenses to 
find the focal poiiils'uud i>rincipal points. 

lie outside the interlens space but that the focal lengths / and /' measured 
from these points are as usual equal. The lower ray, although shown 
traveling from left to right, is graphically constructed by drawing it from 
right to left. 

The positions of the cardinal points of a combination of two thin lenses 
in.air can be? calculated by means of the thick-lens formulas given in Sec. 
5.4. As used for thin lenses in place of individual refracting surfaces, 
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A I and A 2 become the two lens centers, while fu P and Pi, P 2 become 
their separate focal lengths and powers respectively. The latter are 
given by 


Pi 


rii — n , w' — ni 

ri ri 


n 


P2 


W 2 — n' n" — W 2 _ n' 

r2 /7 


(5p) 


where ri and are the radii of the first Ions of index ni, and r 2 and rj 
are the radii of the second lens of index 712 . The surrounding media have 
indices n, n', and n" (see Fig. 5H). The other formulas, Eqs. 6d, 5flf, 
5fe, 5i, 5j, 5fc, and 51, remain unchanged. 


To illustrate the use of these formulas, let us consider the following 
problem on a lens combination similar to that shown in Fig. 5J: 

An equiconvex lens with radii of 4 cm and index Ui = 1.60 is located 2 
cm in front of an equieoncave lens with radii of G cm and index n 2 = 1.60. 
The lenses are to be considered as thin. The surrounding media have 
indices n = 1.00, n' = 1.33, and n" = 1.00. Find (a) the power, (b) the 
focal lengths, (c) the focal points, and (d) the principal points of the 
system. 

In this instance we shall solve the problem by the use of the power 
formulas. By Eqs. 5p the powers of the two lenses in their suirounding 
media arc • • 


^50 - l.OO 1,.33 - 1.50 
0.04 -0.04 ’ 

l.GO - 1.33 - im 

“'-b.OG ' O.OG ” 


12.50 + 4.17 = -1-16.67 D 
-1.45 - 10.0 = - 14.45 D 


From Kq. 5li the reduced interval r is 


By Kq. 5d, 


c = 


0.02 

i.33 


0.015 


f 

P = 16.67 - 14.15 + 0.015 X 16.67 X 14.45 


or 


ITsing Eq. 5(/, 

/ = 

/' = 


P = +5.84 D Ahs. (a) 

^ = 0.171 m = 17.1 cm 

r 6.84 . 

n" 1.00 I 

n = i-si = 0.1/1 m = 17.1 cm 

P 6.84 


A ns. Qt) 
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By E(is. 5/, 5j, 5fc, and 5/, 

1 on 

AiF = - (1 + 0.015 X 14.45) = -0.208 m = -20.8 cm 

O.o4- 

1 no 

A JI = + 0.015 (-14.-15) = -0.037 m = -3.7 cm Ans. (c) 

1 no 

- 0.015 X 16.67) = +0.128m = +12.8cm A/is. (d) 
1 on 

Ajr = - ^ , 0.015 X 16.67 = -0.013 m 4.3 cm 

O.o4 

As a chock on those results wo find that the diflFeronoe between the first 
two intervals AiF and .1 \lf gives the primary focal length FH = 17.1 cm. 
Similarly the sum of the second two intervals A 2 F' and A 2 H' gives the 
secondary focal length H'F' = 17.1 cm. 

6.8. Thick-lens Combinations. The problem of calculating the posi- 
tions of the cardinal points of a thick lens consisting of a combination of 
several component lenses of appreciable thickness is one of considerable 
difficulty, but one which may be soIvchI by use of the principles already 
given. If, in a combination of two lenses such as that in Fig. 5//, the 
individual lenses cahnot be considered as thin, each must be represented 
by a pair of principal planes. Then; are thus two pairs of principal 
poiijts, ffi‘and H[ for the first lens and //o and //J for the second, and 
the problem is ’to combine the.se to find a single pair H and //' for the 
combination, and to d(;termine the focal lengths. By carrying out a 
construction similar to Fig. bK for each lens separately, it is possible to 
locate the principal points and focal points of each. Then the construc- 
tion of Fig. bH may l)e accomplished, taking account of the unit magnifi- 
(*atiori between principal planes. 

Formulas may be given for the analytical solution of this problem, but 
because of their complexity they will not be given here.* Instead, we 
shall describe a method of determining the positions of the cardinal points 
of any thick lens^by^direct experiment. 

6.9. Nodal Slide. The nodal points of a single lens, or of a com- 
bination of lenses, may lx; located experimentally by mounting the system 
on a nodal slide. I'liis is merely a horizontal support which permits rota- 
tion of the lens about any desired point on its axis. As is shown in Fig. 
bK, light from a source S is sent through a slit Q, adjusted to lie at the 
secondary focal point of the lens. Emerging as a parallel beam, this 

* These equations are given for oxainple in (b S. Monk, ''Light, Principles and 
Experiments,” Ist^ed., McGraw-Hill Book C'ompany, Inc., New York, 
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light is reflected back on itself by a fixed plane mirror passing again 
through the lens system and being brought to a focus at Q^ This image 
of the slit is formed slightly to one side of the slit itself on the white face 
of one of the slit jaws. The nodal slide carrying the lens system is now 
rotated back and forth and the lens repeatedly shifted, until the rotation 
produces no motion Of the image Q'. When this condition is reached, 
the axis of rotation N' locates one nodal point. By turning the nodal 
slide end-for-end and repeating the process, the other nodal point N is 
found. When performed in air, this experiment of course locates the 



Fia. 5A'. 


llhistratiiig tho use of a noclal alkie in loc'ating nodal points. 




Fig. hL. notation about a ikmIhI point shifts the rays but not the iinaKo point. 


principal points as well, and the distance iV'Q' is an accurate measure of 
the focal length. 

The principle of this method of rotation about a nodal point is illus- 
trated in Fig. 5/v. In the first diagram ray 4 along the axis passes through 
N and to the focus at Q'. In the sc^cond diagram the lens system has 
been rotated about N' and the same bundle of rays passes through the 
lens, coming to a focus at the same point Q'. is now directed 

towards N and ray 4 towards N\ When projected across from the plane 
of N to that of N\ the rays still converge towards Q' even though F' is 
now shifted to one side. Note that ray 3 approaches N in exactly the 
same direction that it leaves iV', corresponding to the defining condition 
for the nodal points. 

If a camera lens is pivoted about its secondary nodal point and a long 
strip of photographic film is curved to a circular arc of radius /', a con- 
tinuous picture covering a very wide angle may be taken. Such an 
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instrument, shown schematically in Fig. 5M, is known as a panoramic 
camera. The shutter usually consists of a vertical slit just in front of 
the film, which moves with the rotation so that it always remains centered 
on the lens axis. 



Fio. 5M. In the panoramic camera the lens rotates about a nodal point as a center. 

Problems 

"1. A plano-convex lens 3 cm thick is made of glass of index 1.50. If the first sur- 
face has a radius of 3 urn, find (a) the focal length of the lens, (b) the power P, and (c) 
the distance from the first vertex to the two principal planes. 

, 2. An«oquiconvex lens has an irufex of 1.50, radii of 5 cm, and a thickness of 1 cm. 

C'alculatc (rr^ the power P, Jb) the focal length /, and (c) the distaii(;es from the first 
vertbx to Jhc two.principal planes. 

3. A lens Avith radii ri = +2 cm and rg = +4 cm has a thickness of 1 cm and an 
index of 1.60. (Calculate (a) the power P, (b) the focal length/, and (c) the distances 
from the first vertex to the two principal planes. 

4. A lens with radii ri = -f 4 cm and rg = +2 c;m has a thickness of 1 cm and an 

index of 1 .50. ( "alculate (a) the power P, (b) the focal length /, and (c) the distaiic,es 

from the first vertex to the two principal planes. 

6. Solve Prob. 1 gmphh^ally, locating the focal points and principal points. 

6. Solve Prob. 2 graphically, locating the focal points and principal points. 

7. Solve Prob. 3 graphically, locating the focal points and princii)al points. 

8 . Solve Prob. 4 graphically, locating the focal points and principal jxiiiits. 

9. Two thin cquicoqvcx lenses with radii of curvature 24 cm and indcix 1.60 are 
located 4 cm apart. * Find the positions of the focal points and principal points. What 
is the combined power of the system? Make a diagram to scale. 

10. A thin double-convex lens of 5 cm focal lengUi is situated 2.5 cm in front of a 
thin double-concave hms of 7 cm focal length. C'alculatc for the combination, (a) the 
focal length, (b) the positions of the principal planes, and (c) the positions of the focal 
planes. 

11. A thin double-concave lens of 6 cm focal length is located 2 cm in front of a 
thin double-convex lens of 4 cm focal length. C'alc\ilato for the combination (a) the 
focal length, (If) the positions of the principal planes, and (c) the positions of the focal 
planes. 
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12 . Three thin lenses having powers of +10 D, — 10 D, and +10 D respectively are 
placed with their axes in the same straight line and 3 cm apart, (a) Graphically 
locate the secondary focal plane and its corresponding principal plane. (6) Measure 
the focal length and compare it with the focal length obtained witli the three lenses in 
contact. 

13 . Two thin lenses with powers of +10 D and — 10 D respectively are placed with 
their axes in the same straight line and 5 cm apart, (a) Jx>cate graphically the 
secondary focal plane and its corresponding principal plane. (6) Measure the focal 
length and compare it with the focal length of the two lenses in contact. 

14 . A convex glass lens 3 cm thick, with radii ri « +2 cm and r 2 = — 1 cm, forms 
one end of a water trough, (a) Calculate the focal lengths of the two surfaces scpa> 
rately. (b) Jiocate graphically the s€»cond focfil point of the systcun. (c) Ix>cate 
graphically the secondary principal point, (d) Determine the answer to (b) by the 
use of the appropriate equations, (c) From the right triangles in the diagram, cal- 
culate the position of 7/'. 

16 . Solve Prob. 14 for the primary focal point and principal point. 

16 . Two thin lenses have powers of +10 D and — 10 D respectively. Wliat must 
be their separation if th(> com bination is to have a power of +5 D? l^ocate both focal 
points and both princi])al planes. 

17 . From similar triarfglcs in the geometry of Fig. RE, derive Kq. 5k. (Noth: 
Pairs of siinilar triangles give* the required proportionalities.) 

18 . From similar triangh's in Fig. 5^, derive h]q. 51. , 

19 . A convex glass lens 3 cm thick and having radii ri = +3 cm and ra “ — 1 cm is 

located in one end of a water tank, (a) Calculate the focal lengths of the two surfaces 
sep.arat<*ly. (b) Find the focal points of the combination, (c) I'ind the principal 
points, (d) Find the nodal points. Assume imhccs 1.00, 1.5(T, and 1.33 for air, glass, 
and water respectively. • 

20. After calculating the answer to (a) in Prob. 19, find the answers tc^ (6), (c), and 

(d) graphically. , ^ • 

21 . All object 2 cm high is located 16 cm in front of the convex surface of the lens 
in Prob. 1. Find (a) the distance from the second surface to the images, and (6) the 
image size. Solve graphi<*ally and check your answer by formula. 

22 . An objetit 3 cm high is located on the axis and 23.5 cm from the first principal 
point of the lens cujm bination in Prob. 9. Find (a) the distance from the second lens 
to the image, and (b) the image size. 

23 . An object 5 cm high is locate<l on the axis and 25 cm in front of the first lens 
of the combination in Prob. 13. Find (a) the distance from the scM*ond lens to the 
image, and (b) the image size. 

24. From Kejs. 5d and 5i, derive an equation like Fq. 5fn but for the neutralizing 

power Pn of a thick lens. • 



CHAPTER 6 
SPHERICAL MIRROR^ 

A spherical reflecting surface has image-forming properties similar to 
those of a thin lens or of a single refracting sui-face. The image from a 
spherical mirror is in some respects superior to that from a lens, notably 
in the absence of chromatic effects due to dispersion that always accom- 
pany the refraction of white light. Therefore mirrors are occasionally 
used in place of lenses in optical instruments, but their applications are 
not so broad as those of lenses because they do not offer the same possi- 
bilities for correction of the other aberrations of the image (Chap. 9). 

Because of the simplicity of the law of reflectioh as compared to the 
law of refraction, the quantitative study of image formation by mirrors 
is easier than in the case of lenses. Many features are the same, and 
these we shall pass over rapidly, putting the chief emphasis upon those 
characteristics which are different. To begin with, we restrict the discus- 
sion to images formed by para^jial rays. 



Fig. Gil. The primary and Mccondary focal points of Kpherical mirrors coincide. 

6.1. Focal Point and Focal Length. Diagrams showing the reflection 
of a parallel beam of light by a concave mirror and by a convex one are 
given in Fig. GA# A ray striking the mirror at some point such as T 
obeys the law of reflection All rays are shown as brought to 

a common focus at F, although this will be strictly true only for paraxial 
rays. The point F is called the focal point and the distance FA the foccU 
length. In the second diagram the reflected rays diverge as though they 
came from a common point F, Since the angle TCA also equals 0, the 
triangle TCF is an isosceles one, and in general CF = FT. But for very 
small angles (paraxial rays), FT approaches equality with FA. Hence 

• {FA) = i(CA) or / ir (6a) 

80 
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and the focal length equals one-half the radius of curvature (see also 
Eq. 6d). 

The negative sign is introduced in Eq. 6a so that the focal length of a 
concave mirror, which behaves like a positive or converging lens, will also 
be positive. According to the sign convention of Sec. 3.10, the radius of 
curvature is negative in this case. The focal length of a convex mirror, 
which has a positive radius, will then come out to be negative. This sign 
convention is chosen as being consistent 
with]that used for lenses; it gives converg- 
ing properties to a mirror with positive / 
and diverging properties to a mirror with 
negative /. By the principle of reversi- 
bility it may be seen from Fig. 6A that 
the primary and secondary focal points of 
a mirror coincide. In other words, it has 
but one focal point. 

As before, a transverse plane through 
the focal point is called the focal plane. 

Its properties, as shown in Fig. GB, are similar to those of either foca 
plane of a lens; for example, parallel rays incident at any angle with 
the optic axis are brought to a focus at some point in the focal plane. 
The image Q' of a distant off-axis point object occurs at the intersection 
with the focal plane of that ray which goes through the cenj;er of cur- 
vature C. , • 

6.2. Graphical Constructions. Figure 6(7, which illustrates the forma- 
tion of a real image by a concave mirror, is self-explanatory. When the 



object MQ is moved toward the center of curvature C, the image also 
approaches C and increases in size until when it reaches C it is the same 
size as the object. The conditions when the object is between C and F 
may be deduced from the interchangeability of object and image as 
applied to this diagram. When the object is inside the focal point, the 
image is virtual as in the case of a converging lens. The methods of 
graphically constructing the image follow the same principles as were 



Fig. 6JB. Parallel rays incident at 
an angle with the axis of a concave 
mirror are brought to a focus in the 
focal plane. 
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used for lenses, including the fact that paraxial rays must be represented 
as deflected at the tangent plane instead of at the actual surface. 


An interesting experiment can be performed with a large concave mirror 
set up under tlie condition of unit magnification, as shown in Fig. 6D. A 
bouquet of flowers is suspended upside down in ^ box and illuminated by 
a shaded lamp S, The large mirror is placed with its center of curvature 
C at the top surface of the stand, on which a real vase is placed. The 



Fig. 07>. Illusion iirodiiced by a real iniaRe of unit maRiiifit'ntion. 

f 

observer’s eye at E sees a perfect reproduction of the bouquet, not merely 
as a picture but as a faithful three-dimensional replica, which creates a 
strong illusion that it is a real object. As shown in the diagram, the 
rays diverge from points on the image just as they would were the real 
object in the same position. 


The parallel-ray metluKl of construction is given for the case of a con- 
cave mirror in Fig. (jE. Three rays leaving Q are, aftc'r reflection, brought 



Fig. 6^. Parullel-ruy method for gruphically locutinK the iinaKc formed by a concave 
mirror. 

to the conjugate point Q\ The image is real, inverted, and smaller than 
the object. Ray 4. drawn parallel to the axis is, by definition of the focal 
point, reflected through F. Ray 6 drawn through F is reflected parallel 
to the axis, and ray 8 through the center of curvature strikes the mirror 
normally and is reflected ba(?k on itself. The crossing point of any two 
of these rays is sufficient to locate the image. 
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A similar procedure is applied to a convex mirror in Fig. 6F. The rays 
from the object point Q, after reflection, diverge from the conjugate point 
O'. Ray 4, starting parallel to the axis, is reflected as if it came from t\ 
Ray 6 toward the center of curvature C is reflected back on itself, while 
ray 7 going toward is reflected parallel to the axis. Since the rays 
never pass through Q', the image Q'M' in this case is virtual. 

The oblique-ray method may also be used for mirrors, as is illustrated 
in Fig. OG for a (joncave mirror. After drawing the axis 1 and the mirror 
2, we lay out the points C and F and draw a ray 3 making any arbitrary 
angle with the axis. Through F, the broken line 4 is then drawn parallel 
to 3. Where this line intersects the mirror at S, a parallel ray 6 is 
drawn backward to intersect the focal plane at P, Ray 7 is then drawn 



Fia. OF. Parallel-ray ineth<jd for graphically loyitiiig the image formed by a convex 
mirror. • , 

through TP and intersects the axis at AP. By this constriictiun 3f*and 
M' are conjugate points, and 3 and 7 are the parts of the ray in objetit 
and image spaces. The principle involved in this construction is obvious 
from the fact that if 3 and 4 were parallel incident rays they would come 
to a focus at P in the focal plane. If in place of ray 4 another ray were 
drawn through C and parallel to ray 3, it too would cross the focal plane 
at P, A ray through the center of cuiwature would be reflected directly 
back upon itself. 

6.3. Mirror Formulas. In order to be able to apply the standard lens 
formulas of the preceding chapters to spherical luirrors with as little 
change as possible, we must adhere to the following sign conventions: 

1 . Distances measured from left to right are positive, while those measured 
from right to left are negative, 

2. Incident rays travel from left to right and reflected rays from right to 
left, 

3. T'he focal length is measured from the focal point to the vertex. This 
gives / a positive sign for concave mirrors and a negative sign for 
convex mirrors. 
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4. The radius is mecLsured from the vertex to the center of curvature. This 
makes r negative for concave mirrors and positive for convex 
mirrors. 

5. Object distances s and image distances sf are measured from the object 
and from the image respectively to the vertex. This makes both s and 
s' positive and the object and image real \^hen they lie to the left 
of the vertex, while they are negative and virtual when they lie to 
the right. 

The last of these sign conventions implies that for mirrors the object 
space and the image space coincide completely, the actual rays of light 
always lying in the space to the left of the mirror. Since the refractive 
index of the image space is the same as that of the object space, the n' 
of the previous equations becomes numerically equal to n. 



Fio. Obliaue^ray method for locating the image formed by a concave mirror. 

The follewing is a simple derivation of the formula giving the conjugate 
relations<for a mirror. Referring to Fig. it is observed that by the 
law of reflection the radius CT bisects the angle MTM\ Using a well- 
known geometrical theorem, we may then write the proportion 

MC __ CM' 

MT " M'T 


Now, for paraxial rays, MT = MA = s and M'T ^ M'A = s', where 
the symbol = means "is approximately equal to.” Also, from the 
diagram, 

MC = MA - CA = 8 + r 
and • 


CM' = CA - MA = -r ~ s' = -(s' + r) 


Substituting in the above proportion, 


s + r 

s s' 


which may easily be put in the form 

r 


MIHROR RORMXTLA. 


( 66 ) 
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The primary focal point is defined as that axial object point for which 
the imago is formed at infinity, so substituting s = / and ^ oo in 
Eq. 66 we have 

1 + 1 = _2 

00 r 

from which 

7= -7 

The secondary focal point is defined as the image point of an infinitely 
distant object point. That is, s' = /' and « = <» , so that 


from which 



(Od) 


^riierefore the primary and secondary focal points fall together, and the 
magnitude of the focal length is one-half the radius of curvature. When 
— r/2 is replaced by 1//, Eq. 66 becomes 



(60 


just as for lenses. * 

The lateral magnification of the image from a mirror may be*evaluated 
from the geometry of Fig. (ifA From the proportionality of sides in the 
similar triangles Q^AAV and QAM^ we find that —y'/y = s'/s, giving 


m 



s 


( 6 /) 


Example: An object 2 cm high is situated 10 cm in front of a concave 
mirror of radius 16 cm. Find (a) the focal length of the mirror, (6) the 
position of the image, and (c) the lateral magnification. 

Solution: (a) By Eq. 6c, 


(6) By Eq. 6c, 


1 = ^ - JL L -1 

s' 8 10 40 


giving 


1 + 1 = 1 
10 ^ 8 


s' = 40 cm 
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(c) By Eq. 6/, 

m = - U = -4 

The imajico occurs 40 cm to the left of the mirror, is four times the size of 
the object, and is real and inverted. 


6.4. Power of Mirrors. The power nolation that was used in Sec. 4.9 
to describe the image-forming properties of lenses may be readily extended 
to spherical mirrors as follows. As definitions, we let 



Equations 66, Gc, Gc, and 6/ then take the forms 

7 + F' = ^2K 
7 + r = p 

P = -2K 


m 


= - 7. 


y 


V' 


(fig) 


(6/0 

(60 

(6i) 

( 6 &) 


Example: An object is located 20 cm in front of a convex mirror of 
radius 60 cm. Calculate (a) the power of the mirror, (6) tlie position of 
the image!, and (c) its magnification. 

Solution:* Expressing all distances in meters, we have 


- o.!w - +■•* 


By Eq. Gj, 
By Kq. Gz, 
or 


Ans. (rt) 

5 + 7' = -4 or V' = -9 I) 


s' = 7 = — -y = —0.111 m = —11.1 cm Ans. (6) 


By Eq. G/c, 


w = - ~ = +0.555 Ans, (c) 


The power P = —4 D, and the image is virtual and erect. It is located 
11.1 cm to the right'of the mirror, and has a magnification of 0.555 X. 


6.6. Thick Mirrors. The term thick mirror is applied to a lens system 
in which one of the spherical surfaces is a reflector. Under these circum- 
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stances the light passing through the system is reflected by the mirror 
l^ack through the lens system, from which it emerges finally into the 
space from which it entered the lens. Of particular importance is a 
(jentered system composed of one thin lens and one mirror, separated by 
an interval d (Fig. 6//). In the same way as for a single mirror, the 
primaiy and secondary focal points 
of such a system coincide at F. 

The principal points, which may 
be found by the oblique-ray con- 
struction illustrated in Fig. G/, coin- 
cide also at the position //. In both 
these diagrams the lens is (ionsidered 
as thin, so that its own principal 
points may be assumed to coincide 
at its center. An incident ray 
parallel to the axis is refracted by the lens, reflected by 1 he mirror, and again 
lefracted by the lens before it crosses the axis of the system at F. The 
point T Avhere the incident and final rays, when produced, cross each 
other locales the principal plane and 7/ represents the principal* point. 
If we follow the sign conventions for a single mirror (Sec. 6.3), the focal 



H — d-^ 


Kig. CtH, A leiiH and riiiiTor (‘uni bination is 
called a “thick mirror.” 



Kig. 67. Oblique-ruy method of construction for a thick-mirror system, locating the focal 
point y and principal point H. 


length / of this particular combination is positive and is given by the 
interval 7V/. ^ 

6.6. Thick-mirror Formulas. These formulas wilf be given in the 
power notation for a case such as that shown in Fig. 0/7. Calling ri, 
72 , and 73 the radii of the three surfaces consetuitively from left to right, 
the power of the combination can be shown* to be given by 


7 ^ = (1 - cPi)(2P^ + 7^2 - CP 1 P 2 ) m 

* For a dorivalioii of llioso equations, see J. P. C. Southall, ** Mirrors, Prisms, and 
Lenses,” 3d ed., p. 379, The Macmillan Company, New York 
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where 


Pi = (»' - n)iK, - Kt) 
/*2 “ — 2AI/C3 




K,-f- 


Of the refractive indices, n' reprcAsents that of the lens, and n that of the 
surrounding space. The distance from the lens to the principal point of 
the combination is given by 


IIJI = 


J - cl\ 


where 


d 

c = — 
n 


It is important to note from lOq. that the position of TI is independent 
of the power P 2 of the mirror and therefore of its curvature /C3. 

Example: A thick mirror like that showm in Fig. 0// has as one compo- 
nent a thin lens of index n' = 1 .50 and radii ri = +50 cm, = —50 cm. 
This lens is situated 10 cm in front of a mirror of radius — 50 cm. Assum- 
ing that air surrounds both coir^ponents, find (a) the power of the com- 
bination, \b) the focal length, and (c) the principal point. 

Solution: By hxi. fim trlie power of the lens is 

Pi = (1.50 - I) = +2 I> 

Equation 6n gives for the power of the mirror 


From hiq. 6p, 


^■--^■=0:50-+^" 


d 0.10 „ 

- = —V = ^1-10 m 
n 1 


Finally the power of the combination is given by Eq. OZ sis 

i> = (1 _ 0.10 X 2)(2 X 2 + 4 - O.IO X 2 X 4) 
= 0.8(4 + 4 - 0.8) = +5.76 D 

A power of +5.76 D corresponds to a focal length 




r; = 0.173 m = 17.3 cm 
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The position of the principal point H is determined from Eq. 6o through 
the distance 

r/ ir 010 0.10 ^ - 

1 _ 0.10 X 2 0.80 ^ ^ 

It is therefore 12.5 cm to the right of the lens, or 2.5 cm in back of the 


6.7. Special Cases. As a first special case consider a single thin lens 
of which the back surface is silvered. Such a systqm has the properties 
of a thick mirror for which the back surface of the lens has the same 
curvature as the mirror, and the interval d between them is reduced to 
zero. With these simplifications Eq. 6Z reduces to 

P = 2Pi + P2, (6g) 

and the principal point II coincides with Hi at the common center of the 
lens and mirror. Pi is the power of the thin lens and P 2 is the power of 
the mirror. 

As a second case we may take a thick lens silvered on the back. Then 
Eqs. 6/ through 6p may l)e applied, but for Pi we use the power of the 
first surface alone. This is given by Eq^ 4A as • 

Pi = (»' - w)/Ci ^ . (6r) 

Pi is the power of the second surface as a mirror only, and becomes 

P 2 = — 2 n'K 2 (()«) 


If the lens is considered to be thin, c is set equal to zero and Eqs. 6r and 
6s will give the same resultant P as would be obtained by applying Eq. 
Gq to a lens and mirror. • ^ 

6.8. Spherical Aberration. The discussion of a single spherical mirror 
in the preceding sections has been confined to paraxial rays. Within this 
rather narrow limitation, sharp images of objects at any distance may bo 
formed on a screen, since bundles of parallel rays close to the axis and 
making only small angles with it are brought to a shirp focus in the focal 
plane. If, however, the light is not confined to the paraxial region, all 
rays from one object point do not come to a focus at a common point 
and we have an undesirable cfTect known as spherical aberration. The 
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phenomenon is illustrated in Fig. where parallel incident rays at 
increasing distances h cross the axis closer to the mirror. The envelope 
of all rays forms what is known as a caustic surface. If a small screen 
is placed at the paraxial focal plane F and then moved toward the mirror, 
a point is reached where the size of the circular image spot is a minimum. 



I’la. CtJ. IlluHtratiiig the spherical alK^rratiuii of a c*oiu*ave mirror. 

This disklike spot is indicated in the diagram and is called the circle of 
least confusion. 

The proof that rays from an outer zone of a coiK^ave mirror cross the 
axis inside the paraxial focal point may be simply given by reference to 
Fig. ^K. According to the law of reflection applied to the ray incident 
at T, the angle of rejection i|j equal to the angle of incidence This 
in turn fe equal to the angle I'CA. Having two equal angles, triangle 

CTX is isosceles, and hence CX = XT. 
Since a straight line is the shortest 
path between two points, 

CT < CX + XT 

Now CT is the radius of the mirror 
and equals CM, so that 

CM < 2CX 

Therefore 

Fig. (»/v. Geometry Hhoy'iiig how iiiur- -yCM < CX 

gimil ra> s parallel to tAie axis of a spheri- 

cal mirror cross the axis inside the focal geometry of the figure shows that 

point. , 1 4 .1 

as r IS moved toward A, tlie point 

X approaches F, and in the limit CX = XA = FA = ^CM. 

Over the past years numerous methods of reducing spheri(;al aberration 
have been devised. If instead of a spherical surface the mirror form is 
that of a paraboloid of revolution, rays parallel to the axis are all brought 
to a focus at the same point as in Fig. 6L(a) [see also Sec. 1.6 and Fig. 
1F(6)]. Another method is the one shown later in Fig. 10/ of inserting 



Sec. 6.9] 


ASTIGMATISM 


91 


a ‘‘corrector plate’* in front of a spherical mirror, thereby deviating the 
rays by the proper amount prior to reflection. With the plate located at 
the center of curvature of the mirror, a very useful optical arrangement 
known as the Schmidt system ” is obtained. Still a third system known 
as a “Mangin mirror,” is shown in Fig. Here a meniscus lens is 

employed in which both surfaces are spherical. When the back surface 




Paraboloidal mirror Mangin mirror 

Ca) (b) 

Fiu. GL. Concave mirrora corrected for aphcrical al>orratioii. 



Fig. AstiKiiiutic images of uii ofT-axia point object at infinity aa formed by a concave 

mirror. The lines T and S are perpendicular to each other. 

is silvered to form the concave mirror, all parallel rays are brought to a 
reasonably good focus. ^ 

6-9. Astigmatism. This defect of the image occurtf when an object 
point lies some distance from the axis of a concave or convex mirror. 
The incident rays, whether parallel or not, make an appreciable angle 6 
with the mirror axis. The result is that, instead of a point image, two 
mutually perpendicular line images are formed. This effect is known as 
astigmatism and is illustrated by a perspective diagram in Fig. 6Af. 
Here the incoming rays are parallel, while the reflected rays are converg- 
ing toward two lines S and T. The reflected rays in the vertical or 
tangential plane RASE are seen to cross or to focus at-T, while the fan 
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of rays in the horisontal or aagittal plane JAKE cross or focus at S. If 
a screen is placed at E and moved toward the mirror, the image will 
become a vertical line at Sj a circular disk at L, and a horizontal line 
at T. 

If the positions of the T and 8 images of distant o\^ject points are deter- 
mined for a wide variety of angles, their loci will form a paraboloidal 
and a plane surface respectively, as shown in Fig. GAT. As the obliquity 
of the rays decreases and they approach the axis, the line images not only 
come closer together as they approach the paraxial fo(;al plane, but they 
shorten in length. The amount of astigmatism for any pencil of rays is 

given by the distan(;e between the 
T and S surfaces measured along the 
chief ray. 

Kqiiations giving the two astig- 
matic image positions are as follows 

1 + .1 2 _ 

s Sj, r cos 0 

1 , 1 _ 2 cos 4> 

“r T ” ■ ■■ ■ 



Fks. 6iV. Diagram showing the astig- In both equations » and are meas- 
Iiiatic surfaces for a vAmtSve mirror. ^ ^,red along the chief ray. The angle 

4 is the angle of oblicpiity of the chief ray, and r is the radius of curva- 
turei of the mirror. • 

The Sc^imidt optical system, which will be discussed later (Fig. 10/), 
and the Mangin mirror shown in Fig. 6L(fc) constitute instruments in 
which the astigmatism of a spherical mirror is reduced to a minimum. 
While the two focal surfaces T and 8 exist for these devices, they lie very 
close together, and the loci of their mean position (such as L in Fig. i\M) 
form a nearly spherical surface. The center of this spherical surface is 
located at the center of (survature of the mirror as is shown in Fig. 10/. 

A paraboloidal mirror, while it is free from spherical aberration even 
for large apertures, shows unusually large astigmatic 8 — T differences 
off the axis. It \% for this reason that paraboloidal reflectors are limited 
in their use to devices that require a small angular spread, such as 
astronomical telescopes and searchlights. 


Problems 

1. Tlie radius of a Concave mirror is 50 cm. An object 10 cm high is located in 
front of the mirror at a distance of (o) 100 cm, (6) 55 cm, (c) 30 cm, and (d) 20 cm. 
Find the image distance and image size for each of these positions. 

* For a derivation of these equations, see G. S. Monk, bight. Principles and Experi- 
ments,” 1st ed., pp. .52 and 424, McGraw-Hill Book (^ompany, Inc., New York 
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2. The radius of a concave mirror is 10 cm. An object 3 cm hiKh is situated in 
front of the mirror at a distance of (a) 15 cm, (6) 6 cm, (c) 4 cm, and (d) 3 cm. Find 
the image distance for each of these positions both graphically and by computation. 
Find also the size of the image in each case. 

8. The radius of a convex mirror is 10 cm. An object 3 cm high is situated in front 
of the mirror at a distance of (a) 10 cm, (b) 6 cm, (c) 5 cm, and (d) 3 cm. Find the 
image distance for each of these positions both graphically and by computation. Find 
also the size of the image in each case. 

i. A concave mirror is to be used to focus the image of a nearby flower on a wall 
9 m from the flower. If a lateral magnification of +10 is desired, what should be 
the radius of curvature of the mirror? 

6. A thin oquiconvex lens of index 1.50 and radii 20 cm is silvered on one sitle. 
Find the power of this system for light entering the unsilvered side. 

6. A thin lens of index 1.50 has as radii n — +5 cm and rs ■■ —25 cm. If the 
second surface is silvered, what is the power of the system? 

7. A thin lens of index 1.50 has as radii n —20 cm and n « —25 cm. If the 
second surface is silvered, what is the power of the system ? Use (a) the special-case 
formula, Eq. 6q, and (b) the thick-lens formulas, Eqs. 6r and Os, with d 0. 

8 . A thin lens with a focal length of +10 cm is IcKsated 3 cm in front of a concave 
spherical mirror of radius —20 cm. Find the focal point and principal point of the 
system, (a) by formula, and (b) graphically. 

9. A thin double-concave lens of 20 cm focal Ic^ngth is placefl 2 cm in front of a 
concave mirror of radius —20 cm. Find the focal point and the principal point of the 
system, (a) by formula, and (b) graphically. 

10. A thick lens of index 1.50 has radii ri +10 cm anfl rs "■ —25 cm. If the 

second surface is silvered and the lens is 2 cifi thick, find the focal poyit and the 
principal point (a) by calculation, and (b) graphically. , 

11. A lens 1 cm thick, of index 1.60 and radii ri « — 4 cm, rs = —5 cm, has its 
second surface silvered as a mirror. IxKsate the focal point and nodal point (a) by 
calculation, and (b) graphically. 

12. A lens 1 cm thick, of index 1.50 and radii ri » +3 cm, rs » +10 cm, has its 
second surface silvered as a mirror. IjO€*atc the focal point and nodal point (a) by 
calculation, and (b) graphically. 

18. An object is located 9 cm in front of a concave mirror of radius 12 cm. Plot a 
graph of the two astigmatic surfaces from ^ ^ O'* to ^ ^ 30°. 

14. Plot a graph of the two astigmatic surfaccHi for a concave mirror having a 
radius of 50 cm. Assume parallel incident light, and show curves from the center 
out to 30°. 



CHAPTER 7 

THE EFFECTS OF STOPS 

Thorc am two siihjorts in geomotrical optics which, though very 
important from a practical standpoint, are frequently neglected because 
they do not directly concern the size, position, and sharpness of the 
image. One of these is the question of the field of view^ which determines 
how much of the surface of a broad objec.t can be seen through an optical 
system. The other subject is that of the brightness of images and the 
distinction between this, which is important for visual effects, and the 
illumination, which is important for photographic effects. In treating 
both the field of view and the brightness of images it is of primary impor- 

Aperture Field 



Fi»j. 7/1. DiaRmin bli owing tlio dilTerpiicc liKwoon n field »toi} and an aperture stop. 

tance to understand how and where the bundle of rays traversing the 
system is limited. The effect of stops or diaphragms, which will always 
exist if only as the rims of lenses or mirrors, must first be investigated. 

7.1. Field Stop and Aperture Stop. In Fig. 7A a single lens with two 
stops is shown forming the image of a distant object. Three bundles of 
parallel rays from* three different points on the object are shown as 
brought to a focus in the focal plane of the lens. It may be seen from 
these bundles that the stop close to the lens limits the size of each bundle 
of rays, while the stop just in front of the focal plane limits the angle at 
which the incident bpndles can get through to this plane. The first is 
called an aperture stop. It obviously determines the amount of light 
reaching any given point in the image and therefore controls the bright- 
ness of the latter. The second, or field stop, determines the extent of the 
object, or the field, that will be represented in the image. 
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7.2. Entrance and Exit Pupils. A stop FE^U placed behind the lens 
as in Fig. 7B is in the image space and limits the image rays. By a 
graphical construction or by the lens formula, the image of this real stop, 
as formed by the lens, is found to lie at the position PEL shown by the 
broken lines. Since is inside the focal plane, its image PEL lies 

in the object space and is virtual and erect. It is called the entrance 
pupil, while the real apferture P'E'U is, as we have seen, called the aper- 
ture stop. When it lies in the image space, as it does here, it becomes 
the exit pupil. 

It should be emphasized that P and P', E and f?', and L and // are 
pairs of conjugate points. Any ray in the object space directed through 
one of these points will after refraction pass through its conjugate point 

Entrance 



Fm. 7B. IlliistrniinK how an aperture stop and its image l)cc*oine the exit and cntraiire 
))iipils f)f a system. 

in the image space. Ray IT directed toward P is refracted through P', 
ray KR directed toward E is refracted tlirough E\ and ray NU directed 
toward L is refra(?ted through L'. The image point Q' is located graph- 
ically by the broken line JQ', parallel to the others and passing unde- 
viated through the optical center A. The aperture stop P'E'L' in the 
position shown also functions to some extent as a field stop, but the 
edges of the field will not be sharply limited. Thc» diaphragm which 
acts as a field stop is usually made to coincide with a real or virtual 
image, so that the edges will appear sharp. 

7.3. Chief Ray. Any ray in the object space that passes through the 
center of the entrance pupil is called a chief ray. Such a ray after refrac- 
tion also passes through the center of the exit pupil. In any actual 
optical instillment the chief ray rarely passes through the center of any 
lens itself. The points E and E' at which the chief ray crosses the axis 
are known as the entrance pupil point and the exit pupil point. The 
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former, as we shall see, is particularly important in determining the field 
of view. 

7.4. Front Stop. In certain types of photographic lenses a stop is placed 
elose to the lens, either before it (front stop) or behind it (rear stop). One 
of the functions of such a stop, as will be seen in Chap. 9, is to improve 
the (juality of the image formed on the photographic film. With a front 
stop as shown in Fig. 7C, its small size and its location in the object space 
make it the entrance pupil. Its image P'E'U formed by the lens is in 
the image space and constitutes the exit pupil. Parallel raya IT, JW, 
and NU have l)cen drawn through the two edges of the entrance pupil 
and through its (tenter. The lens causes these rays to converge toward 
the screen as though they had come from the conjugate points P', E', 



Fiu. 7C. *A front stop and its image become the entrance and exit pupils of a system. 

and L' in the exit pupil. Their intersection at the image point Q' occurs 
where the undeviated ray KA crosses the secondary focal plane. Note 
that the chief ray is directed through the center of the entrance pupil 
in the object space and emerges from the lens as though it had come 
from the center of the exit pupil in the image space. 

While a certain stop of an optical system may limit the rays getting 
through the system from one object point, it may not be the aperture 
stop for other object "points at different distances away along the axis. 
For example, in Fig. 7D a lens with a front stop is shown with an object 
point at M. For this point the periphery of the lens itself becomes the 
aperture stop, and since it limits the object rays it is the entrance pupil. 
Its image, which is a^ain the lens periphery, is also the exit pupil. The 
lens margin is therefore the aperture stop, the entrance pupil, and the 
exit pupil for the point M. If this object point were to lie to the left 
of Z, PEL would become the entrance pupil and the aperture stop, and 
its image P'E'If the exit pupil. 
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In the preliminary design of an optical instrument it may not be known 
which element of the system will constitute the aperture stop. As a 
result the marginal rays for each element must be investigated one after 
the other to determine which one actually does the limiting. Regardless 
of the number of elements the system possesses, it will usually be found 
to contain but one limiting aperture stop. Once this stop is located, 
the efitrance pupil of the entire system is the image of the aperture slop 
formed by all lenses preceding it and the exit pupil is the image formed by 



Image 


Fig. 7/). Tho entrance and exit pupiln are not the same for all ol>jcM>t and image pointe* 



Fio. 7E. Stop between two lenses. The entrance pupil of a 8>j«tem in in the object space 
of the lens system while tho exit piiinl is in its image space. f 

all lenses following it. Figures 7 B and 7C, where l,here is only a single 
lens either before or behind the stop, should be studied in connection 
with this statement. 

7.5. Stop between Two Lenses. A common arrangement in photo- 
graphic lenses is to have two separate lens elements with a variable stop 
or iris diaphragm between them. Figure 7E is a diagram representing 
such a combination, and in it the elements (1) and (2) are thin lenses 
while PqEoLq is the stop. By definition the entrance pupil of this system 
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is the image of the stop formed by lens (1). This image is virtual, erect, 
and located at PEL, Similarly by definition the exit pupil of the entire 
system is the image of the stop formed by lens (2). This image, located 
at P'E'L'f is also virtual and erect. The entrance pupil PEL lies in the 
object space of lens (1), the stop PqEqLq lies in the image space of lens (1) 
as well as in the object space of lens (2), and the exit pupil P'E'L' lies 
in the image space of lens (2). Points Po and and E, and Lo and L 
are (conjugate pairs of points for the first lens, while Po and P', Eq and 
E\ and Lo and IJ are conjugate pairs for the second lens. This makes 
points like P and P' conjugate for the whole system. If a point object 



Fio. 7/'\ The directions of any chirf rot/ nre 8iirh that tliey pass t1iroiif;h the centers of tlie 
ditraiice aAd exit pupils. 

• 

is locate^ on the axis at* il/, rays MP and ML limit the bundle that will 
get through the system. At the first lens thc^se rays are refracited through 
Po and Lo, and at the second lens they are again refracted in such direc- 
tions that they appear to come from P' and U as shown. The purpose 
of using primed and unprimed symbols to designate exit and entrance 
pupils respectively should now be clear; one lies in the image space, the 
other in the object space, and they are conjugate images. 

The same optical system is shown again in Fig. 7F for the purpose of 
illustrating the path of a chief ray. Of the many rays that can start 
from any specified object point Q and traverse the entire system, a chief 
ray is one which lipproaches the lens in the direction of E, the entrance 
pupil point, is refracted through Eo, and finally emerges traveling toward 
Q* as though it came from E', the exit pupil point. 

7.6. Two Lenses with No Stop. The theory of stops is applicable not 
only to cases where circular diaphragms are introduced into an optical 
system but to any system whatever, since actually the periphery of any 
lens in the system is a potential stop. In Fig. 7G two lenses (1) and (2) 
are shown, along with their mutual images as possible stops. Assuming 
Pi to be a stop in the object space, its image P^ formed by lens (2) lies 
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in the final image space. Looking upon P 2 as a stop in the image space, 
its image P formed by lens ( 1 ) lies in the first object space. There are 
therefore two possible entrance pupils, Pi and P, in the object space of 
the combination of lenses, and two possible exit pupils, P 2 and P', in 
the image space of the combination. For any axial point M lying to the 
left of Z, Pi become^ the limiting stop and therefore the entrance pupil 
of the system. Its image P' becomes the exit pupil. If, on the other 
hand, M lies to the right of Z, P becomes the entrance pupil and P 3 
the exit pupil. 



I 


Fio. 70. The iTiarpin of any lens may Imj tlio aportiiro ptop of a system. 

7.7. Determination of the Aperture Stop. In the system of t.wo lenses 
with a stop between them repre.sented in Figs. 7 ^ and 7P, the -lenses were 
made sufficiently large so that they did not become aperture stops. If, 
however, they are not large compared with the stop, as may well be the 
case with a camera lens wffien the iris diaphragm is wide open, the system 
of stops and pupils may l)ecome similar to those shown in F’lg. 7//. This 
system consists of two lenses and a stop, each one of which, along with 
its various images, is a potential aperture stop. P[ is the virtual image 
of the first lens formed by lens ( 2 ), PJ the virtual image of the stop P 
formed by lens (2), Po the virtual image of P formed by lens (1), and 
P2 the virtual image of the second lens formed by lens ( 1 ). In other 
words, when looking through the system from the left^^one would see the 
first lens, the stop, and the second lens in the apparent positions Pi, Po, 
and P2. Looking from the right, one would see them at PJ, P^, and PJ. 
Of all these stops Po, Pi, and P2 are potential entrance pupils located in 
the object space of the system. 

For all axial object points lying to the left of X, Pi limits the entering 
bundle of rays to the smallest angle and hence constitutes the entrance 
pupil of the system. In general the object of wffiich it is the image will 
be the aperture stop, which in this case is the aperture Pi of lens ( 1 ) 
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itself. The image of the entrance pupil formed by the entire lens system, 
namely constitutes the exit pupil. For object points lying between 
X and Z, Po becomes the entrance pupil, P the aperture stop, and Pq the 
exit pupil. Finally, for points to the right of Z, P 3 is the entrance pupil, 
while P 2 is both the aperture stop and the exit pupil. It is apparent 
from this discussion that the aperture stop of an^ system may change 
with a change in the object position. The general rule is that the aperture 
stop of the sjfst^n is determined by that stop or image of a stop which subtends 
the smallest angle as seen from the object point If it is determined by an 



Fio. 7/. Field of view through a window. 


image, the aperture stop itself is the corresponding object. In most 
actual optical instruments the effective stop does not change over the 
range of object piKsitfons normally covered by the instrument when in use. 

Having established the methods of determining the positions of the 
aperture stop and of the entrance and exit pupils, we may now take up 
the two important properties of an optical system, field of view and 
brightness. To be^in with, let us consider the former property. 

7.8. Field of View. When one looks out at a landscape through a 
window, the field of view outside is limited by the size of the window 
and by the position of the observer. In Fig. 71 the eye of the observer 
is shown at E, the window opening at JK, and the observed field at OH. 
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In this simple illustration the window is the field stop (Sec. 7.1). When 
the eye is moved closer to the window the angular field a is widened, 
while when it is moved farther away the field is narrowed. It is common 
practice with optical instruments to specify the field of view in terms of 
the angle a and to express this angle in degrees. The angle 0 which the 
extreme rays entering the system make with the axis is called the half- 
field angle, and limits the width of the object that can be seen. This 
object field includes the angle 2B, and in this instan(;e is the same as tlie 
image field, of angular width a. 

7.9. Field of a Plane Mirror. The field of view afforded by a plane 
mirror is very similar to that of a simple window. As shown in Fig. 7J, 
TU represents a plane mirror, and P'E'T/ the pupil of the observer’s eye, 



Fi(«. 7J. Field of view of a plane mirror. 


which here constitutes the exit pupil. The entrance pupil PEL is the 
virtual image of the eye pupil formed by the mirror, and is located just 
as far behind the mirror as the actual pupil is in front of it. The chief 
rays E'T and E'U limit the field of view in image space, while the corre- 
sponding incident rays ER and ES define the field of view in object 
space. The latter show the limits of the field in which an object can be 
situated and still be visible to the eye. As before, it subtends the same 
angle as does the image field. 

The formation of the image of an object point Q within tiiis field is also 
illustrated. From this point three rays have been drawn toward the 
points P, E, and L in the entrance pupil. Where these rays encounter 
the mirror, the reflected rays are drawn toward the conjugate points 
P\ E\ and // in the exit pupil. The object Q and the entrance pupil 
PEL are in the object space, while the image Q' and the exit pupil P'E'L' 
are in the image space. If Q happens to be located close to RT, only 
part of the bundle of rays defined by the entrance pupil will be intercepted 
by the mirror and will be reflected into the exit pupil. In defining the 
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field of view it is customary to use the chief ray RTE\ although in the 
present case this distinction is not important because of the relative 
smallness of the pupil of the eye. Its size is obviously greatly exagger- 
ated in the diagram. 

Since the limiting chief ray is directed toward the entrance-pupil point 
Ef the half-field angle 0 is in general determined by the smallest angle 
subtended at E by any stop, or imago of a stop,* in the system. The stop 
determined in this way is the field stop of the system. For a single mirror 
the field stop is the border of the mirror itself. 

7.10. Field of a Convex Mirror. When the mirror has a curvature the 
situation is little changed except that the object field and the image field 
no longer subtend the same angle {6 9 ^ 0 ' in Fig. IK), In this figure 



Fin. 7K. VicUI of view of a convex mirror. 


P'E'L' represents the real pupil of an eye placed on the axis of a convex 
mirror TU, The mirror forms an image PEL of this exit pupil, and this 
is the entrance pupil which is now smaller in size. Following the same 
procedure as for a plane mirror, the lines limiting the image field and the 
object field have been drawn. Rays emanating from an object point Q 
toward P, £, and L of the entrance pupil are shoAvn as reflected towards 
P', and U in the exit pupil. When extended backward these rays 
locate the virtus^ image Q^ The half-field angle B is here larger than 
B\ which determines the field of view to the eye. A similar but somewhat 
more complicated diagram can be drawn for the field of view of a concave 
mirror. This case will be left as an exercise for the student, since it is 
very similar to that of a converging lens to be discussed next. 

7.11. Field of a Positive Lens. The method of determining the half- 
field angles 6 and B' for a single converging lens is shown in Fig. 7L, The 
pupil of the eye, as an exit pupil, is situated on the right, and its real 
inverted image appears at the left. The chief rays through the entrance- 
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pupil point E which arc incident at the periphery of the lens are refracted 
through the conjugate point E'. 

The shaded areas, or rather cones, ETV and ERS mark the boundaries 
within which any object must lie in order to be seen in the image iield. 
The field stop in this, case is the lens TU itself, sincxj it determines the 
half-field angle subtended at the entrance-pupil point. If the eye, and 
therefore the exit pupil, is moved closer to the lens, thereby increasing 
the image field angle O', the inverted entrance pupil moves to the left, 
causing a lengthening of the object-field cone ETU. 



I’kj. 7M. IiiiHKo foniiutiuii within the fiehl of view of n converging lens. 


The same lens has been rcdra\\Ti in Fig. 7il/, where an object QM is 
shown in a position inside the primary focal point. Through each of the 
three points P, E, and L, rays are dra^vn from Q to the hns. From there 
the refracted rays are directed through the corresponding points P', E\ 
and U on the exit pupil. Extending them backward to their common 
intersection, the virtual image is located at Q\ The oblique-ray or 
parallel-ray methods of construction (not shown) may be used to con- 
firm this position of the image. It will be noted that if objects are to be 
placed near the entrance-pupil point P, they must be very small; other- 
wise only a part of them will be visible to an eye placed at E\ The 
student will find it instructive to select object points that lie outside the 
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object field and to trace graphically the rays from them through the lens. 
It will be found that invariably they miss the exit pupil. 

When a converging lens is used as a magnifier, the eye should be placed 
close to the lens, since this widens the image-field angle and extends the 
object field so that the position of the object is less critical. 

7.12. Photometric Brightness and Illumination. The amount of light 
flowing out from a point source Q within the sniall solid angle subtended 
by the element of area dA at the distance r [Fig. 7^(a)] is proportional 
to the solid angle. This is found by dividing the area of dA projected 



7N, An elementary pencil and an elementary beam. 


normal to the rays by r^, so that the luminous flux in this elementary 
pencil may be written 


dF = const. • 


dA cos 0 

y.2 


(7a) 


Kince the source in practice is never a mathematical point, we must con- 
sider all pencils emitted from an element of area dS, as shown for three 
of these pencils in part (6) of Fig. IN. Assuming that the source is a 
so-called Lambert 's-law radiator,” the flux will now be proportional to 
the projected area of dS as well, so that 


dF = const. • 


dS dA co s B c os ^ 

f.2 


(76) 


The value of the constant depends only upon the light source, and is 
called its photometric brightness B. To distinguish it from the visual 
sensation of brightness, it is usually termed the luminance in the technical 
literature, but here we shall use the commoner name brightness, with the 
understanding that it is the photometric quantity that is meant. The 
unit of B is experimentally defined as one-sixtieth of the brightness of a 
black body (Sec. 21.8) at the temperature of melting platinum, and is 
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called the candle per square centimeter, lilxpressing B in this unit, the 
flux becomes 


dF 


dS dA cos d cos 0 


lumens 


(7c) 


This is a quantity which must, aside from small losses due to reflection 
and absorption, remain constant for a bundle of rays as it traverses an 
optical system.* 

The illumination E (also called illuminance) of a surface is deflned as 
the luminous flux incident per unit area, so that 

,,, dF B cos 0 dS cos 0 

" - 31 P ™ 


Tlhimination is often expressed in lumens per square meter, or lux. In 
order to calculate the illumination at any point due to a source having a 
finite area, we must integrate lOq. 7d over this area: 


E - 



B dS cos 6 cos 0 


(7e) 


The exact evaluation of this integral is in general difficult, but in most 
cases the source is suffi(;iently far from the illuminated surface so that 
we may regard both cos ^ and as constant. In this case 


j j ■ m 

where the integral has been designated by /, sinc^e it. represents what is 
called tlie luminous intensity of the soiirce. Tlie definition of this, 
tlum, is 

/ = ///? cos 0 dS (7g) 

The (piantities F, B, E, and I are the four basic ones that are dealt with 
in the subject of photoriietry. 


As an example appropriate to the present subject let us calculate the 
illumination due to a luminous disk 6 cm in diameter on a small surface 
placed normal to the axis of the disk and 20 cm away from it. The 
brightness of the disk will be taken as 2 candles/cm'^. 

To bo exact, the expression must be multiplied by w* in any incMliiirn of index n, 
but since the initial and final media are usually the same, this factr>r rarely needs to 
be t|iken into account. 
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This problem is illustrated in Fig. 70. The distance from dA to the 
edge of the disk can be calculated to be only 1.1 per cent greater than 
that to the center; hence r may be regarded as constant. Furthermore 
the angles $ and 0 at which the light leaves the source and strikes the 



70. llliiiniiifition <luc to a circular disk. 


surface are small enough so that wc may set cos d — cos ^ = 1. Equa- 
tion 7e may then be written 

*’ = rs / / « = I, J 2’rp dp, (7/0 

since the area dS of an annular elemcmt of radius p and width dp is its 
circumference 27rp multiplied by its width dp. Hut from the figure 

p = r sin a dp = r cos a da 

where a is the half angle subterded by the element. Making these sub- 
stitutions in h]q. 7/i, one finds 

1 T"® 

E = -, / 2Trr~B sin a cos a da 

r- Jo 

[ • •» ~|ao 

“2 " J ^ ““ 

It i.s inst.nictive to cxpros.s ao in terms of linear dimensions by using the 
relation sin^ ao = poV(P«“ + giving 


„ _ jrBpo* _ liS 
Pfl* po= ■+ ro* 


(7j) 


Substituting the auriierical values, we have 


2 X 28.^ 
3 = +' 20 ® 


- ! ■ = 0.1382 lumen/em* = 1382 lux 

9 -r 41J0 


This is not very different from the result that one would obtain by treat- 
ing the source as a point source of luminous intensity I = BS. Using 
E(i. 7/, this would yield 


E 


T c(M 4> _ 2 X 28.27 X 1 
r-~ ~ 20- 


0.1414 lumen/cm* 
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The condition under which it is legitimate to assume a point source is, 
by Eq. that po® shall be negligible with respect to ro*. Even if po is 
as large as xV ^o, the error is only 1 per cent. 


7.13. Brightness of an Image. In Fig. 7P is shown a lens forming the 
image dA' of a surface element dS of the object. If the image is observed 
by the eye the luminous flux dF entering it is limited by the area 
dA” of the pupil so that only the narrow bundle indicated by tlie broken 
lines contributes to the image on the retina. Now, since the quantity 



r + r' H h 

Fui. 77'. lllustnitiiig hriKhtiiesH of iiii image. 


which characterizes a bundle is the multiplier of B in lOfp 7e and since 
this remains ('onstant through the system, we have, neglecting losses, 

dF __ dS dA cos 0 cos ^ _ dS' dA' cos ^^cos ^ 

_ (W" <IV' cos cos.«" 


'Fhe last member of this equation refers to the bundle in the region to 
the right of the image, and since we assume the flux in the bundle to 
remain const ant and ecpial to dF, we have 


dF __ dF 
B ■ B'' 


(70 


where B" denotes the brightness o( the image. Hence the important 
result that * # 

B" = B (7m) 

For an image formed in the same medium as the object by an optical 
system in which the losses arc negligible, tfie brightness of the image equals 
that of the object. 

This result may seem surprising to one who has experimented at form- 
ing images with a lens, because one always finds that when the imago 
is observed on a screen its brightness to the eye increases as the magnifi- 
cation is made smaller. If ho\\evcr the image is observed directly by 
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the eye, trithout the use of a screen, its brightness docs remain unchanged. 
This is because the brightness represents the flux per unit area per unit 
solid angle, as can be seen from Eqs. 7k and 71 which give, assuming 
cos 0" — cos = 1, • 


B" = 


dF 




__dF_ 


(7n) 


When the magnification is decreased the flux incident per unit area of the 
image is increased, but the total solid angle a>" (Fig. IP) is also increased 
in such a way that the brightness stays constant. The light incident 
p(*r unit area on a diffusing screen determines its brightness, but this is 
not the same brightness as the above, since the light is scattered in all 
directions by such a screen. 

7.14. Normal Magnification. In the foregoing discussion, it was 
assumed that the pupil of the eye acts as the aperture stop of the system. 
If this is not the case, for example if in Fig. IP the cone co" emerging 
from the image is not wide enough to fill the eye pupil, the brightness of 
the image will fall below that of the object. In telescopes and micro- 
scopes the eye is usually placed at the exit pupil of the system, and if 
the full brightness of the object is to be represented in the image, the 
oxit pupil must be at least as large as the pupil of the eye. Now the 
diameter of the exit pupil is inversely proportional to the magnification, 
as will be shown for example in the case of a telescope (Eq. lOAr). Hence 
the magnification should not exceed that at which the size of the exit 
pupil matches that of the eye. This particular value is called the normal 
7nagmfication of the instrument. We shall sec that it represents not only 
the maximum allowable value in order to avoid sacrifice of brightness 
but also the minimum value required to realize the full resoMiig power 
of the instrument (Sec. 15.0). 

7.16. Illumination of an Image. The illumination, as defined by 
Eq. 7c, represents the total flux per unit area incident on a surface from 
all directions. IJ determines the photographic or other energy effects, 
as well as the amount of light scattered by unit area of a diffusing screen. 
To evaluate it in the case of an image formed by a lens or lens system, 
let us represent this system by A in Fig. 7Q, which also shows the posi- 
tions of the entrance pupil PEL and the exit pupil P'E'IJ. The bright- 
ness B' of the exit pupil as observed at the image point Q' is equal to 
that of the source, since, from Eq. 7k, 

dF __ dS' dA' cos B' cos _ dF 

B PP 
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But the brightness is the flux per unit area per unit solid angle, so that 
if we wish the total flux incident per unit area we must multiply by 
the solid angle subtended by the exit pupil, and this gives 

E = jB'm' = Bw' ^o) 

Thus the illumination of Jhe image is the produd of the brightness of the 
source and the solid angle subtended by the exit pupil at the image. This 
relation is not exact, since as may be seen by referring to Eq. 7c, it 
assumes that all angles are small. It is, however, a good approximation 
in most actual cases. As in the previous discussion we are here neglect- 
ing losses by absorption and reflection. The occurrence of «' in Eq. 7o 
is the basis for rating the speed of camera lenses by their /-numbers, as 
w'ill be explained in Sec. 10.2. 


I 



Fi<i. 7Q. lllustrutiiiK tlie illumination of the image formed by a Ions. 

It is interesting to note that the illumination is the same as that which 
would be obtained if the lens Avere removed and the sounte were placed 
at the exit pupil and increased in area to the size of the pupil. The result 
of the calculation given in Sec. 7.12 may be used to prove this proposition. 
The illumination due to a disk of brightness B', the diameter of which 
subtends a plane angle 2cy, was there found to be (see Eq. li) 

E = ttB' sin® a ^ 

Provided that a is not too large, a disk of radius r sin a subtends a solid 
angle <o' = (irr® sin® a)/r® = tt sin® a, so that 

E = Bw' 

in agreement with Eq. 7o. 

As a practical illustration of this principle, consider the intense beam 
of light produced by a spotlight or searchlight, as illustrated in Fig. 7B. 
The rim of the reflector of aperture A is the entrance pupil as well as 
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the exit pupil. Neglecting losses of light by reflection and absorption, 
the illumination over the region D on a distant screen M is the same as 
that which would be obtained were the reflector removed and a source 
of the same brightness as S but having the full size of A placed at the 
pcxsition of A, The equivalent beam candle power of a spotlight or 
searchlight is defined as the candle power of, a bare source which, if 





Fig. 7/2. A spotliicht or soarrliliRht beam in often ratcnl in terme of its beam candle power, 
located at the same distance away from a given point, would produce at 
that point the same illumination. 

7.16. Image of a Point Source. ''Fhe above principle is applicable to 
the illumination in the image of a source of finite area. If the area of 
the source is negligible, as it is for example in the telescopic images of 
stars, the principle, deduced above is no longer applicable. The image, 

I , ^ instead of being of the very small 

I f \ I predicted by geometrical 

* ^ optifjs, s actually broadened 

'\ ^ ^ because of diffraction by the 

- M' aperture of the lens system (Sec. 

Its illumination is therefore 
[ ^ ^ u)* less than would be predicted by 

Eq. 7o. The investigation of this 
I case requires the results of the 

j theory of diffraction and will 

Fig. 7N. Ilhiminaiion at. an off-axis point therefore be postponed Until WG 
ill the imaKC. Up (hig subject (SeC. 15.10). 

7.17. Illumination off the Axis. Supposing the object were a plane 
surface of uniform brightness, it would be found that the illumination 
in the image Avould fall off with distance away from the axis. This 
effect is due to more than one cause. In Fig. IS let P*E'V represent the 
exit pupil, which has a uniform brightness equal to that of the sounte. 
At the axial point M* the illumination is, according to Eq. 7o, effual to 
B'«'. For a point such as Q', however, the following factors act to 
decrease the illumination: (a) a factor «"/«' = cos* (b) a factor 
P'L^'/P'L' = cos dj representing the decrease in area of the exit pupil as 


Fig. 7N. Ilhiminaiion at. an off-axis point 
ill the imaKc. 
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seen from Q compared to that seen from il/'; and (c) another factor 
cos 6 coming from the fact that the light is not incident normally on the 
surface at Q', as it would be on the surface represented by the broken 
line. Tilting a surface through an angle 6 distributes the flux over an 
area which is 1/cos ^ times larger, and hence the illumination, or flux 
l)er unit area, is decreased by cos B, Putting all these factors together, 
we have, for the illumination at Q', 

= BV cos* B (7p) 

Near the axis the factor cos* B varies only slightly from unity, but if a 
becomes as great as 30°, for example, the Illumination is reduced by 44 
per cent. 

7.18. Vignetting. Another effect, which may cause the illumination 
off the axis to fall at an even more rapid rate, is that known as vignetting. 

Stop 


Fiu. 72’. Illustratiiifs tin; property railed vtgncUin(/. 

Tills IS particularly likely lo occur in a lens system containing stops, as 
is illustrated for a single lens in Fig. 7T. Although the aT)erlun‘ of the 
stop is smaller than that of the lens, at the angle of incidence shown some 
of the rays at llu^ top miss the lens entirely, while the lower part of the 
lens receives no light. For distant object points, the field that is repro- 
duced without vignetting covers angles up to the value of a sliown in the 
diagram. At wrider angles the field begins to darken more rapidly than 
would be indicated by Eq. 7p. Vignetting is seldom encountered in tele- 
scopes or in other instruments having a relatively small field of view, 
but in instmmeiits like wide-angle cameras it can becoiAe serious. 

Problems 

1. A thin doublo-convex lens of focal length 5 cm and aperture 5 cm has a 2-cm 
stop located 2 cm in front of it. An object 2 cm high is situated with its lower end 
on tlwj lens axis 10 cm in front of the lens, (a) Txjcate graphicjally and by formula 
the position and size of the exit pupil. (6) Ijocate the image of the object graphically 
by drawing the two marginal rays and the chief ray from the top end of the object. 

2. A thin double-convex lens of focal length 6 cm and aperture 5 cm has a 2-cm 
stop located 2.5 cm behind it. An object 4 cm high is situated with its lower end on 
the lens axis 14 cm in front of the lens, (a) Find graphically and by formula the 
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poKitioii and sisn of the outrange pupil, (b) I/>cate thn imago graphically by drawing 
the two marginal rays and the chief ray from the top cuid of the object. 

3. A thin doulde-concave lens of focal length 6 cm and aperture 5 cm has a 2 cm 
stop locatfid 4 cm in front of it. An object 2 cm high is situated with its lower end 
on the huis axis 14 cm in front of the lens, (a) Find graphically the two pupils. 

(b) (lraphi(;ally locate the image and draw the two marginal rays and the chief ray 
from the top end of the object. 

4. Two thin lenstw with focal lengths of +10 cm and +5 cm respectively and with 
apertures of 4 cm arc; Hpa(*ed 4 cm apart. A stop 2 cm in diameter is locatcid midway 
between the lenses, and an obje^ct 4 cm high is located 10 cm in front of the first lens, 
(a) Find by formula and graphically the entrance and exit pupils, (b) Tx)cate the 
final image and show the two marginal rays and the chief ray ^rom the top end of 
the objf?ct. 

6. A thin lens of fo(;al length +8 cm and aperture 4 cm is Inflated 3 cm in front of 
another thin lens of fo(;al length +6 cm and aperture 3 (un. (a) IiOC‘ate graphically 
and label idl the pupils of the syst(un. (6) An object 1 (‘in liigh is located 6 cm in 
front of tin; first lens. Find the* final image and show the two marginal rays and tho 
chief ray from the top of the objcM'.t. Im\hA the entrance pupil and the exit pupil. 

6. An exit pupil with a 3-cm aperture is located 6 cm in front of a convex spherical 
mirror of 10 (‘in radius. An object 3 cm high is pla(‘ed with its (tenter on the axis 
4 cm in front of th(; mirror. Find graphi(‘ally (a) the entrance pupil, (b) the imag(‘, 
and (c) the minimum aperture requiriui for the mirror in ord(?r to be able to sec tlu? 
entire obje(;t from all [loints of tlu^ exit pupil. 

7. An exit pupil with a 8-cm aperture is located 15 cm in front of a con(‘ave sph(‘r- 
ical mirror of 10 cm radius. An object 1 cm high is (‘cnt rally located on the axis 12 (‘in 
in front , of the mirror. Find graphically (a) the entrance pupil, (b) the image, and 

(c) the minimum aperture for the mirror required in order to see the entire object. 

8 . ('Onstruct to scale a diagram of the field of view for a positive lens us(m1 as a 
magnifier^ Assume a focal length / — 5 cm, an exit pupil of width 1 cm situated 3 cm 
from the lens, and an object 2 cm high centrally located 3 cm from the lens on the 
opposite side. 

9. ('alculatc the illumination in lux due to a frosted lamp bulb of projected area 
30 cm* and average brightness 0.955 candle/em* on a surface normal to the light and 
10 m away. (Noth: llecause of liumbc'rt’s law the bulb may be treated as a flat sur- 
fa(;c of the ar(‘a and brightru'ss given.) 

10. If the lamp in Prob. 9 is displac(;d 5 m in a direction at right angles to the 
original line joining it and the illuminated surface, what will be the new value of the 
illumination? 

11. A ('onvex lens of focal length 20 cm and aperture 5 cm has a stop 2 cm in diame- 
ter situated 3 (‘in ii front of it. A small disk of brightness 6 candles/cm* is plac(‘d 
centrally on the axis 60 cm from the lens, ('ah'ulate (a) the illumination at the 
image, (b) tho size of the exit pupil, and (c) the angle at which vignetting begins. 

12. A Avide-angle camera has a lens of focal length 10 cm, and takes photographs on 
a 9-by-l2 (‘in film. Assuming no vignetting, And the fraction by which the exposure is 
diminished at the corners of the Aim. 

13. The diameter of a thin hms is 2 cm and it has a focal length of 20 cm. If this 
lens is pluc.ed halfway betw'een the eye and a larg(‘ object 18 cm from the eye. And 
what width of the objiict can be seen through the kuis. 

14. If the object in Prob. 2 has a brightness of 3 caudl(;s/cm*, what is the illumina- 
tion at the image? 



CHAPTER 8 


• RAY TRACING 

The discussion of image formation by a system of one or more spherical 
surfaces has up to this point l^een confined to the consideration of paraxial 
niys. With this limitation it has been possible to derive relatively simple 
methods of calculating and constructing the position and size of the 
image. In practice the apertures of most lenses are so large that paraxial 
rays constitute only a very small fraction of all the effective rays. It is 
therefore important to consider what happens to rays that are not par- 
axial. The straightforward method of attacking this problem is to trace 
the paths of the rays through the system, applying Snell's law to the 
refraction at each surface. The fundamental equations for this pro- 
cedure will be presented in this chapter, and a sample calculation will be 
carried through for a single thick lens. 

8.1. Oblique Rays. All rays which arc not paraxial are called oblique 
rays. When the law of refraction is accurately applied to the paths of all 
rays from one object point as they pass* through one or mora coaxia) 
surfaces, the position of the image point is found to vary somewhat with 
the obliquity of the rays. This leads to a blurring of the image known 
as a lens aberration^ and the study of these aberrations will be the subject 
of the following chapter. Experience shows that it is possible, by prop- 
erly choosing the radii and positions of spherical refracting surfaces, to 
reduce the aberrations greatly. Only in this way can optical instruments 
be designed having large usable apertures and at the same time good 
image-forming qualities. 

Lens designers follow two general lines of approach to the problem of 
finding the optimum conditions. The first is to use well-known al)crra- 
tion formulas to calculate the approximate radii and spacing of the sur- 
faces that are desirable for the particular problem. The second and 
most rigorous test is to apply the exacting methods of calculation known 
as ray tracing to find the paths of several representative rays. Some of 
these rays will be paraxial and some oblique, and each is traced through 
to the image. If the results are not satisfactory, the surfaces are moved, 
the radii are changed, and the process is repeated until an apparent 
minimum of aberration is obtained. This is a long and tedious cut-and- 
try process, requiring in come cases hundreds of hours of work. Five-, 
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six-, or even seven-place logarithms may be required, and certain standard 
tabular forms are printed by the different designers for recording the 
calculations and results (see Table 81). We shall first consider the deri- 
vation of the equations needed in this process. 

8.2. Ray-tracing Formulas. A diagram from Tvhich these formulas 
may be derived is given in Fig. 8A. An oblique ray MT making an 
angle d with the axis is refracted by the single spherical surface at T so 
that it crosses the axis again at M\ The line TC is the radius of the 



Kio. 8i4. Ucfructioii of a ray at a aplicrical aurface, showinR the geometry used in ray 
tracifig. 

refracting surface and constitutes the normal from whi(^h the angles of 
incidence and refraction at T are measured. As regards the signs of the 
angles involved, we ^consider that 

• 1. Slope angles are positive when the axis must be rotated counter- 
clockwise through an angle of less than t/2 to bring it into coinci- 
dence with the ray. 

2. Angles of incidence and refraction are positive when the radius of 
the surface must be rotated counterchx^kwise through an angle of 
less than ir/2 to bring it into coincidence with the ray. 

Accordingly, angles B, 0, and in Fig. 8A are positive, while angle 
is negative. 

Applying the laAV of sines to the triangle MTC, one obtains 

• sbi (t — 4>) __ sin $ 

' r + s r 

Since the sine of the supplement of an angle equals the sine of the angle 
itself, 

sin 0 _ sin B 
r + s ^ r 

Solving for sin 0, we find 

. ^ r + s . „ 

r 


(8a) 
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Now by Snell’s law the angle of refraction in terms of the angle of 
incidence is given by 

sin 4'' — sin 0 (86) 

7h 


In the triangle MTM^ the sum of all interior angles must equal v. 
Therefore , 

^ + (t “ = IT 

wiiich, upon solving for d\ gives 

0 « (8r) 

'J'his equation allows us to calculate the slope angle of the refracted ray. 
To find where the ray cros.s(‘s the axis and the image; distance s', the 
law of sines may be applied to the triangle TCM', giving 

—sin 0' _ sin 0' 


r s' — r 
N 



Tig. SB. Showing the fceoriietry of ruy tracing for iiu’ideiit parallel light. 


The image distance is therefore 

s' = r 


sin 0 
r . Jr 
sin 0 


(8fi) 


An important special case is that in which the incident ray is parallel to 
the axis. Under this simplifying condition it may be seen from Vig. SB 
that 

sin ^ ^ (8e) 


where h is the height of the incident ray PT above the axis. For the 
triangle TCM\ the sum of the two interior angles 0' and 0' equals the 
exterior angle at C. When the angles are assigned their proper signs, 
this gives 

( 8 /) 

The six of the above equations which arc numbered form an important 
set by which any ray lying in a meridian plane may be traced through 
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a number of coaxial spherical surfaces. A meridian plane is defined as 
any plane containing the axis of the system. While most of the rays 
emanating from an cxtraaxial object point do not lie in a meridian plane, 
the image-forming properties of an optical system can usually be deter- 
mined from properly chosen meridian rays. Skew jays, or rays that are 
not confined to a meridian plane, do not intersect the axis and are difficult 
to tra(;e. 

8,3. Sample Ray-tracing Calculations. These will be illustrated in the 
case of an cquiconvex lens with radii ri = -f 10 cm and r 2 = —10 cm, 
the lens being made of crown glass having an index n' = 1.52300 for the 
Fraunhofer D line. If the axial thickness is 2 cm, let us find the 
focal points for parallel rays incident at heights above the axis 
A = 1.5 cm, 1.0 cm, and 0 cm. 

A diagram for this problem is given in Fig. 8^. Refraction at the 
first surface directs the ray toward the corresponding image point at 



Fia. 8(7. Path of a parallel ray through a double-convex lens. 


This becomes the object point Mt for the second surface, at which 
the refraction determines the final image point AfJ. The following two 
tables give the calculations for the refracting surfaces separately. For 
the first surface the incident light is parallel to the axis, and the four 
ray-tracing formulas to be used are Eqs. 85, 8d, 8e, and 8/, namely 


and 


sin 0 = -j 
r 


sin ^ ^ 0, 


C' = 0' - 


r — 


sin 0' 
sin e' ’ 


By substitution of the known values of h and r\ in the first equation, 
sin 0 is determined. Inserting this, along with the known n and w', in 
the second ecpiation, we obtain sin 0'. Having found 0 and 0', we may 
use the third equation to calculate 0', Finally the values of ri, 0', and 
0' are used in the last ecpiation to obtain the image distance In the 



Sec. 8.3] 


SAMPLE RAY-TRACIXG CALCULATIONS 


117 


use of logarithms for these calculations, the subtraction of one logarithm 
from another to find a quotient is avoided by employing the cologarithms 
of all quantities occurring in the denominator. Thus the operations are 
reduced to those of addition. The procedure is self-evident as regards 
the first two columns in Table 81, where it is shown for the first refracting 
surface. • 


Table 81. •Calculations for the First Surface 
r = +10.0 cm, n' - 1.52300, n - 1.00000 



A =* 1.5 cm 

A » 1 .0 cm 

■n 

log h 
colog r 

0.176091 

9.000000 

0.000000 

9.000000 


log sill ^ 
log n 
colog n* 

9.176091 

0.000000 

9.817300 

9.000000 

0.000000 

9.817300 


log Hill 

8.U93391 



* 

5"39'6" 

8'37'37" 

3°45'63" 

5*44'21" 

0.098490 

0.150000 

«'(=«' - «) 

2°58'31" 

J.g8'28" 

0.051510 

colog sin e' 
log sill 
loK r 

1.284790 

8.993391 

1.000000 

1 .*462767 
8.817300 
1.000000 

1.288108. 

8.993391 

1.000000 

• 

loR (r - »') 

1.278181 

1.280067 

1 .281499 

r - ,s' 

-18.9750 

-19.0576 

-19.1205 


+28.9750 cm 

+29 .0576 cm 

+29.1205 cm 


For the case A = 0 in the right-hand column a special procedure is 
followed. The calculation is started by first finding the number that 
corresponds to one of the values of log sin 0' in anpther column. In the 
present case either column may be used. This number is entered oppo- 
site in the table under A = 0. For example, in the column headed 
A = 1.5 cm, we find log sin 4 / = 8.993391, and the number corresponding 
to this logarithm (namely, 0.098490) is entered in the last column. Fol- 
lowing the same procedure for the corresponding angle 4 > we find 
log sin 4 > = 9.170091, and the number 0.150000 is shown opposite 0. 
The difference between these two numbers is next entered for Then 
opposite colog sin B' is written the cologarithm of the number 0.051510, 
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namely 1.288108. From this point on the procedure is the same as for 
the auxiliary ray chosen, values of log sin and log r being taken from 
the column originally selected. The value of a' that results will be the 
same whatever auxiliary ray is chosen for the calculation.* 

It is to be noted that the image distance s' is greatest for A = 0, and 
about one-half of 1 per cent less for the 1.5-cm ray.* These slightly dif- 
ferent image points become the object points for the second lens 
surface, and the slope angles of Table 81 become the slope angles d 
for the incident rays in Table 8II. Since in the latter (!ase the object 
rays are not parallel to the axis, the four ray-tracing formulas to be used 
for Table 81 1 arc K(is. 8a, 86, 8r, and 8d, namely 


and 


r 4-, 


0 — 4* j 


r — &*' = 7* 


sin 0' 


Starting with the first cciiiation, is given as —10.0 cm and s is the dis- 
tance in Fig. 8C. It is obtained by subtracting from the values 

of s' in Table 81 the lens thickness d = 2.0 cm. 

Taking the ray having h = 1.5 cm as an example, we have s' from 
Table 81 ^as 28.9750 cm, which' after subtraction of d = 2.0 cm .yields 
s = —20.9750 cm. The negative sign signifies that the object ray cor- 
responds to a virtual object. Since both and s have negative signs, 
the two magnitudes arc added in the first equation to give —3(5.9750 cm. 
In the last column of Table 81 1 the value for log sin 0 = 8.711892 is 
obtained as colog sin 6 ' = 1.288108 of Table 8T. Instead of angles 
6, and ^ in the last column, numbers are obtained by the auxiliary-ray 
method desetribed above in connection with Table 81. For example, 
the number 0.29J210 corresponds to log sin 0' = 9.40420(5 and is 
entered opposite in Table 8TI. The number 0.051510 corresponds to 
log sin 6 = 8.71 1892 and is entered opposite 6 in the table. Then oppo- 
site colog sin 0' is written 0.819550, which is the cologarithm of the 
number 0.151513. *From here on, the procedure corresponds to that for 
the other rays. 

The final figures show that when parallel rays are incident on the lens 
of Fig. 8(7 at heights of 1.5 cm, 1 .0 cm, and 0 cm, the axial intercepts are 
at 8.879 cm, 9.088 cm, and 9.220 cm, respectively. Thus the distance 

*Thft theory of this auxiliary r:iy mcthwl is set forth in Luinmer, “Photographic 
Optics,” English translation by S. P. Thompson, p. 126, The Macmillan Company, 
New York 
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Table 8II. Calcttlations fob the Second Surface 


r » -10.0 nil, n' » 1.00000, n - 1.52300 



e - 2*68'31" 

B « l‘*58'28" 

5=0 

r +« • 

-36.9760 

-37.0576 

-37.1205 

log (r + a) * 

1.567908 

1.568877 

1 .569614 

colog r 

9.000000 

9.000000 

9.000000 

log sin B 

8.715127 

8.537233 

8.711892 

log sill 0 

9.283035 

9.106110 

9.281.506 

log n « 

0.182700 

0.182700 

0.182700 

colog n' 

0.000000 

0.000000 

0.000000 

log sin 

9.465736 

9.288810 

9.464206 


]6"69'31" 

11*12'32" 

0.291210 

$ 

2"58'31" I 

1"58'28" 

0.06I6I0 


11"3'45" 

7°20'7" 

0.191207 


8‘’54'17" 

5'60'53" 

0.151513 

colog sin B' 

0.810252 

0.991955 

0.819550 

log sin 

9.465735 

9.288810 

9.464206 

log r 

1.000000 

• 1.000000 

1.000000 

• 

log (r - s') 

1.275987 

1.280765 

1 .283756 

r - s' 

-J8.879 

-19.088 

-19.220 

s' 

+8. 879cm 

4-9. 088cm 

+9.220om 

js' 

0.341 

0.132 

0 


from the lens vertex to the second focal point is not a constant but varies 
slightly for different zones pf the lens. 4'his defect is called spherical 
aberration and will be discussed in detail in the next (diapter. The focal 
distances s' for h = 0 and for ^ = 0 in Tables 8? and 811 are identical 
witli the values which would be obtained from the paraxial ray formulas 
given in Sec. 4.8. 

8.4. First-order Theory. Tn four of the six ray-tracing formulas of 
the preceding section, the sines of the angles appear rather than the 
angles themselves. Plxpansion of the sine of an angle by Maclaurin’s 
theorem gives 




m 
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For paraxial rays the slope angles are very small and we may, to a first 
approximation, neglect all terms but the first and write sin 9 = B, (For 
an angle of 5.73®, or rad, the first term B = 0.100000, while the second 
term B^/3l = 0.000107.) The theory of lenses based upon the neglect 
of all but the first term in this expansion is an approximate theory known 
as first-order theory or Gauss theory. 

When B is small, the otlier angles in Eqs. 8a, Sft, 8c, and 8d (namely, 
B', 0, and 0') are also small, provided the ray lies close to the axis, as it 
must to be paraxial. The ray-tracting formulas for this type of ray 
therefore reduce to 






9' = </f' + B — <i), 


and 


/ <!>' 
s = r — r—r 


(8/0 


By algebraic; substitution of the first formula in the second, of the result- 
ant formula in the third, and of this resultant in the fourth, all angles 
may be eliminated. The final equation can then be simplified to give 
the Gaussian formula, Eq. 4a: 


n , n' _ n' — n 
s ' r 


m 


which therefore corresponds to first-order theory. 

8.6. Abbe’s Sine Condition. In Chap. 4 it was found that the lateral 
magnification produced by a single spherical sui-face was given by the 
relation (Eq. 4/): 


!f' _ _ s' — r 
y ~~ s + r 




This equation, which follows from the similarity of triangles MQC and 
M'Q'C in Fig. SI), is clearly valid whether or not the ray QCQ' is paraxial. 
From Eq. 8a we obtain 


I 


s + r = 


sill A 
r — . - 
sin B 


and from Eep 8r7, 


sin 0' 
sin B'' 


Substitution of these quantities in the right-hand side of Eq. Sj yields 


y' _ sin 0' sin B 
y sin B' sin 0 


(8fc) 
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Now, according to Snell’s law, 

sin 0' _ 
sin 0 n' 


which upon subst.itutjon in Ecf. 8A' gives 

* VL Hl ^ 

y “ n* sin V 


or 


ny sin $ = n'y' sin 0' sink condition (8/) 

Since nowhere in its derivation has the assumption of paraxial rays been 
introduced, this relation holds for arbitrarily large values of 6 and d\ It 



Fiu. SD. Tlio iindcviated ray tliroiiKh a hiiikIo spherical surface. 


is one of the most important ccpiations of geometrical optics, as will 
appear in the following chapter. * • • 

The sine condition written for paraxial rays becomes simply 


ny 6 7iy 0' (8m) 

a relation often referred to as Lagrange's law. In both Eqs. 8/ and 8m 
all quantities on the left side refer to the object space, while all those on 
the right side rf^fer to the image space. Also, if we restrict 0 and 0^ to 
small angles, Fig. SA shows that they may be written 

0 == - and 0' = -j 
s s 


Substitution of these values in Eq. 8m gives for the*ma'gniIication 


_y^ _ 

y ”” n'^' n^s 


(8n) 


Since Abbe’s sine condition applies separately to each spherical refracting 
surface, it may be applied in succession to a number of surfaces. Hence 
one concludes that ny sin 0 may be taken as applying to the object 
space of a complete optical system and n^y^ sin 0^ to the final image 
space of that system. 
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Problems 

1. A (loiihlc-convcx ](*ns is made of borosilicato crown f^lasH of index 1.50000. It 
has radii ri "■ +10 cm and r* = —10 eni and is 1 cm thick. UhIiir five-plaec loga- 
rithms, locate the focal points for (a) h — 1.5 cm, (6) h = 1.0 cm, (c) h = 0.5 cm, and 
id) * 0. 

2. iSolve Proh. 1 when r\ = +6.25 cm and r* — —25 cm. 

3. Solve Proh. 1 when ri = +5 cm and r* = + oo. • 

4. Solve Proh. 1 when ri — +t3.75 cm and r* +15 cm. 

6. Solve Proh. 1 w’hen r\ — +25 cm and rt — —6.25 cm. 

6. Solve Proh. 1 when n = oo and rj = —5 cm. 

7. Solve Proh. 1 when ri =* —15 cm and r* = —3.75 cm. 

8. From the paraxial ray-tracing formulas, Kqs. 8/q deriv'e tlie Caiissian formula 
for a single surface, Kq. 8i. 

9. Solve Proh. 1 for an ohjcct ]ioint locatc‘d on the axis 20 cm in front of the first 
vert(;x of the Ions. 
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LENS ABERRATIONS 


The description of ray tracing that was given in the last chapter served 
to emphasize the limitations of Gauss* first-€)rder theory. A wide beam 
of rays striking a lens parallel to its axis was found not to be foc^used at 
a unique point. The iirst-ordor theory upon which the simple formulas 
of the prec(jding chapters were based will in general give only an idealized 
picture of the actual conditions encountered with lenses of wide aperture 
and wide field of view. When ray tracing is applied to points otT the 
axis, the phenomenon of spherical aberration gives way to no less than 
four other defects of the image. The reduction of these aberrations to a 
minimum is one of the chief problems of geomel rical optics and also one 
of the most compli(!ated. It would be impossible to set forth within the 
scope of a singh* chapter any details of the extensive theory involved in 
this problem.* Instead we shall descrilx; how each aberration manifests 
itself and f) resent some of the results of the theory as to how it may be 
diminished. • 

9.1. The Five Seidel Aberrations. Since aberrations represent depar- 
tures from the simple first-order theory, the natural way to inyestigato 
them is to take account not only of the first t(Tm in the expansion of the 
sine (Eq. 8(7) but also of the second term and even of the third. Since 
the second term contains the angle raised to the third power, inclusion 
<)f it leads to the so-called third-order theory. This involves replacing the 
sines of the angles in the ray-tracing formulas by the first two terms of the 
expansion. Thus sin 6 becomes 0 — (5V3!), sin il> becomes ^ — (0®/3!), 
etc. The resulting equations give a reasonably accurate account of the 
principal aberrations. 

In this theory the aberration for any ray, f.c., it^ deviation from the 
path i)rcscribed by the Gauss t.heory, is expressed in terms of five sums, 
Si to S^j called the Seidel sums. If a lens weii; to be free of all aberration, 
all five of these would have to be simultaneously and individually equal 
to zero. No optical system can be made to satisfy all these conditions 
at once. Therefore it is customary to treat each sum separately, and 

• P'or a thnroiifidi nrooiint of Ions nherrations, thr Tcador is roferrod to A. K- 
Coiirady, ‘‘Applied Oi)ties and Ojitical l>esigii/' Vol. I, Oxford University Pressi 
New York. 
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the vanishing of certain ones corresponds to the absence of certain aberra- 
tions. Thus, if for a given axial object point the first Seidel sum S\ = 0, 
there is no spherical aberration at the corresponding image point. If both 
5i = 0 and S 2 = 0, the system will also be free of coma and Abbe’s sine 
condition (Eq. 81) will be satisfied. If in addition to iSi = 0 and S 2 = 0, 
the sums jSs = 0 and Si Oaa well, the images will be free of astigmatism 
and curvalure of field. If finally /Ss could be made to vanish, there would 
be no distortion of the image. These aberrations are also known as the 
five monochromatic aberrations because they exist for any specified color 
and refractive index. Additional image defects occur when the light 




Fig. ' IlliistratiiiK the Kphcrical aberration of a single lens (a) for a divergent bundle, 
(6) for a parallel bundle. 

contains various colors. Wc shall discuss each of the monochromatic 
aberrations first, and afterward take up the chromatic effects. 

9.2. Spherical Aberration. Spherical aberration causes a blurring of 
the image of a point object placed anywhere on the axis. As shown in 
Fig. S)A{a), the Ijphbrical aberration is equal to the interval M[ — MJ. 
Its amount varies with the position of the object point and for any fixed 
point is approximately proportional to the squan^ of the radius of the zone 
on the lens surface through which the rays pass. Since many of the lens('s 
ill optical instruments are used to focus parallel incident or emergent rays, 
it is usual for comparison purposes to compute the spherical aberration 
for parallel incident light. The diagram of Fig. 0A(h) illustrates this 
special case and shows the position of the paraxial focal point F' as well 
as the focal points A, B, and C for zones of increasing diameter. 
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As a measure of the actual magnitudes involved in spherical aberration, 
we may use the focal lengths for three zones of a lens which were accu- 
rately calculated in Table 8II. The results were 9.220 cm for paraxial 
rays, 9.088 cm for rays traversing a zone of radius A = 1 cm, and 8.879 
cm for a zone of radips A = 1.5 cm. These figures give a spherical aber- 
ration of 0.341 cm for the 1.5-cm zone, or about 4 per cent of the paraxial 


focal length. A graph showing the 
given in Fig. 9J?. For small A 
the curve approximates to a 
paraliola, and since the marginal 
rays intersect the axis to the left of 
the paraxial focal point, the spheri- 
cal aberration is said to be positive. 
A similar curve for an equiconcave 
lens would bend over to the right, 
corresponding to negative spherical 
aberration. 

A series of positive lenses of the 
same diameter and paraxial fo(*.al 
length but of different shape is pre- 
sented in Fig. 9C(o) . The alteration 
of shape represented in this series is 
known as bending the lens. lilach 
lens is labeled by a number q called i 


variation of / with A for this lens is 



Fia. OB. Graph Hhowing the variation of 
focal Iciiflcth with ray heiffht h. Tho differ* 
ences of / are a measure of spherical aberra- 
tion* 

s shape factory defined by the formula 


a 


r g + ri 
n — ri 


(9a> 


As an example, if the two radii of a converging meniscus lens are 
ri = — 15 cm and ra = —5 cm, it has a shape factor 




-5 - 15 
- 5 + 15 


-2 


The usual reason for considering the bending of a leils isito find that shape 
for which the spherical aberration is a minimum. That such a minimum 
exists is shown by the graphs of Fig. 9C(5). These curves are drawn for 
the same lenses as shown in (a), «and the values were taken from Table 91. 
They were calculated by the ray-tracing methods of Chap. 8, Tables 
81 and 8II. It will be noted that lens (5), for which the shape factor 
q is +0.5, has the least spherical aberration. The amount of this aberra- 
tion for the ray having A = 1 cm is shown for the same series of lenses 
by the curves of Fig. 9/). Over the range of shape factors from about 
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q = +0.4 to ^ = +1.0 the spherical aberration varies only slightly, since 
it is close to a minimum. At no point, however, d(x;s it go to zero. We 
therefore see that by choosing the proper radii for the two surfaces of a 
lens the spherical aberration can be reduced to a minimum but cannot 
be made to vanish completely. 

Reference to the diagrams of Fig. ILl will show that with spherical sur- 
faces the marginal rays are deviated through too* large an angle. Hence 
any reduction of this deviation wWl improve the sharpness of the image. 


1 2 3 4 5 6 7 



q*-Z.OO -1.00 -0.50 0 +0.50 +1.00 +2.00 

(a) 



Fi». 9r' (a) LeiiscH of different Hliapes hut with the Hiiiiic power. The flifTerenro is nno 
of “hcndiiiis.’' (6) Focal length vh. radius for these lenses. 

The e.xistcncc of a condition of minimum deviation in a prism (Sec. 2.9) 
clearly indicates that when the shape of a lens is changed the deviation 
of the marginal rays will Ije least when they enter the first lens suriace 
and leave the second at more or less equal angles. Such an equal division 
of refraction will «yieM the smallest spherical aberration. For parallel 
light incident on a crown-glass lens, this appears from Fig. 9D to occur 
at a shape factor of about q = +0.7, not greatly different from the plano- 
convex lens, for which q = +1.0. 

Spherical aberration can be completely eliminated for a single lens by 
aspheriztng. This is a tedious hand-polishing process by Avhich various 
zones of one or both lens surfaces are given different curvatures. For 
only a few special instruments are such lense.s useful enough so that the 
added expense of hand hguring is jiistificKl. Furthermore, since it is 
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figured for only one object distance, such a lens is not free from spherical 
aberration for other distances. The most common practice in lens design 
is to adhere to the simple spherical surfaces and to reduce the spherical 
aberration by a proper choice of radii. 

9.3. Results of Third-order Theory. Although the derivation of an 
equation for spherical aberration from third-order theory is too lengthy 
to be given here, some of the resulting equations arc of interest. For a 
thin lens we have the reasonably simple formula 



1 _ J ^ 1 

;v' s' 

[“"l + 4(« + l)p« + (3/1 + 2)(n - l)p* + (96) 


where is the image distan(;e for an oblique ray traversing the lens at a 
distance h from the axis, s' is the image distance for paraxial rays, and / 
the paraxial fo(;aI lengtih. The constant p is called the position factor^ 
and q is the shape factor defined above (l<"q. 9a). The position factor is 
<lefined as 



(9c) 


Making use of the first-order equation 1// = (l/s) + (l/s')> the position 
factor may also be expressed in terms of / as 



(9d) 
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The difTerenre between the reciprocals of the image distances in Eq. 96 
is called the lateral 8j>herical aberration, 


Lilt. S.A. =4 — 4^ (9c) 

while the difference between the two image distances, s' — 5 *, is called 
the longitudituil spherical aberration. Solving Eq. Oc for this difference, 
we obtain 


Long. S.A. = s' — = «'«i[lat. S.A.] 


The image distance for any zone becomes 

./ ^ ?' 

®* I + 8'llat. S.A.] 

A comparison of the third-order theory with the exact results of ray trac- 
ing is included in Fig. 9i>. When the shape factor is not far from that 
corresponding to the minimum, the agreement is remarkably good. The 
numerical results of third-order theory for the seven lenses of Fig. 9f’ 
are presented in the last column of Table 91. 


^ f 

Table 91. iSphkrtcal Abehrattos or Lenkkk TTaviso the Same Focal liKNOTii 

BI T Different Shapes r/ 

Lens thickness = 1 cm, / = 10 cm, n =« 1.5000, and /t = 1 cm 


Shape (if lens 

ri 

rz 

Q 

Ray 

tracing 

Third-onler 

theory 

1. C-oncavo-convcx 

-10.000 

- 3.333 

-2.00 

0.92 

0.88 

2. Plano-convex 

00 

- 5.000 

-1.00 



3. Double convex 

20.000 

- 6.666 

-0.50 



4. Eqiiiconvex 

10.000 

-10.000 

0 

0.15 


3. Double convex 

6.666 

-20.000 

+0.50 

0.10 

^BB 

6. Plano-<ronvex 

5.000 

00 

+1.00 

0.11 


7. (Concavo-convex.® . . . 

3.333 

10.000 

+2.00 

0.27 

1 0.29 


Equations useful in lens design are obtained by finding the shape factor 
that will make J^q. 96 a minimum. This may be done by differentiating 
with respect to the shape factor and equating to zero: 

dflat. S.A.l _ 62 I 2(n + 2)q + 4(n - l)(n + l)p‘ 
dq 8/= L ri{n - 
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2(n^ - l)p 
M + 2 


(9/) 


as the required relation between shape and position factors to produce 
minimum spherical aberration. As a nilc a lens is designed for some 
particular pair of object and image distances so that p may be calculated 
from Eq. 9c. For a lens of a given n the shape factor that will produce 
a minimum lateral spherical aberration may be obtained at once from 
I^q. 9/. In order to determine the radii that will correspond to such a 
calculated shape factor and still yield the proper focal length, one may 
then use the lens makers’ formula 


1 + 

« s \ri rj/ 


1 

7 


Siihstitulion of valuos of s, s', and /from Eqs. 9c and 9d gives tlio follow- 
ing useful set of equations, due to (\Ml<lington: 


_ 2 / 

l + p 


2/(n - 1) 

</ + l 



The last two relations give the ra<lii in terms of q and /. 
of these l)y the other gives 

rj 7 + f 


Off) 

Division of one 
(9A) 


As a problem let us suppose that a single lens is to be made with a focal 
length of 10 cm and that we wish to find the radii of the surfaces which 
will give the minimum spherical aberration for parallel incident light. 
For simplicity we shall assume that the glass has an index n = 1.60. 
In using Eq. 96 the position factor p and the shape factor q must first 
be determined. Substitution of » = oo and s' = 10 cm in Eq. 9c gives 

• s 

10 - 00 

^ io + oo' ^ 


It may be seen that if s is not infinite but is allowed to approach infinity, 
the ratio (s' + s):(s' — s) will approach the value —1, and will in the 
limit be equal to this. Substituting this position factor in Eq. 9/, we 
obtain 
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Thin value falls at the minimum of the curve of Fig. 9Z>. The ratio of 
the two radii is given by Eq. 9A as 

r, _ 0.714 - 1 _ -0.28f) 

Ti 0.714 + 1 1.714 ^ 

I 

The negative sign means that the surfaces (jurve in opposite directions, 
and the numerical value indicates a ratio of the radii of about 0:1. Their 
individual valucis are found from Eq. % to he 


ri = 


10 

1.714: 


= 5.88 cm and r-i = = —35.0 cm 


Such a lens lies between lenses (5) and (0) in Fig. 9(7, and has essen- 
tially the sam(‘ amount of spherical aberration as either one. For this 
reason plano-convex lenses arc often employed in optical instruments 
with the convex side facing the parallel incident rays. Should such a 
lens be turned around so that the flat side is toward the incident light, 
its shape factor becomes 5 = — 1.0, and the splierical aberration increases 
about fourfold. 

Although spherical aberration cannot be entirely eliminated for a single 
spherical lens, it is possible to do so for a combination of two or more 
lenscjs of opposite sign. The amount of spherical aberration introduced 
b^ one lens of such a combination must be equal and opposite to that 
introduced by the other. If for example the doublet is to have a positive 
power and no spherical aberration, the positive lens should have tlu^ 
greater power and its shape should be at or near that for minimum 
spherical aberration, while the negative lens should have a smaller power 
and its shape should not be near that for the minimum. Neutralization 
by such an arrangement is possible because spherical aberration varies 
as the cube of the focal length, and therefore changes sign wdt.h the sign 
of / (see Eq. 96). In a cemented lens of two elements, the two interfaces 
should have the same radius. The other two may then be varied and 
thus used to correct for spherical al)erration. With four radii to manipu- 
late, other aberrafions like chromatic aberration can be reduced at the 
same time. This subject will be considered in Sec. 9.10. 

9.4. Fifth-order Spherical Aberration. The two curves that were 
given in Fig. 9D show that, for a lens having a shape factor anywhere 
near the optimum, the agreement between the exact results of ray tracing 
and the approximate results of third-order theory is remarkably good. 
For larger values of 6, however, and for shapes further removed from 
the optimum, appreciable diffei’enees occur. This indicates the necessity 
of including the fifth-order terms in Uhj theory. The third-order equa- 
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tion 96 shows that spherical aberration should be proportional to h^y so 
that the curves in Fig. 9D should be parabolas. Nevertheless accurate 
measurements show that for larger h departures from proportionality to 
do occur and that spherical aberration is more closely represented by 
an equation of the form 


l.ong. S.A. = o/i* + hh* (9i) 

where a and 6 are constants. The term ah^ represents the third-order 
effect and hh^ the fifth-order effect. Some numerical results for a single 
lens, indicating the necessity for the inclusion of the latter term, are 
shown in Table 9IT. The boldface values in the fifth row are the true 
values for longitudinal spherical aberration, obtained by ray-tracing 
methods, while those in the last row correspond to a parabola that has 
been fitted at 6 = 1.0 cm to the equation 

Long. S.A. = o'A® 

with a' = 0.11530 cm-^ 


Tahi.k 9TT. Fiijth-ordkr CouRBc^rioN to SpnERirAL Aberration 
/ — 10 cm, Ti = +5 cm, r* — 71 = 1.5000, d « 1 cm 


1 . 

h, cm 

0.5 

1.0 

1.5 

• 

2.0 

2.5 

3.0 

2. 

«;»* 

0.02839 

0.11356 

0.2.5551 

0.45424 

0.70975 

J .02204 

3. 

hh^ 

O.OOOll 

0.00174 

0.00881 

0.02784 

0.06797 

0.14004 

4. 

ah* + bh* 

0.02850 

0.11030 

0.26432 

0.48208 

0.77772 • 

1.10208 

5. 

RiiV tracing 

0.03897 

0.11030 

0.26010 

0.48208 

0.77973 

1.16781 

6. 

Parabola 

0.02882 

1 

0.11030 

0.2.5942 

0.46120 

0.71812 

1.03770 


The second row gives the third-order corrections ah^ and the third row 
the fifth-order coi-rc(?tions bh*. The fourth row contains the values cal- 
culated from l^q. 9i by fitting the curv'e at the two points A = 1 cm and 
A = 2 cm. Assuming the values 0.11530 and 0.48208 at these points, 
the constants become 

a = 0.1 135G and b = 0.00174' 

A comparison of the totals in the fourth row with the correct values in 
the fifth row reveals the excellent agreement of the latter with Eq. 9i. 
Graphs of the values in rows 2 and 3 are given in Fig. 9Ey and show the 
negligible contribution of the fifth-order correction at small values of A. 
If only the third-order aberration were present in a lens it would be pos- 
sible to combine a positive and a negative lens having equal aberrations 
to obtain a combination corrected for all zones. Because they actually 
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Avould have different amounts of fifth-order aberration, however, such a 
combination can be corrected for one zone only. 

A graph illustrating the spherical aberration of a cemented doublet 
which is corrected for the marginal zone is shown in Fig. 9F. It will be 



Fui. 0^?. Third-order and fifth-order contributioriH to lonRitudinal spherical a1)erration. 


seen that the curve comes to zero only at the origin and at the margin. 
The combination becomes badly overcorrected if the aperture is further 
increased. The plane of best focus lies a little to the left of the paraxial and 

r-| ' marginal focal points, and its position 

, (the vertical broken line) corresponds 

^ Moirq in I ^ to that of the circle of least confusion. 

^ I-iet a and h in Eq. 9f represent the 

f I constants for a thin-lens doublet. Jf 

0.107 hm I combination is to be corrected at the 

\ I b margin, f.6., for a ray at the height /u, 

— \ 1 I we must have 

\ Long. S.A. = ahj‘ + = 0 


I a = —hhn? 

C| • 

9.90 m iooo iolScm Substitution in Eq. 9i yields 

Fio. OF. Spherical aterration of a S.A. = -bhjh* + bh* 

currectod doublet as used in telescopes. i j* .1 

where hm is fixed and h may take any 
value between 0 and hm. To find where this expression has a maximum 
value, we differentiate with resiieet to h and equate to zero, as follows: 


</[long. S.A.] 
dA ' 


-2bhm^h + Abh* = 0 
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Dividing by —2hh, we obtain 

h = 0.707A* 

a8 the radius of the zone at which the aberration reaches a maximum 
(see Fig. 9F). In lens design spherical aberration is always investigated 
by tracing a ray through the combination for the zone of radius 0.707 
9.6* Coma. The second of the monochromatic aberrations of third- 
order theory is called coma. It derives its name from the cometlike 
appearance of the image of a point object located just off the lens axis. 



Fig. 9G. Illustrating (‘Oina, the Hceuiid of the five »^pide1 aberrations of a Ions. Only the 
tangential fun of rays is shown. 



Fia. 9II. Each zone of a lens forms a ring-shaped image railed the camatic circle. 

Although the lens may be corrected for spherical aberration and may 
bring all rays to a good focus on the axis^ the quality of the images of 
points just off the axis will not be good unless the len*f is also corrected 
for coma. Figure 96 illustrates this lens defect for a single object point 
infinitely distant and off the axis. Of the fan of rays in the meridian 
plane that is shown, only those through the center of the lens form an 
image at A'. Two rays through the margin come together at B'. Thus 
it appears that the magnification is different for different parts of the 
lens. If the magnification for the outer rays through a lens is greater 
than that for the central rays, the coma is said to be positivey while if the 
reverse is true the coma is said to be negative. 
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The shape of the image of an off-axis object point is shown at the upper 
right in Fig. 9(?. Each of the ein^les represents an image from a different 
zone of the lens. Details of the formation of the conifttic circle by the 
light from one zone of the lens arc shown in Fig. 9H. Rays (1), which 
correspond to the tangential rays B in Fig. 9Cr, cross at (1) on the comatic 
circle, while rays (3), called the sagittal rays, erpss at the bottom of that 
circle. In general all points on a comatic circle are formed by the crossing 
of pairs of rays passing through two diametrically opposite points of the 
same zone. Third-order theory shows that the radius of a comatic circles 
is given by 



^Fio. 9/ (a) Gooiiietry of oonia, {h) TniiKcntial .'iiul saKitt:il roina. 

where y, h, and / are the distances indicated in Fig. 9/(a), and p and q 
are the Coddington position and shape factors given by Ec^s. 9c and 9a. 
The other two constants arc defined as 

g _ 3(2. + 1) . 3(^_ « 

4n 4«(n — 1) 

The shape of the comatic figure is given by 

y =, C,(2 + 2 cos z = C, sin 2^ 

which shows that the tangential coma Ct is thi-ee times tlie sagittal coma 
C\. See Fig. 9/ (b). Thus 

Ct = 3C. 

The condition required of a lens if it is to be free of coma can be stated 
in terms of the Seidel sums, namely, that S 2 = 0, or more specifically, in 
terms of the sine condition, 

ny sin 6 = n'y' sin B' (8Z) 
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Jlore y and y' arc the object and image heights, n and n' the indices of 
the object and image spaces, and $ and S' the slope angles of the ray in 
these two spaces. Now we have seen above that to prevent coma the 
lateral magnification must be constant for all zones of the lens, or 


m 


= ^ = 
y 


const. 


Solving Eq. 81 for sin d/sin O', we have the requirement that 

sin d y' n' 

^ — p.onst. 

sin 6 y n 

Any optical system is therefore free of coma if, in tlie absence of other 
aberrations, this equation is satisfied for all values of 5. In lens design 
coma is sometimes tested for by plotting the ratio sin 5: sin 0' against the 
height of the incident ray. llecause mosti lenses are used with parallel 
incident or emergent light, it is customiiry to replace sin d by h, the 
height of the ray above the axis, 
and to write the sine condition in 
the special form 


sin 5' 


const. 


m 



9,7'. :i loii» ti) bo froo ofjcoinii llie 

principal »iiiTacc of a Ioiih should be ephoricul. 


The ray diagram of Fig. 9.7 shows 
that the Constantin this equation is 
the focal distan(?e measunKl along the image ray, which we shall call /'. 
To prevent coma, /' must be the same for all values of h. Since freedom 
from spherical aberration requires that all rays cross the axis at F', an 
accompanying freedom from coma requires that the “principal plane'' 
be a spherical surface (represented by the broken line in the figure) of 
radius It is thus seen that, whereas spherical aberration is concerned 
with the crossing of the rays at the f(M?al point, coma is concerned with 
the position of the principal point, i.e., with the shape «of the principal 
surface. 

To see how coma is affected by the shape of the lens, a curve of the 
diflferonces between the paraxial focal lengths H'F' and the distances/' 
to the principal surface measured along a ray incident at the height 
A = 1.0 cm is plotted in Fig. 9K for the seven lenses of Table 9IIT. 
Spherical aberration is present in all these lenses, so that the rays do 
not come to a focus at the same point on the axis and the sine condition 
is not a true measure of coma. By subtracting the spherical aberration 
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from the differences between /' and the paraxial focal lengths /f'F' 
(labeled ''sine condition'' in Fig. OUl) the bottom curve giving the coma 
is obtained. The point where the latter line crosses the axis gives the 



Fig. 9^. Spherical alierratioii and coma for lenscM of different nhapes. 

lens shape for which there is no coma. It will be noted that this comes 
very close to the shape for minimum spheri(*,al aberration. In other 
words, a single lens may be made free of coma and at the same time 
have practically the least possible spherical aberration. 


Table 9III. Sine Condition and Coma for Lenses of the Same Focal Lbnotii 
BI T OF Different Shapes 

Ia5i 18 thickness * 2 = 10 uin, n — 1.51700, and h = \ cm 


Sliupi* of Inns 

Shape 

factor 

Spherical 

aberration 

irF' - f 

Coma 

1. Concavo-convex 

-2.00 

0.92 

0.71 

-0.21 

2. Plano-convex 

-1.00 

0.45 

0.30 

-0.15 

3. Double convex . . . ! 

-0.50 

0.26 

0.16 

-0.10 

4. Equiconvex 

0 

0.15 

0.09 

-0.06 

5. Doulilc convex 

+0.50 

0.10 

0.08 

-0.02 

6. Plano-convex 

+ 1.00 

0.11 

0.13 

+0.02 

7. CJoncavo-convex 

+2.00 

0.27 

0.37 

+0.10 
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In order to calculate the value dt q that will make Eq. 9] vani.sh, C. is 
set equal to zero. There results 

G 


3= - jpP 


(91) 



Margin 


Tf the shape and position factors of a single lens obey this relation, the 
lens is coma-free. A doublet designed to correct for spherical aberration 
can at the same time be corrected for coma. A graph showing the resid- 
ual spherical aberration and coma for a tele- 
scope objective is given in Fig. 91#. 

9.6. Aplanatic Points of a Spherical Sur- 
face. An optical system free of both 
spherical aberration and coma is said to be 
aplanaUc. The significance of an aplanatic 
surface in the simple case of a single surface 
has already been discussed in See. 1.6. An 
aplanatic lens may also be found for any 
particular pair of conjugate points, although 
in general it will need to be an aspherical 
lens. Except for a few special cases, no 
lens combination with spherical surfaces is 
completely free of both these aberrations. ^ 

One special case which [is of considerable 
importance in microscopy is that of a single 
spherical refracting surf ace. To demonstrate 
the existence of aplanatic points for a 
single surface, a useful construction, 
originally discovered by Huygens, will first be described. In Fig. 9ilf (a) 
the ray RT* represents any ray in the first medium, of index n, incident 
on the surface at T and making an angle ^ with the normal NC, Around 
C as a center and with radii p' = nr/n* and p = n^r/n, the broken cir- 
cular arcs are drawn as shown. Where RTy when produced, intersects 
the larger circle a line JC is drawn, and this intersects the smaller circle 
at K, Then TK gives the direction of the refracted ray in accordance 
with the law of refraction.* Furthermore any ray whatever directed 
toward J will be refractixl through K, 

The aplanatic points of a single surface are located where the two 
construction circles cross the axis [see Fig. 9Af(&)]. All rays initially 
traveling toward M will pass through Af ^ and similarly all rays diverging 
from M' will after refraction appear to originate at M. The application 

*For a proof of this proposition, see J. P. C. Southall, ** Mirrors, Prisms, and 
Lenses,’* 3d ed., p. 512, The Macmillan Company, New York 


9.90 9.95 10.0 IO.OS 

Flo. 9L. Curves plotted for a 
cemented doublet showins the 
variable position of the focal 
point F' (spherical aoerration), 
and the variable focal length/' 
(coma - H'F' - /'). 
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of this principle to a microscope is illustrated in Fig. 9N, A drop of oil 
having the same index as the hemispherical lens is placed on the micro- 



Ro. 9Jlf. (a) Construction for refraction at a spherical surfaro. o * /n, p' ■* m/n'. 

(b) Location of the aplanatic points of a siiigle spherical surface. 


■ 


scope slide and the lens lowered into contact as shown. All rays from 
an object at M leave the hemispherical surface after refraction as though 

they came from Af', and this introduces a 
lateral magnification of M'A/MA. If asecond 
lens is added which has the center of its con- 
cave surface at Af' (and therefore is normal to 
all rays), refraction at the upper, convex 
surface will give added lateral magnification. 
There is a limit to this process which is set by 
^ chromatic aberration (Sec. 9.10). 

Qjl 9.7. Astigmatism. If the first two Seidel 
sums vanish, all rays from points on or very 
close to the axis of a lens will form point 
images and there will be no spherical aberra- 
tion or coma. When the object point lies at 




Wmmm. 



Fio. QiV. Aplanatic surfaces 
of the first elements oil-immer- 


sion microscope objective. 


some distance away from the axis, however, a 
point image will be formed only if the third 
sum Sz is zero. If the lens fails to satisfy 
this third condition, it is said to be afflicted 
with astigmatism^ and the resulting blurred 


images are said to be astigmatic. The formation of a virtual 
astigmatic image by a plane surface was discussed in Sec. 2.6, and that 
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of real images from a concave spherical mirror in Sec. 6.9. To help 
understand the formation of astigmatic images by a lens, a ray diagram 
has been drawn in perspective in Fig. 90(a). Considering the rays from 
a point object Q, all those in the fan contained in the vertical or tangential 
plane cross at T, while the fan of rays in the horizontal or sagittal plane 
crosses at S . ' The tangential and sagittal planes intersect the lens in 
R8 and JK respectively. Rays in these planes are chosen because they 
locate the two focal lines T and S formed by all rays going through the 



Fiq. 90. (a) Perspective diafcram showing the two focal lines which constitute the imago 

of an off-axis object point Q. (b) Loci of the tangential and sagittal images. The two 
surfaces are paraboloids of revolution. 

lens. These are perpendicular to their respective tangential and sagittal 
planes. At L the image is approximately disk-shaped, and constitutes 
the circle of least confusion for this case. 

If the positions of the T and S images are determined for a wide field 
of distant object points, their loci will form paraboloidal surfaces whose 
sections are shown in Fig. 90(6). The amount of asti^atism, or asfo'flr- 
maiic difference^ for any pencil of rays is given by the distance between 
these two surfaces measured along the chief ray. On the axis, where the 
two surfaces come together, the astigmatic difference is zero; away from 
the axis it increases approximately as the square of the image height. 
Astigmatism is said to be positive when the T surface lies to the left 
of Sy as shown in the diagram. It should be noted that for a concave 
mirror, Fig. GA", the sagittal surface is a plane coinciding with the paraxial 
focal plane. 



140 


LENS ABERRATIONS 


[Chap. 9 


If, as in Fig. the object is a spoked wheel in a plane perpendicular 
to the axis with its center at M, the rim would be found to be in focus 
on the T surface while the spokes would be in focus on the S surface. 
It is for this reason that the terms ‘‘tangential'" and “sagittal” arc 
applied to the planes and images. On the surface T all images will be 
lines parallel to the rim as shown at the left in Fig. while on the 
surface S all images will be lines parallel to the spokes as shown at the 
right. 


T S 



Fig. MP. AMtiiKiiiatic images of a spoked wheel. 

Equations giving the astigmatic image dista^c(^s for a single refracting 
surface are* 


n cos^ <t> 


+ 


cos- 4>' 

n n' 
7 ' 


cos 0' — n cos 
r 

n' cos — n co s 
r 


(9m) 


whore ^ and 0' are the angles of incidence and refraction of the chief ray, 
r the radius of curvature, s the object distance, and St and s, the T and S 
image distances, the latter being measured along the chief ray. For a 
spherical mirror these equations reduce to 


s Si S cos 0 


and 


1 , 1 cos 0 


Coddington has shown that for a thin lens in air with an aperture stop 
at the lens, the positions of the tangential and sagittal images are given by 


S 8i COS 0 
1.1 

— } = COS 0 

s 


( n cos 0 ' _ /l_ _ 

cos 0 / \ri ra/ 

/ n cos 0' _ j V/ __ 

\ cos 0 / Vi ra/ 




The angle 0 is the angle of obliquity of the incident chief rays, and 0' 
the angle of this ray within the lens. Therefore n = sin 0/sin 0'. The 

* For a derivation of these formulas sec G. S. Monk, “Light, Principles and Experi- 
ments,” 1st ed., p. 424, McGraw-Hill Book Company, Inc., New York, 
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application of these formulas to thin lenses shows that the astigmatism is 
approximately proportional to the focal length and is very little improved 
by changing the shape. 

Although a contact doublet composed of one positive and one negative 
lens shows considerable astigmatism, the introduction of another element 
consisting of a stop or a lens can be made to greatly reduce it. By the 
proper spacing of the lens elements of any optical system, or by the 
proper location of a stop if one is used, the curvature of the astigmatic 
image surfaces can be changed considerably. Four important stages in 
the flattening of the astigmatic surfaces due to these alterations are 
shown in Fig. 9Q. Diagram (a) represents the normal shape of the T 
and S surfaces for a contact doublet or a single lens. In diagram (b) the 
separation of lens elements is such that the two surfaces fall together at 
P. Further alteration of the lens shapes and their spacing may be made 



(a) (b) (c) (d) 

Fio. 9(3. Diagriijns showing the aslifEinatic surfaces T and S in relation to the fixM PetxvSl 
Hurfacca P, a.s the spai'inf; belwoen lenso.s (or hetween lens and .stop) is changed. 

and the T and S (!urv(w straightened, as in diagram (c), or moved still 
farther apart until they are bisected by the normal plane through the 
focal point F', as in diagram (d). Of these four arrangements, only the 
se(‘ond is free of astigmatism. The single paraboloidal surface P, over 
wliich point imag(‘s are formed, is called the Petzval surface. 

9.8. Curvature of Field. If for an optical system the first three 
Seidel sums are zero, the system will form point images of point objects 
on as well as off the axis. Under these circumstances the images fall on 
the curved Petzval surface where the tangential and sagittal surfaces 
come together, as in Fig. 9Q(b). Even though astigmatism is corrected 
for such a system, the focal surface is curved. If a flat screen is placed 
in position B, the center of the field will be in sharp focus but the edges 
will be quite blurred. With a screen at A, the center of the field and 
the field margins will be blurred, while sharp focus will be obtained about 
halfway out. 

Mathematically a Petzval surface exists for every optical system, and 
if the powers and refractive indices of the lenses remain fixed the shape 
of the Petzval surface cannot be changed by altering the shape factors 
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of the lenses or their spacing. Such alterations, however, will change 
the shapes of the T and S surfaces, but always in such a way that the 
ratio of the distances PT and PS is 3: 1. It will be noted that this ratio 
is maintained throughout Fig. 9Q. If a system is designed to make 
the T surface flat, as in Fig. 9Q(c), the 3:1 ratio of distances requires 
the S surface to be curved, but not strongly so. If a screen is placed 
at a compromise position A, the images over the entire field will be in 
reasonably good focus. This condition of correction is commonly used 
for certain types of photographic lenses. If more negative astigmatism 
is introduced the condition shown in Fig. 9Q(d) is reached, in which the 
T surface is convex and the S surface is concave by an equal amount. 
In this case a screen placed at the paraxial focus will show considerable 
blurring at the field edges. 

(■urvature of field may be corrected for a single lens by means of a 
stop. Acting as a second clement of the system, a stop limits the rays 



malic surfaces for an “ anastiginat " camera lens. 

from each object point in such a way that the paths of the chief rays 
from different points go through different parts of the lens [Fig. 9/2(a)]. 
Certain manufacturers of inexpensive box cameras employ a single menis- 
cus lens and a stop and with them obtain reasonably good imagery. The 
stop is located in front of the lens, with the light incident on the concave 
surface. Although the compromise field is flat and sharp focus is 
obtained at the center, astigmatism gives rise to blurred images at the 
margins. 

In complex lens systems it is possible, because of differences in third- 
and fifth-order corrections, to control the astigmatism and cause the 
tangential and sagittal surfaces to come together at an outer zone as well 
as at the center of the field. Typical curves for the camera objective 
called an '^anastigmat'’ are shown in Fig. 9/^(6). Experience has shown 
that the best state of correction is obtained by making the crossover 
point, called the node, occur at a relatively short distance in front of the 
focal plane. 
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9.9. Distortion. Even though an optical system Were designed so that 
the first four Seidel sums were zero, it could still be affected by the fifth 
aberration known as distortion. To be free of distortion a system must 
have uniform lateral magnification over its entire field. A pinhole cam- 
era is ideal in this respect for it shows no distortion; all straight lines 
connecting each pair of conjugate points in the object and image planes 
pass through the opening. Constant magnification for a pinhole camera 
as well as for a lens implies, as may 
be seen from Fig. 95, that 

tan 4/ 


tan 0 


const. 



Fio. os. 

tion. 


A pinholo camera hIiowb no distor- 


The common forms of image dis- 
tortion produced by lenses are 
illustrated in Fig. %T. Diagram 
(a) represents the undistorted 
image of an object consisting 

of a rectangular wire mesh. The second diagram shows barrel distortion, 
which arises when the magnification decreases towards the edge of the 
field. The third diagram represents pincushion distortion, corresponding 
to a greater magnification at the borders. 

A single thin lens is practically free of distortion for all object distances.. 
It cannot, however, be free of all the other aberrations at the same time. 
If a stop is placed in front of or behind a thin lens, distortion is invari- 



(a) (b) (c) 


Fir.. OT. Images of a rectangular wire screen shown (a) with no distortion, (6) with barrel 
distortion, and (c) with pincushion distortion. 

ably introduced; if it is placed at the lens, there is yo distortion. Fre- 
quently in the design of good camera lenses astigmatism, as well as 
di.stortion, is corrected for by a nearly symmetrical arrangement of two 
lens elements with a stop between them. 

To illustrate the principles involved, consider the lens shown in Fig. 
9f/(a), which has a front stop. Rays from object points like M, at or 
near the axis, go through the central part of the lens, while rays from 
off-axis object points like Q 2 are refracted only by the upper half. In 
effect the stop decreases the ratio of image to object distances, .thereby 
reducing the lateral magnification below that obtaining for object points 
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near the axis. This system therefore suffers from barrel distortion. 
When the lens and stop are turned around, as in Fig. 917(6), the ratio 
of image to object distances is seen to increase as the object point lies 
farther off the axis. The result is increased magnification and pin- 
cushion distortion. 

By combining two identical lenses with a stop midway between them 
as in Fig. 9U{c), a system is obtained which because of its symmetry is 
free from distortion for unit magnification. With other magnifications 



I 

(c) 


Fig. 9U. (a) The stop in front of the lens Kivc.s rise to barrel distortion, (h) Located 

behind, it gives pincushion distortion, (c) A sy in metrical doublet is relatively free of 
distortion. 

• ‘ 

however the lenses must be corrected for spherical aberration with 
respect to the entrance and exit pupils. These 'two pupils S' and S" 
coincide with the principal planes of the combination. Such a corrected 
lens system is called an orthoscopic doublet, or rapid rectilinear lens. 
Because this combination cannot be corrected for spherical aberration 
for the object and image planes and for the entrance and exit pupils at 
the SfMne time, the lens suffers from this aberration as well as from 
astigmatism. Photographic lenses of this type are discussed in Sec. 10.3. 

Summarizing very briefly the various methods of correcting for aberra- 
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tions, spherical aberration and coma can be corrected by using a contact 
doublet of the proper shape; astigmatism and curvature of field require 
for their correction the use of several separated components; and distor- 
tion may be minimized by the proper placement of a stop. 

9.10. Chromatic Aberration. In the discussion of the third-order 
theory given in the preceding sections, no account has been taken of the 
change of refractive index with color. The assumption that n is con- 
stant amounts to investigating the behavior of the lens for monochro- 
matic light only. Because the refractive index of all transparent media 
varies with color, a single lens forms not -only one image of an object 



Fio. 9V. (a) Chromatic aberration of a sineio lens for parallel li^ht. (ft) The two types 

of cliroiiiatie aberration of an inniKC. 

but a series of images, one for each color of light present in the beam. 
Such a series of colored images of an infinitely distant object point on 
the axis of the lens is represented diagramatically in Fig. 9F(a). The 
prismatic action of the lens, which increases toward its edge, is such as 
to cause dispersion and to bring the violet light to a focus nearest to 
the lens. • • 

As a consequence of the variation of focal length of a lens with color, 
the magnification must vary as well. This may be seen by the diagram 
of Fig. 9V(b)y which shows only the red and violet images of an off-axis 
object point. The horizontal distance between the images is called 
axial or longitudinal chromatic aberration, while the vertical difference in 
height is called lateral chromatic aberration. Because these aberrations 
are often comparable in magnitude with the Seidel aberrations, correction 
for both lateral and longitudinal color is of considerable importance. As 
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an indication of relative magnitudes, the longitudinal chromatic aberra- 
tion of an equiconvex lens of spectacle crown glass having a focal length 
of 10 cm and a diameter of 3 cm is exactly the same (2.5 mm) as the 
spherical aberration of marginal rays in the same lens. 

While there are several general methods 
for correcting chromatic aberration, the 
method of employing two thin lenses in 
contact, one made of crown glass and the 
other of flint glass, is the commonest and 
•will be considered first. The usual form of 
such an achromatic doublet is shown in Fig. 
9W. The crown-glass lens, which has a 
large positive power, has the same dispersion 
as the flint-glass lens, for which the power 
is smaller and negative. The combined 
power is therefore positive, while the 
dispersion is neutralized, thereby bringing all colors to approximately the 
same focus. The princiiple is therefore the same as that of the achromatic 
prism described in Sec. 2.12. The possibility of achromatizing such a 
combination rests upon the fact that the dispersions i)r()du(!ed by differ- 



Fio. 9X. Graphs of the refractive indices of several kinds of optical glass. Those are 
called diaperaion curvea. 

ent kinds of glass are not proportional to the deviations they produce 
(Sec. 1.11). In other words, the dispersive powers 1/v differ for different 
materials. 

Typical dispersion curves showing the variation of n with color are 
plotted for a number of common optical glasses in Fig. 9X, and the actual 



Fig. 9W. An achromatic lens 
composed of crown- and flint-glass 
elements. 
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values of the index n for the different Fraunhofer lines (Sec. 1.11) are 
presented in Table 9IV. The peak of the visual brightness curve* in 
Fig. 9X occurs not far from the yellow D line. It is for this reason that 
the index no has been chosen by optical designers as the basic index for 
ray tracing and for the specification of focal lengths. Two other indices, 
one on either side of ni>, are then chosen for purposes of achromatization. 
As indicated in the table, the ones most often used are ric for the red end 
of the spectrum and ny or no* for the blue end. 


Table 91 V. Refuactive Indices of Typical Optical Media for Four Colors 


Medium 

Symbol 

I.C.T. 

type 

V 

nc 

n/> 

ny 

no* 

Borosilicate crown 

BSCJ 


66.5 

1.49776 


1.5a520 

1 .50937 

Borosilicate crown 

RS(^-2 

517/645 

64.5 

1.51462 

1.51700 

1.52264 

1.52708 

Spectacle crown 

SP(%1 

523/.586 

58.8 

1.52042 


1.52933 

1.53435 

Light barium crown 

LRC-1 

5-11 /5!)9 

59.7 

1.53828 


1 .54735 

1 .55249 

^V^Iescopo flint 

TF 


51.6 

1.52762 



1.54379 

Dense barium flint 

DBF 


47.5 

1.66650 


1.68059 

1 .68882 

Light flint 

LF 

576/412 

41.2 



1 .58606 

1.59441 

Dense flint 

DF-2 

617/366 

36.6 

1.61216 



1 .63923 

Dense flint 

DF-4 

646/338 

33.9 

1.64357 

1.64!)00 


1.67456 

Extra dense flint 

i:df-3 

720/291 

29.1 



1.73780 

1.75324 

Fused quarts 

SiOi 


67.9 


1.4585 

• 

• 

Crystal quartz (O ray) 

SiOa 




1.5443 



Fluorite 

CaFs 


95.4 


1 .4338 

• 



For t wo thin lenses in contact, the resultant focal length //> or power 
Fd of the combination for the D line is given by Eqs. 3j and Sib: 

;r = F + = Pd + P'1 (9o) 

JD Jd Jd 

where the index D indicates that the quantity depends on Wd, fjy and PJ, 
refer to the focal length and power of the crown-glass component, and 
/'i5 and to the focal length and power of the fKnt-^lass component. 
In terms of indices of refraction and radii of curvature, the power form 
of the equation becomes 


Pi, = « - 1) + « - 1) ^ (9P) 

* Brightness is a sensory magnitude in light just as loudness is a sensory magnitude 
in sound. Over a considerable range both vary as the logarithm of the energy. The 
curve shown represents the logarithms of the ''standard luminosity curve." 
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For convenience let 

Then Eq. (9p) can })e more simply written as 

Pn = “ 1 )^^' + « - IW' (Or) 


Similarly, for any other colors or wavelengths like the F and C spectrum 
lines, we may write 

p, = « - 1)^^' + « - 1)^^" 1 

Pc = « - 1)A" + K' - 1)A'' 1 ^ 

To make the combinat ion achromatic we make the resultant focal length 
the same for F and C light. This means, making Pf = Pc, 

« - 1)K' + « - 1)/C" = - l)^' + « - 1)X" 

Multiplying out and canceling, this becomes 


K" 


(9.S) 


^ Since J)oth the numerator and denominator on the right have positive 
values, the minus sign shows that one K must be negative and the other 
positive. . This means that one lens must be negative. 

Now for the D line of the spectrum the separate powers of the two 
thin lenses are given by 


n = « - and n' = « - 1)K" 

Dividing one by the other, this gives 

^ ^ « - 1)P'^ 

K" (nj, - !)>;; 

Equating Eejs. 9s an(J 9t' and solving for P'd/P'd Rives 

Pd ^ _ K-.il ^ K nil = 

P'd iK - n'e ’ {n'f. - n'e) v' 


m 

(90 


(9u) 


where v' and i/' give the dispersion constants of the two glasses. 

These constants, usually supplied by manufacturers when optical glass 
is purchased, are, according to their definition in Sec. 1.11, 






- 1 


n, — rir 


and 


Tl-jj 1 

w- — He 


( 9 ») 
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Values of for several common types of glass are given in Table 91 V. 
Since the dispersive powers are all positive, the negative sign in Eq. 9u 
indicates that the powers of the two lenses must be of opposite sign. In 
other words, if one lens is converging the other must be diverging. From 
the extreme members of Eq. 9u, we obtain 

^ + P = 0 or //' + = 0 (9«>) 

Substituting the value of PJ, or that of fruni Eq. 9w in Eq. 9w;, we 
obtain 

and (9x) 

The use of Ihe above formulas to calculate the radii for a desired 
achromatic lens involves the following steps: 

1. A focal length fit and a power Pd are spccifK^d. 

2. The types of crown and flint glass to be uschI arc selected. 

3. If they are not already known, the dispersion constants y' and v" 
are calculated from Eqs. 9y. 

4. P{, and P^ are calculated from Eq. Oar. 

6. The values of K' and K" arc determined by Eq. 0/. 

6. The radii are then found from lOq. 0//. 

Calculation 6 is usually made with other alxuTat ions in mind. * * 

Example: An achromalic h'lis having a focal length of 10 cm is to bo 
made as a cemented doublet using crown and flint glasses having the 
following iiidicc's: 


1 

(ilass 

1 

1 

j fic 

Ud 

np 


1. Oown 

1 .riosfis 

1.5IIOO 

1.51073 

1. 52121 

2. Flint 

1,01611 

1.62100 

1.63327 

1.64369 


Find the radii of curvature for both lenses if the crown-glass lens is to be 
equiconvex and the combination is to be corrected for the C and F lines. 

Solvtion: The focal length of 10 cm is equivalent to a power of + 10 D. 
The dispersion constants v' and v" are, from Eq. 9i;, 


1.51100 - 1.00000 
1.51673 - l.‘^868 
1.62100 - 1.00000 
1.63327 - 1.61611 


= 63.4783 
= 36.1888 
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Applying Eq. 9x, we find that the powers of the two lenses must be 


ptf 
* D — 


63.4783 

63.47^ - 36.1888 
36.1888 

” 63.4783 - 36.1888 


+23.2611 D 
== -13.2611 D 


The fact that the sum of these two powers Pj> = +10.0000 D serves as 
a check on the calculations to this point. Knowing the power required 
in each lens, we are now free to choose any pair of radii that will give 
such a power. If two or more surfaces can be made to have the same 
radius, the necessary number of grinding and polishing tools will be 
reduced. For this reason the positive element is often made equiconvex, 
as it is here. Letting r[ == — rj, we apply Eq. 9q and then Eq. 9t to 
obtain 


_ 1 1 _ 2 _ P'„ _ 23.2611 

r[ rl r[ 1 0.51100 

from which 


45.5207 


r[ = 0.0439361 m = 4.39361 cm 


Since the lens is to be cemented, one surface of the negative lens must fit 
a surface of the positive lens. This leaves the radius of the last surface 
to be adjusted to give the proper power of —13.261 D. Therefore we 
let Ti =*-»!, and apply Eqs. 9< and 9g as before, to find 


_ 1 1 1 1 


0.(M39361 


_ 1 _ P" _ -1.3.2611 
■■ n" - i 


r" 

'S 


This gives 

and 


ri' 21.3544 o()4393(-i 


0.(52100 
= 21.3544 - 22.7603 


- = -21.35^14 


rl' = -1.4059 m = -140.59 cm 


The required radii are thorofore 

VJ = 4.39 cm rj' = —4.39 cm 

rj = —4.39 cm rj' = —140 cm 


It will be noted that, with the crown-glass element of this achromat placed 
toward incident parallel light, the two exposed surfaces are close to what 
they should be for minimum spherical aberration and coma. This empha- 
sizes the importance of choosing glasses having the proper dispersive 
powers. 
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To see how well this lens has been achromatized, we now calculate its 
focal length for the four colors corresponding to the C, D, and G' 
lines. By Eq. 9r', 


giving 


Pc = (n' - \W + « - 1)X" 

«= 0.60808 X 45.5207 + O.OlGll (-21.3544) 
23.1655 - 13.1567 

fc = 10.0012 cm 


Similarly for the colors corresponding to the F and G' lines we obtain 


Pf = +9.0988 D or fr = 10.0012 cm 

Pg» = +9.9804 D or ^ = 10.0196 cm 

The differences between /c, /d, and fp arc negligibly small, but fa* is 
about i mm larger than the others. This difference for light outside 
the region of the C and F lines results in a small circular zone of color 
about each image point which is called the secondary spectrum. 

Although the lens in our example would appear to have been corrected 
for longitudinal chromatic aberration, it has actually been corrected for 
lateral chromatic aberration. Equal 
focal lengths for different colors will 
produce equal magnification, but the 
different colored images along the 
axis will coincide only if the principal 
points also coincide. Practically 
speaking, the principal points of a 
thin lens are so close together that 
both types of chromatic aberration 
can be assumed to have been cor- 
rected by the above arrangement. 

In a thick lens, however, longitudinal 
chromatic aberration is absent if the colors corrected for come together 
at the same axial image point as shown in Fig. 9F. •Because the prin- 
cipal points for blue and red and do not coincide, the focal lengths 
are not equal and the magnification is different for different colors. Con- 
sequently the images formed in different colors will have different sizes. 
This is the lateral chromatic aberration or lateral color mentioned at the 
beginning of this section. 

9.11. Separated Doublet. Another method of obtaining an achroraatio 
system is to employ two thin lenses made of the same glass and separated 
tqr a distance equal to half the sum of their focal lengths. To see why 



Fig. 9K. Illustrating how a doublet cor- 
rected for longitudinal chromatic aberra- 
tion is not free of lateral chromatic aberra- 
tion (greatly exaggerated). 
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this is tnie we begin with the thick-lens formula, Eq. 5o{, as applied to 
two thin lenses separated, by a distance c: 

7 = r + r-7T " P = Px + P^-cP^P^ (9y) 
J h Jij2 

which, by analogy with Eq. 9r, may be written 

P = (ni - 1)K' + (/i 2 - Ij/v" - c(/4i - l)(n 2 - W) 

The subscripts 1 and 2 are used here in place of the primes to designate 
the two lenses, and the K's are given by Eq. 9^. Since the two lenses 
are of the same kind of glass, we set ni = n 2 , so that 

P = (n - 1)(K' + A"") - c(n - ly^K'K" 


If this power is to be independent of the variation of n with color, dP/dn 
must vanish. This gives 

^ = K' + K" - 2c(n - l)K'K" = 0 


Multiplying by w — 1 and substituting for each (n — 1)/C the coitcj- 
spondiiig P, we find 

Pi + Pa - 2cPJ\ - 0 

or • 



This proves the proposition stated above that two lenses made of the 
same glass separated by half the sum of their foetal lengths have the same 
focal length for all colors near those for which fi and ft are calculated. 
For visual instruments this color is chosen to be at the peak of the visual 
brightness curve (Fig. 9X). Such spaced doublets are used as oculars 
in many optical instruments because the lateral chromatic abcuTatioii is 
highly corrected through (jonstancy of the focral length. The longitudinal 
color, however, is relatively large, due to wide differences in the principal 
points for different colors. 

We have seen in this chapter that a lens may be affeeded by as many 
as seven primary aberrations — five monochromatic^ aberrations of the 
third and higher orders, and two chromatic aberrations. One might 
therefore wonder how it is possible to make a good lens at all when rarel}'^ 
can a single al^erration be eliminated completely, much less all of them 
simultaneously. Good usable lenses are nevertheless made by the proper 
balancing of the various aberrations. The design is guided by the pur- 
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pose for which the lens is to be used. In a telescope objective, for 
example, correction for chromatic aberration, spherical aberration, and 
coma are of primary importance. On the other hand astigmatism, curva- 
ture of field, and distortion are not as serious l)ecause the field over which 
the objective is to be used is relatively small. For a good camera lens 
of wide aperture and field, the situation is almost exactly reversed. 

Other treatments of the subject of aberration will be found in the 
following texts: 

‘‘The Principles of Optics,^' by A. C. Hardy and F. H. Perrin, 

''Light, Principles and Experiments,'' by G. S. Monk. 

"Fundamentals of Optical Engineering," by D. FI. .Jacobs. 

"Applied Optics and Optical Design," by A. E. Coiirady. 

"Technical Optics," by L. C. Martin. 

"A Treatise on Reflexion and Refraction," by H. ('oddington. 

"A ISystcm of Applied Optics," by II. D. Taylor. 

Problems 

1. A thin Ions is to be made of glass of index n = 1.60, and it is to have a minimiim 

lateral sphcTical aberration when the object is 60 cm in front of the lens, the real 
image then bcMng 20 cm in back of the lens. Detcnnine (a) the position factor, (b) 
th(^ shape factor, (c) the focal length of the lens, and (d) the radii of ciirvatiirit of the 
two surfae(‘s. • , 

2. A lens is to be made of borosilicate crown glass of ind(»x 1..50 and is to have a 
focal length of .5 cm. An object is to bo located 30 cm in front of the lens. Determine 
(o) the image distaiict*, and (b) the position factor. Tf the lens is U) have a minimum 
latiTal spherical aberration for these object and image distam^es, find (c) the shape 
factor, and (d) the radii of curvature. 

3. A thin lens is to be made of glass of index 1.70 and is to have a minimum lateral 
spherical aberration for distant objects. Tf the fo<*al huigth is to be ,5 cm, find (a) the 
position factor, (6) th(* shape factor, and (c) the radii of curvature of tin*, two surfaces. 

4. Calc.ulate the shaiie factor and the radii of curvature for the, lens of Prob. 1 if 
it is to have no coma. 

6 . (Calculate the shape factor and the radii of curvature for the lens of Prob. 2 if 
it is to have no coma. 

6 . The end of a glass rod of index 1.60 is ground aiu^ polished with a convex 
spherical surface of radius 6 cm. P^ind the aplanatic points of t^is surface in air. 

7. A ni(»iis(ms lens 1 cm thick, and of index 1.50, is to be aplanatitr for two points 
lo(^ated on the concave side of the lens. Tf the nearer point is to be 5 cm from the 
concave* surface, find (a) the radii of the two lens surfaces, and (b) the distance to the 
farther point. (Note: Both points are in air.) 

8 . A meniscus lens 1 cm thick, and of index 1.60, is to be aplanatic for two ])oints 
4 cm apart. C'alculate (a) the two radii of curvature and (h) the distances from the 
concave surface to the two points. 

9 . An achromatic lens with a focal length of 25 cm is to be made of crown and flint 
glasses of the types BS(%2 and DF-2 (Table 91 V). Tf the crown-glass lens is to be 
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cquiconvcx and the combination is to be cemented, what must be the radii of curvature 
to correct for the C and F lines? 

10. An achromatic lens with a focal length of 10 cm is to be made of crown and flint 
glasses of the types SPC-1 and DF-4 (see Table 9IV). If the flint lens is to have its 
outer face plane and the combination is to b<i cemented, find the radii of the other 
three surfaces required to accomplish correction for the G and F lines. 

11. Cahuilate the focal length of the lens in Prob. 0 for the (^, D, F, and G' lines. 

12. Calculate the focal length of the lens in I’rob. 10 for the C, D, F, and G' 



CPTAPTER 10 
OPTICAL INSTRUMENTS 


The design of efficient optical instruments is the ultimate purpose of 
geometrical optics. The principles governing the formation of images 
by a single lens, and occasionally by simple combinations of lenses, have 
been set forth in the previous chapters. Those principles find a wide 
variety of applications in the many practical combinations of lenses, 
frecpiently including also mirrors or prisms, which fall in the category of 
optical instruments. This subject is one of such large scope, and has 
developed so many ramifications, that in a book devoted to the funda- 



mentals of optics it is only possible to describe the principles involved in 
a few standard types of instrument. In this chapter a description will be 
given of the more important features of camera lenses, magnifiers, micro- 
scopes, telescopes, and oculars. These will serve to illustrate some appli- 
cations of the basic ideas already discussed and will, it is hoped, be of 
interest to the student who has used, or expects to use, some of these 
instnjments. * 

10.1. Photographic Objectives. The fundamental principle of the 
camera is that of a positive lens forming a real image, as shown in 
Fig. lOA. Sharp images of distant or nearby objects are formed on a 
photographic film or plate, which is later developed and printed to obtain 
the final picture. Where the scene to be taken involves stationary 
objects, the cheapest of camera lenses may, if it is stopped down almost 
to a pinhole and a time exposure is used, yield photographs of excellent 
definition. If, however, the subjects are moving relative to the camera 
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(and this includes the case where the camera is held in the hand), 
extremely short exposure times are often imperative and lenses of large 
aperture become a necessity. The most important feature of a good 
camera, therefore, is that it be equipped with a lens of high relative aper- 
ture capable of covering as large an angular field as possible. Because 
a lens of large aperture is subject to many aberrations, designers of photo- 
graphic objectives have resorted to the compromises as regards correction 
that best suit their particular needs. It is the intention here, therefore, 
to discuss briefly some of these purposes and compromises in connection 
with a few of the hundreds of well-known makes of photographic 
objective. 

10.2. Speed of Lenses. It was shown in Sec. 7.15 that the total 
amount of light reaching the image per unit area is given by the product 



Fia. lOB. "(a) Gcoiiioiry for (Ivtcniiining the spocd of a lens. (6) Achromatic inciiisciia 
lens with front stop. 

of the brightness B of the source and the solid angle w' of the bundle of 
rays converging toward any point on the image. The latter may be 
computed as the area of the entrance pupil divided by the stpiare of the 
focal length /. This will be clear from Fig. 10/?(a), which shows the 
lens and stop of Fig. 10.4 illuminated by a parallel bundle. The solid 
angle w' is that subtended at the image point by the exit pupil, but as 
will be seen, this is equal to that which would be subtended by the 
entrance pupil if it were placed at the secondary principal plane H\ The 
ratio of the focal length of any lens to the linear diameter a of its entrance 
pupil is called its focal raiiOj or f-value, which is therefore defined as 

/-value - ^ (10a) 

Thus a lens which has a focal length of 10 cm and a linear aperture of 
2 cm is said to have an f-^alue of 6, or as it is usually stated, the lens 
is an //5 lens. 
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The rapidity with which the photographic image is built up depends 
on the illumination E of the image, which therefore determines the speed 
of the lens. The speed is inversely proportional to the square of the 
/-value, since by Eq. 7o, 

T? D / n f ly . fl® const. 

- const. X («») 

assuming an object of a given brightness. 

In order to take pictures of faintly illuminalod subjects, or of ones which 
arc in rapid motion and require a very short exposure, a lens of small 
/-value is required. Thus an //2 lens is “faster'’ than an//4.5 lens (or 
than an f/2 lens stopped down to //4.5) in the ratio (4.5/2)^ = 5.06. A 
lens of such large relative aperture is difficult to design, as we shall sec. 

10 . 3 . Meniscus Lenses. Many of the cheapest cameras employ a sin- 

gle positive meniscus lens with a fixed stop such as was shown in Fig. 
10/1. Developed in about 1812 and called a landscape lens, this simple 
optical device exhibits considerable spherical aberration, thereby limiting 
its useful aperture to about //ll. Off the lens axis, the astigmatism 
limits the field to about 40°. The proper location of the stop results in 
a flat field, but with only a single lens there is always considerable 
chromatic aberration. • • 

By using a cemented doublet as shown in Fig. 10B(5), lateral chro- 
matism can be corrected. Instead of correcting for the C and F lines 
of the spectrum, however, the combination is usually corrected for the 
yellow D line, near the peak sensitivity of the eye, and the ))lue G line, 
near the peak sensitivity of many photographic emulsions, ('ailed “DG 
achromatism,” this type of correction produces the best photographic 
definition at the sharpest visual focus. In some designs the lens and 
stop are turned around as in the arrangement of Fig. 

10 . 4 . Symmetrical Lenses. Symmetrical lenses consist of two identi- 
cal sets of thick lenses with a stop midway between them; a number of 
these are illustrated in Fig. 10(7. In general, eaeh half of the lens is 
corrected for lateral chromatic aberration, and by putting them together, 
curvature of field is eliminated, as was explained in Sec. 9.8. In the 
rapid rectilinear lens, flattening of the field was made possible only by 
the introduction of considerable astigmatism, while spherical aberration 
limited the aperture to about //8. By introducing three different glasses, 
as in the Goertz “Dagor,” each half of the lens could be corrected for 
lateral color, astigmatism, and spherical aberration. When combined 
they are corrected for coma, lateral color, curvature, and distortion. 
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Zeiss calls this lens a “Triple Protar,” while Goertz calls it the “DAGor,” 
signifying Double Anastigmat Goertz. The “Speed Panchro ” lens devel- 
oped by Taylor, Taylor, and Hobson in 1920 is noteworthy because of 
its fine central definition combined with the high speed of //2 and even 
//1. 6. The “Ross” lens is but one of a number of special “wide-angle” 
lenses, particularly useful in aerial photography. Additional character- 
istics of symmetrical lenses arc (1) the large number of lenses employed, 
and (2) the rather deep curves, which are expensive to produce. 



Rapid rectilinear Tavlor.Taylorand Hobson 

f /8 Speed Pancro f/2 



Goertz ''Oagor" f/4.S * Ross wide angle f/4 


Fig. IOC. Symmetrical camera Icuhcs. 



Original "Cooke Triplet" Zeiss "Tessar " Leitz "Hector" f/2 


Fig. 10Z>. Unsyiiimetrical camera lenses (triple anastigiiiats). 

The greater the number of free glass surfaces in a lens, the greater is 
the amount of light lost by reflection. The /-value alone, therefore, is 
not the sole factor in the relative speeds of objectives. The development 
in recent years of Icfis (;oatings that practi(5ally eliminate reflection at 
normal incidence has offered greater freedom in the use of more elements 
in the design of camera lenses (see Sec. 14.6). 

10.6. Triplet Anastigmats. A great step forward in photographic lens 
design was made in 1893 when H. D. Taylor of Cooke and Sons developed 
the “Cooke Triplet” (Pig. 10/)). The fundamental principles involved 
in this system follow from the fact that (1) the power which a given lens 
contributes to a system of lenses is proportional to the height at which 
marginal ra3n9 pass through the lens, v/hereas (2) the contribution each 
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lens makes to field curvature is proportional to the power of the lens 
regardless of the distance of the rays from the axis. Hence astigmatism 
and curvature of field can be eliminated by making the power of the 
central fiint element equal to the sum of the powers of the crown elements. 
By spacing the negative lens between the two positive lenses, the marginal 
rays can be made to pass through the negative lens so close to the axis 
that the system has an appreciable positive power. A proper selection 
of dispersions and radii enables additional corrections to be made for 
color and spherical aberration. The ^'Tessar/' one of the best known 
modem photographic objectives, was developed by Zeiss in 1902. Made 



I'lG. lOE, I’riiicdplo of tho telephoto Ions. 


in many forms to meet various requirements, the system has a general 
structure similar to that of a Cooke Triplet in which the rear crown lens 
is replaced by a doublet. The Leitz Hector,'' working at //2, is also 
of the Cooke Triplet type, but each element is replaced by a compound 
lens. This very fast lens is excellent in a motion-picture camera. 

10.6. Telephoto Lenses. Since the image size for a distant 'object* is 
directly proportional to the focal length of the lens, a telephoto lens which 
is designed to give a large image is a special type of objective with a longer 
effe(?tive focal length than that normally used with the same camera. 
Because this would require a greater extension of the bellows than most 
cameras will permit, the principle of a single highly corrected thick lens 
is modified as follows: As is shown in Fig. 
incident parallel ray, with two such lenses 
considerably separated the principal point 
H' can be placed well in front of the first 
lens, thereby giving a long focal length 
H'F' with a short lens-to-focal-plane 
distance. The latter distance, or the 
‘*hack focal length'' as it is usually called, 
is measured from the rear lens to the focal 
plane, as shown. 

Although the focal lengths of older types of telephoto lenses could be 
varied by changing the distance between the front and rear elements, 
they now almost always are made with a fixed focal length. Flexibility 
is then obtained by having a set of lenses. This has become necessary 


10-B by the refraction of an 



Fig. lOF. “Cooke Telephoto*' 
of Taylor, Taylor, and Hobson. 
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through the desire for lenses of greater speed and better correction of the 
aberrations. A “Cooke Telephoto'' as produced by Taylor, Taylor, and 
Hobson is shown in Fig. lOF. 

10.7. Variable-focus Lenses. A variable-focus lens is frequently 
used in the motion-picture and television industries to produce what are 
called “zoom" shots. The desired effect is that of moving the camera 
away from or closer to the scene without actually transporting it. This 



Fro. 1(K7. The "Zoomar,” a variable-focus lens made by Taylor, Taylor, and Hobson. 

is accomplished by continuously decreasing or increasing the foetal length, 
thereby casting progressively smaller or larger images on the film or 
H(!rcen. There arc three important factors that must be considered in 
the design of a variable-focus camera: first, the correction of lens aberra- 
tions; second, (joiitinual sharp focusing of the image on the film; and 
third, a constant /-value. All these are to be maintained automatically 
by the turning of a single crank or the moving of a single lever. 

A variable-focus lens of high quality 
developed by Taylor, Taylor, and Hobson 
is shown in Fig. 10(7. The shaded 
elements are movable within the ranges 
shown. By moving two elements, this 
particular combination maintains con- 
stant /-value, and the image distance as 
measured from the fixed elements 
remains constant. 

10.8. Convertible Lenses. Flexibility 
may be added to a camera by using a con- 
vertible lens. Such a lens is usually made 
up of two component parts separated by a stop as is shown in Fig. 10//. 
Elements A and B are separately corrected and may be used separately 
or together. Appro.vimating a symmetrical doublet, the lens is usually 
made so that the front element A has a little longer focal length than 
element B, thus providing three different focal lengths. 

10.9. The Schmidt Optical System. The Schmidt optical system 
combines a concave spherical mirror with an aspherical lens as shown 



Fig. lOH. Convertiblo lens. Each 
half may be used acpiratt*ly, or the 
two of them used together. 
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in Fig. lOJ. The purpose of the lens is to refract incoming parallel rays 
in such directions that after reflection from the spherical mirror they all 
come to a focus at the same axial point F. This corrector plate,” 
therefore, eliminates the spherical aberration of the mirror. With the 
lens located at the center of curvature of the mirror, parallel rays enter- 
ing the system at large angles with the axis are brought to a relatively 
good focus at F'. The focal surface of such a S 3 \stem is spherical, with 
its center of curvature at C. 

Such an optical system has several 
remarkable and useful properties. 

First as a camera, with a small film at 
the center or with a larger film curved 
to fit the focal surface, it has the very 
high speed of //O.6. Because of this 
phenomenal speed, Schmidt systems 
are used by astronomers to obtain 
photographs of faint stars. They are 
used for similar reasons in television 
receivers to project small images from an oscilloscope tube onto a relatively 
large screen. In this case the convex oscilloscope screen is curved to the 
focal surface GK, so that the light from the image screen is reflected by the 
mirror and passes through the corrector lens to the observing screen. 

If a convex silvered mirror is located at GK^ rays from any distant 
source will on entering the system form a point image on GK, and after 
reflection will again emerge as a parallel bundle in the exact direction 
of the source. When used in this manner the device is called an auto^ 
collimator. If the focal surface is coated with fluorescent paint, ultra- 
violet light from a distant invisible source will form a bright spot at some 
point on GK, and the visible light emitted from this spot will emerge only 
in the direction of the source. If a hole is made in the center of the large 
mirror, an eyepiece may be inserted in the rear to view the fluorescent 
screen and any ultraviolet source may be seen as a visible source. As 
such, the device becomes a fast, wide-angled, ultrs^viojct telescope. 

10.10. Magnifiers. The magnifier is a positive lens whose function it 
is to increase the size of the retinal image over and above that which is 
formed with the unaided eye. The apparent size of any object as seen 
with the unaided eye depends on the angle subtended by the object (see 
Fig. lOJ). As the object is brought closer to the eye, from A to B to (7 
in the diagram, accommodation p)ermits the eye lens to change its power 
and to form a larger and larger retinal image. There is a limit to how 
close an object may come to the eye if the latter is still to have suffi- 
cient accommodation to produce a sharp image. Although the nearest 



Fiu. 10/. Optical arrange men t for a 
Schmidt system. 



162 


OPTICAL INSTRUMENTS 


[Chap. 10 


point varies widely with various individuals, 25 cm is taken to be the 
standard near poinJty or as it is sometimes called, the distance of most 
disUnci vision. At this distance, indicated in Fig. 10/iC(a), the angle sub- 
tended by object or image will be called 



E^c 

Fin. 10/. Tho nnglc suhtonded by the object determines the sise of the retinal image. 



Fig. 10/r. Illustrating the angle subtended (a) by an object at the near point to the naked 
eye, (&) by tho virtual image of an object inside the focal point, (c) by tho virtual image of 
an object at the focal point. 

If a positive lens is now placed before the eye in the same position, as 
in diagram (6), the object y may be brought much closer to the eye and 
an image subtending a larger angle will be formed on the retina. What 
the positive lens has done is to form a virtual image of the object y 
and the eye is able to focus upon this virtual image. Any lens used in 
this manner is called a magnifier or simple microscope. If the object y is 
located at F, the focal point of the magnifier, the virtual image y' will 
be located at infinity and the eye will be accommodated for distant vision 
as is illustrated in Fig. 10/iL(c). If the object is properly located a short 
distance inside of F as in diagram (6), the virtual image may be formed 
at the distance of most distinct vision. 
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The angular magnification M is defined as the ratio of the angle S' 
subtended by the image to the angle $ subtended by the object. 

^ - ^ (10c) 


From diagram (b), the object distance a is obtained by the regular thin- 
lens formula as 



1 

/ 


or 


1 ^ 26 + / 
a ‘25/ 


From the right triangles, the angles 9 and S' arc given by 


taaS = ^ 


and 


tan 0' = - 
8 


= y 


25+/ 

"25/ 


l^'or small angles the tangents can be replaced by the angles themselves 
to give approximate relations 


e 



and 


e' = y 


25 +/ 
25/ 


giving for the magnilication, from Eq. (10c), 


J1/ = ^ = ^ + 1 (lOd) 

In diagram (c) the object distance s is equal to the focal length, and the 
small angles & and d' are given by 



giving for the magnification 

M = ^ = 'j (lOe) 

The angular magnification is therefore larger if the image is formed at the 
distance of most distinct vision. For example, lei* thf focal length of a 
magnifier be 1 in. >or 2.5 cm. For these two extreme cases, Eqs. lOd 
and 106 give 

ilf = II + 1 = lix and Jlf = II = lOX 

Because magnifiers usually have short focal lengths and therefore give 
approximately the same magnifying power for object distances between 
25 cm and infinity, the simpler expression 25//, is commonly used in 
labeling the power of magnifiers. Hence a magnifier with a focal length 
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of 2.5 cm will be marked 10 X and another with a focal length of 5 cm 
will be marked 5X, etc. 

10.11. Types of Magnifiers. Several common forms of magnifiers are 
shown in Fig. lOL. The first, an ordinary double-convex lens, is the 
simplest magnifier and is commonly used as a reading glass, pocket 
magnifier, or watchmaker’s loupe. The second is composed of two 
identical plano-convex lenses each mounted at the focal point of the 
other. As shown by P]q. 9a this spacing corrects for lateral chromatic 
aberration but requires the object to be located at one of the lens faces. 



Double 

convex 


Ooublei' 
I'kj. JO/.. 



Coddington 


HasHnds 

triplex 


Conmiou types of iiuiKnifiers. 




Achromot 


To overcome this difiiculty, color correction is sacrificed to some cxtc'nt 
by placing the lenses slightly closer togc^ther, but even then tluj worJeing 
distaiiccf is extremely short. 

The third magnifier, cut from a sphere of solid glass, is commonly 
credited to Coddington but Avas originally made by Sir David Brewster. 
It too has a relatively sliort working distance, as c.an be seen by the 
marginal rays, but the image quality is remarkably good due in part to 
tlu? central groove acting as a stop. Some of the Ix'st magnifiers of 
today arc cemented triplets, such as are shown in the last two diagrams. 
411086 lenses are symmetrical to permit their use either side up. They 
have a relatively large working distance and are made with powers up 
to 20X. 

10.12. Compound Microscopes. The compound microscope, which in 
general greatly exceeds the jiower of a simple magnifier, was invented by 
Galileo in KUO. In its simplest form, the modem optical microscope 
consists of two lenses, one of vc^ry short focus called the objective, and the 
other of somewhat longer focus called the ocular or eyepiece. While both 
these lenses actually contain several elements to reduce aberrations, their 
principal function is illustrated by single lenses in Fig. lOilf. The object 
(1) is located just outside the focal point of the objective so there is 
formed a real magnified image at (2). This image becomes the object 
for the second lens, the eyepiece. Functioning as a magnifier, the eye- 
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piece forms a large virtual image at (3). This image becomes the object 
for the eye itself, which forms the final real image on the retina at (4). 

Since the function of the objective is to form the magnified image that 
is observed through the eyepiece, the over- 
all magnification of the instrument becomes 
the product of the linear magnirication 
of the objective and the angular magnifica- 
tion Af 2 of the eyepiece. By Eqs. and 
lOc, these are given separately by 


mi = 


25 


~ and il /2 = ~ 


X' 

c«Amv4 U.WJ. 2 — . 

1 y2 

The over-all magnification is, therefore. 


71 / = - 




25 

h 


( 10 /) 



It is customary among manufacturers to 
label objectives and eyepieces according to 
their separate magnificuitions nti and M 2 . 

10.13. Microscope Objectives. high- 
quality microscope is usually equipped with 
a turret nose carrying three objectives, each 
of a different magnifying power. By turn- 
ing the turret, any one of the three objec- 
tives may be rotated into proper alignment wit h t he eyc'piece. Diagrams 
of three typical objectives arc shown in Fig. \()N. The first, composed 
of two cemented achromats, is corrcct(?d for splierical aberration and 


Fia. lOiU. Priiiripio of tlio iiiicro- 
Kropo .shown witti thn eyepiece 
adjii.sled to Kive the image at tAo 
distance of most distinct vi.sion. 



Fio. lO.V. Microscope objectives: (a) low power, (h) modium power, (c) high power oil- 
immersion. 


coma and has a focal length of 1.6 cm, a magnification of lOX, and a 
working distance of 0.7 cm. The second is also an achromatic objective 
with a focal length of 0.4 cm, a magnification of 40 X, and a working 
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distance of 0.0 cm. The third is an oil-immersion type of objective with 
a focal length of 0.16 cm, a magnification of 100, and a working distance 
of only 0.035 cm. Great care must be exercised in using this last type 
of lens to prevent scratching of the hemispherical bottom lens. Although 
oil immersion makes the two lowest lenses aplanatic (see Fig. OiV), lateral 
chromatic aberration is present. The latter is corrected by the use of a 
compensating ocular, as will be explained in Sec. 10.20. 

10.14. Astronomical Telescopes. Historically the first telescope was 
probably constructed in Holland in 1608 by an obscure spectacle-lens 
grinder, Hans Lippershey. A few months later Galileo, upon hearing 
that objects at a distance could be made to appear close at hand by 
means of two lenses, designed and made with his own hands the first 
authentic t(^lescopc. The elements of this telescope are still in existence 


I I 



F](}. 100 . Priiiriplo of tlio :iNtroiioiniful t-clcHcopc Hhown with the eyepiece adjusted to 
icivo the imuKe at the disiuiice of most di.siiiict vision. 


and may be seen on exhibit in Florence. The principle of the astronomi- 
cal telescopes of today is the same as that of these early devices. A 
diagram of an elementary telescope is shown in Fig. lOO. Rays from 
one point of the distant object are shown entering a long-focus objective 
lens as a parallel beam. These rays are brought to a focus and form a 
point image at Q'. Assuming the distant object to be an upright arrow, 
this image is real and inverted as shown. The eyepiece has the same 
function in the i!elej?cope that it has in a microscope, namely, that of a 
magnifier. If the eyepiece is moved to a position where this real image 
lies just inside its primary focal plane F*, a magnified virtual image at 
Q" may be seen by the eye at the near point, 25 cm. Normally, however, 
the real image is made to coincide with the focal points of both lenses, 
with the result that the image rays leave the eyepiece as a parallel bundle 
and the virtual image is at infinity. The final image is always the one 
formed on the retina by rays which appear to have come from Q". 
Figure IQP is a diagram of the telescope adjusted in this manner. 
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In all astronomical telescopes the objective lens is the aperture stop. 
It is therefore the entrance pupil, and its image as formed by aU the 
lenses to its right (here, only the eyepiece) is the exit pupil. These 
elements are shown in Fig. lOQ, which traces the path of one ray incident 
parallel to the axis and of a chief ray from a distant off-axis object point. 
The distance from the eye lens to the exit pupil is called the eye rdieif 
and should normally be about 8 mm 

The magnifying power of a telescope is defined as the ratio between 
tihe angle subtended at the eye by the final image Q" and the angle sub- 
tended at the eye by the object itself. The object, not shown in Fig. 



Fi(^. lOP. Priiiciplo of the autrouoixiical teieaeupo iihuwu with the eyepiece adjusted to 
give tlie image at infinity. 



Ftc. !()(?. Entrance and exit pupils of au astronomical telescope. 

lOQ, subtends an angle 6 at the objective and would subtend approxi- 
inat (dy the same angle to the unaided eye. The angle subtended at the 
eye by the final image is the d\ By definition, 

M-j , , ( 10 <;) 

From the right triangles ABC and BBC, 

tan 6 — - and tan 0^ = (lOh) 

s s 

Applying the general lens formula l/« + !/«' = 1//, 

.1 So 

«' /»(/o + /») 


( 10*1 
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tan ^ — 


h 

(U + f.) 


and tan = 


hfo 

fs(fn + fs) 


^For small angles, tan d = 6 and tan 6^ ^ d\ {Substituting them, in 
Eq. lOg, we obtain 

i--f. <>'« 


M = 


Hence the magnifying power of a telescope is just the ratio of the focal 
lengths of objective and eyepiece respectively, the minus sign signifying 
an inverted image. 

If D and d represent the diameters of the objective and exit pupil 
respectively, the marginal ray passing through and Fe in Pig. lOQ 
forms two similar right triangles, from which the following proportion is 
obtained 

So 

Sm d 


giving, as an alternative equation for the angular magnification, 

M = ^ (lOA:) 

A useful** method of determining the magnification of a telescope is, 
therefore, to measure the ratio of the diameters of the objective lens and 
of the exit pupil. The latter is readily found by focusing the telescope 
for infinity and then turning it toward the sky. A thin sheet of white 
paper held behind the eyepiece and moved back and forth will locate a 
sharply defined disk of light. This, the exit pupil, is commonly called 
the Ramsden circle. Its size, relative to that of the pupil of the eye, is 
of great importance in determining the brightness of the image and the 
resolving power of the instrument (see Secs. 7.15 and 15.9). 

Another method of measuring the magnification of a telescope is to 
sight through the telescope with one eye, observing at the same time 
the distant object directly with the other eye. With a little practice, 
the image seen in the telescope can be made to overlap the smaller direct 
image, thereby affording a straightforward ccnnparison of the relative 
heights of image and object. The object field of the astronqmical tele- 
scope is determined by the angle subtended at the center of the objective 
by the eyepiece aperture. In other words, the eyepiece is the field stop 
of the system. In Fig. lOQ the angle 0 is the half-field angle (Sec. 7.8). 
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10.16. Galilean Telescope. The first telescope made by Galileo used 
a negative lens as an eyepiece, as shown in Fig. lOiS. In this t3rpe of 
instrument the focal points of the two lenses coincide beyond the eye- 
piece. Just as with the astronomical telescope, the magnification of this 
instrument is given by Eq. lOj. Since is negative, M is always posi- 
tive, and this means that the instrument gives an erect image. 

If the objective is assumed to be the aperture stop, the exit pupil, 
which then is the image of the objective formed by the eyepiece, lies 



Flu. lO/if. Galiltviii teluMi'opc. systcMii of the opera glaas. 



between the ej^epicce and the objective. It is not possible to place the 
eye at this point, and therefore the In^st that can be done is to place it 
as close to the eyepiece as possible. In this position (Fig. lOiS) the pupil 
of the eye becomes the aperture stop and the exit pupil. Its image 
formed by the eyepiece and the objective is the entrance pupil. It is 
located behind the observer and is relatively large. A chief ray is shown 
approaching the margin of the objective in the direction of the entrance 
pupil point. After refraction it passes through the exit-pupil point. The 
angle 0 is here the half-field angle, which indicates that the objective is 
the field stop of the instrument. The magnification is the ratio of the 
an^es 0^ and $, 

Jl/ = ^ ^ (IQO 
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Since the magnification increases with/o, the instrument is limited either 
to low magnification or to very small fields. The principal advantage of 
the Galilean telescope is its small over-all length, which makes it well 
suited for opera glasses. The smallness of the field of view, however, is 
a serious disadvantage ahd instruments with powers much over two are 
seldom made. 

10.16. Oculars or Eyepieces. Although a simple magnifier of one of 
the types shown in Fig. lOL may be used as an eyepiece for a microscope 
or telescope, it is customary to design special lens combinations for each 
particular instrument. Such eyepieces are commonly called ocvlars. 
One of the most important considerations in the design of oculars is 
correction for lateral chromatic aberration. It is for this reason that the 



, Fia. lOr. Common eyepieces used in optical instruments. 

basic structure of most of them involves two lenses of the same glass and 
separated by a distance equal to half the sum of their focal lengths 
(see Eq. 9«). 

The two most popular oculars based on this principle are known as the 
Huygens eyepiece and the Ramsden eyeTpiece (Fig. JO 7’)- both these 
systems the lens nearest the eye is called the eye lens, while the lens 
nearest the objective is called the field lens. 

10.17. Huygens Eyepiece. In eyepieces of this design the two lenses 
arc usually made of spectacle crown glass with a focal-length ratio ////« 
varying from 1.5 to 3.0. As shown in. Fig. lOr(o), rays from an objec- 
tive to the left '(and not shown) are converging to a real image point Q. 
The field lens refracts these rays to a real image at Q', from which they 
diverge again to be refracted by the eye lens into a parallel beam. In 
most telescopes the objective of the instrument is the entrance pupil of 
the entire system. The exit pupil or eyepoint is, therefore, the image of 
the objective formed by the eyepiece and is located at the petition 
marked “Ex. in the figure. Here the chief ray crosses the axis of 
the ocular. A field stop FS is often located at Q', the primary focal 
point of the eye lens, and if cross hairs or a reticle are to be employed. 
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they are mounted at this point. Although the eyepiece as a whole is 
corrected for lateral chromatic aberration, the individual lenses are not, 
so that cross hairs or reticle as received through the eye lens alone will 
show considerable distortion and color. Huygeps eyepieces with reticles 
are used in some microscopes, but in this case the reticle is small and is 
confined to the center of the field. The Huygens eyepiece shows some 
spherical aberration, astigmatism, and a rather large amount of longi- 
tudinal color and pincushion distortion. In general, the eye relief — i.e., 
the distance between the eye lens and the exit pupil — ^is too small for 
comfort. 

10.18. Ramsden Eyepiece. In eyepieces of this type as well, the two 
lenses are usually made of the same kind of glass, but here they have equal 
focal lengths. To correct for lateral color, their separation should be 
equal to the focal length. Since the first focal plane of the system coin- 
cides with the field lens, a reticle or cross hairs must be located there. 
Under some conditons this is considered desirable, but the fact that any 
dust particles on the lens surface would also be seen in sharp focus is an 
undesirable feature. To overcome this difficulty, the lenses are usually 
moved a li^ttle closer together, thus moving the focal plane forward at 
the sacrifice of some lateral achromatism. 

The path of the rays through a Ramsden eyepiece are shown in Pig. 
10r(6). The image formed by an objective (not shown) is located at the 
first focal point F, and it is here that a field stop FS and a reticle or 
cross hairs are often located. After refraction by both lenses,* parallel 
rays emerge and reach the eye at or near the exit pupil. T^ith regard to 
aberrations, the Ramsden eyepiece has more lateral color than the 
Huygens eyepiece but the longitudinal color is only about half as great. 
It has about one-fifth the spherical aberration, about half the distortion» 
and no coma. One important advantage over the Huygens ocular is its 
50 per cent, greater eye relief. 

10.19. Kellner or Achromatized Ramsden Eyepiece. Because of the 
many desirat)lc features of the Ramsden eyepiece, various attempts have 
been made to improve its chromatic defects. This aberration can be 
almost eliminated by making the eye lens a cemented doublet (Fig. 1017)- 
Such eyepieces are commonly used in prism binoculars, because the 
slight amount of lateral color is removed and spherical aberration is 
reduced through the aberration characteristics of the Forro prisms 
(Sec. 2.2). 

10.20. Special Eyepieces. The orthoscopic eyepiece shown in the mid- 
dle diagram of Fig. 10(7 is characterized by its wide field and high 
magnification. It is usually employed in high-power telescopes and range i 
finders. Its name is derived from che freedom from distortion character- 
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izing the system. The symmetrical eyepiece shown at the right in Fig. 
lOU has a larger aperture than a Kellner of the same focal length. This 
results in a wider held as well as a long eye relief, hence its frequent use 
in various types of telescopic gun sights. The danger of having a short 
eye relief with a recoiling gun should be obvious. 

Kellner achromoifized Orthoscopic Svmmetrical 

Romsden eyepiece eyepiece eyepiece 

Flo. lOU. Throe types of achromatisocl eyepieces. 

Since lateral chromatic aberration, as well as the other aberrations of 
an eyepiece, is affected by altering the separation of the two elements, 
some oculars are provided with means for making this distance adjust- 
able. Some microscopes come equipped with a set of such compensating 
eyepieces, thereby permitting the undercorrection of lateral color in any 
objective to be neutralized by an overcorrection of the eyepiece. 



Fic». lOV. Diagram of prism binoculars showing the lenses and total reflecting Porro 
prisms. 

10.21. Prism Binoculars. Prism binoculars are in reality a pair of 
identical telescopes mounted side by side, one for each of the two eyes. 
Such an instrument is shown in Fig. 10 F with part of the case cut away 
to show the optical parts. The objectives are cemented achromatic 
pairs, while the oculars are Kellner or achromatized Ramsden eyepieces. 
The dotted lines show the path of an axial ray through one pair of Porro 
prisms. The first prism reinverts the image and the second turns it left 
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for right, thereby finally giving an erect image. The doubling back of 
the light rays has the further advantage of enabling longer focus objec- 
tives to be used in short tubes, with consequent higher magnification. 

There are four general features that go to make up good binoculars: 
(1) magnification, (2) field of view, (3) light-gathering power, and (4) size 
and weight. For hand-held use, binoculars with five-, six-, seven-, or 
eightfold magnification are most generally used. Glasses with powers 
above 8 are desirable, but require a rigid mount to hold them steady. 
For powers less than 4, lens aberrations usually offset the magnification, 
and the average person can usually see better with the unaided eyes. 
The field of view is determined by the 
eyepiece aperture and should he as 
large as is practicable. For seven- 
power binoculars a 6^ object field is 
considered large, since in the eye- 
piece the same field is spread, over 
an angle of 7 X 6®, or 42®. 

The diameter of the objective 
lenses determines the light-gather- 
ing power. Large diameters are 
important only at night when there 
is little light available. Binoculars 
with the specification 6 X 30 have a 
magnification of 6 and objective 
lenses with an effective diameter of 
30 mm. The specification 7 X 50 
means a magnification of 7 and 
objectives 50 mm in diameter. Although glasses with the latter specifica- 
tions are excellent for day or night use, they are considerably larger and 
more cumbersome than the daytime glasses specified as^ X 30 or 8 X 30. 
For general civilian use, the latter two are much the most useful. 

10.22. Reflecting Telescopes. Most of thia^lai^ astronomical tele- 
scopes in the world today employ concave paraboloidal mirrors instead 
of achromatic glass objectives. There are two advan&ges to this: (1) a 
concave mirror does not exhibit chromatic aberration, thus permitting a 
very high relative aperture, usually about //5; and (2) greater stability 
of the telescope is attained by having the largest and heaviest optical 
piece at the bottom of the instrument. A diagram of the optical features 
of the great 200-in. reflecting telescope on Mt. Palomar is shown in 
Fig. low. With the large mirror alone, parallel rays entering the tele- 
scope tube would be brought to a focus at F. Before reaching F, how- 
ever, the converging bundle is intercepted by a convex mirror of such 
curvature that the reflected bundle travels down the axis, through a hole 



I'lo. lOTT. Diagram showing the princi- 
ples of the 200>in. Cassegrainian telescope 
on Mt. Palomar. 
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in the center of the objective, and comes to a focus at S, A photographic 
plate may be located at this point, or the slit of a spectrograph as shown 
in the diagram. 

Because the field of a reflecting telescope is free of spherical aberration 
and chromatic aberration, it gives extremely high definition at the field 
center. Off the axis, however, the oblique aberrations of coma and 
astigmatism increase more rapidly with obliquity than they do in a 
refracting telescope. The superior behavior of the refractor in these 
respects has, therefore, confined the use of reflecting objectives to rather 
large telescopes. The size limitation of a refractor is principally that of 
obtaining the requii-ed disks of optical glass of sufficient homogeneity to 
produce good lenses. 

10.23. Terrestrial Telescopes. We have seen in Sec. 10.14 that an 
astronomical telescope composed of two positive lenses gives rise to 



Fia. 1 OX. Terrestrial telcncope. 


inverted images and is, therefore, of little use for ground observations. 
Systems composed of prisms or lenses or combinations of both have been 
devised for erecting these images, and the final instruments are called 
terrestrial telescopes, A telescope with a two-lens erecting system is 
shown in Fig. lOX. Here the objective is the entrance pupil while its 
first image P, formed by lens Li, is again imaged by the lenses to its right 
as the exit pupil. Distant objects are first brought to a focus at Fi, 
erected at F 2 , and finally imaged on the retina of the eye. Since the 
location of the exit pupil depends upon the location of P, the farther this 
image is to the right the greater is the eye relief. Because the eye relief 
may be too large for general use, a single positive lens is often placed 
at Pi. When such a lens is used it does not alter the image positions but 
its aperture docs determine the angular field of the instrument. By 
eliminating this lens, Li becomes the field lens. 

Problems 

1. A Coddington magnifier of 1 cm radius is made of crown glass of index 1.55. 
Applying the principle of thick lenses, find (a) its focal length, and (5) its magnifying 
power when the image is formed at the near point. 
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2. A doublet magnifier is made of two thin plano-convex lenses, each of 3 cm focal 
length and spaced 2 cm apart. Applying the lens formulas, find (a) its focal length, 
and (b) its magnifying power when the image is formed at the near point. 

3. A microscope has an objective with a focal length of 0.4 cm and an ocular marked 
10 X. What is the total magnification if the objective forms its image 16 cm beyond 
its second focal point? 

4. The objective and eyepiece of a microscope are 22 cm apart and each has a focal 
length of 1 cm. Treating these lenses as thin, find (a) the distance from the objective 
to the object viewed, (b) the linear magnification produced by the objective, and (c) 
the over-all magnification if the final image is seen at infinity. 

6. An objective of an astronomical telescope has an aperture of 7.5 cm and a focal 
length of 80 cm. When it is used with an eyepiece of aperture 1 cm and focal length 
f = +2 cm, find (a) the angular magnification of a distant object, (b) the diameter of 
the exit pupil, (c) the angular field of the objective, (d) the angular field of the eyepiece, 
and (e) the eye relief. 

6. The objectives of a pair of binoculars have apertures of 50 mm and focal lengths 
of 20 cm. The eyepieces have apertures of 1 cm and focal lengths of 2.5 cm. Find 
(a) the angular magnification of a distant object, (b) the diameter of the exit pupil, 
(c) the angular field of the objective, (d) the angular field of the eyepiece, and (c) the 
eye relief. 
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CHAPTER 11 

LIGHT WAVES 


The preceding chapters were concerned with the subject of geometrical 
optics^ the basis of which is furnished by the laws of reflection and refrac- 
tion. We now turn to physical optics, which comprises those phenomena 
bearing on the nature of light. As thus deflned, this field includes proc- 
esses which involve the interactions of light with matter, as for example 
the emission and absorption of light. Many of these processes require 
the quantum theory for their complete explanation, but the systematic 
treatment of this theory lies beyond the scope of this book. A large and 
homogeneous class of optical 4)li(momena can be explained by assuming 
that light consists of waves, and it has therefore seemed desirable to 
restrict the meaning of the term “physical optics'' to include only the 
classical wave theory of light. The way in which this theory forms part 
of the more complete one called quantum mechanics will then be briefly 
described in the final chapter (Chap. 30). 

As we have seen, large-scale optical effects can be explained by the use 
of light rays. Finer details require the wave pict.tire which we arc now 
to consider. Most of these details are not commonly observecl in every- 
day life but appear when, for e.xample, we make a close examination of 
the effects of passing light through narrow openings or of reflecting it 
from ruled surfaces. Finally, processes which occur on a still smaller 
s(^alo, involving individual atoms or molecules, must be treated by 
quantum theory. Any case of the interaction of two or more beams of 
light with each other may be treated quantitatively by wave theory. As 
an introduction to this theory, the present chapter deals with wave 
motion in general and indicates at appropriate points how the various 
characteristics of light depend on those of the wavers o^ which we assume 
it to consist. 

11.1. Periodic Motion. Since the passage of a train of waves through 
a medium sets each particle into periodic motion, we shall first find how 
to give a quantitative description of this kind of motion. A periodic 
motion is one which repeats itself exactly in successive equal intervals 
of time. At the end of each interval, the particle finds itself with the 
same position and velocity, and the time between such occurrences is 
called the period. The simplest type of periodic motion along a straight 
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line is one in which the displacement y from a fixed center is (pven by 
the equation 

y = r sin {td + a) (11a) 


where t is the time and r, and a are constants. This is the motion of 
the projection N (Fig. llil) on the y axis of a point P moving with uni- 
form speed in a circle of radius r. If P has the position Po when we start 
counting time (f = 0) and revolves counterclockwise with an angular 
velocity of w rad/sec, the projection N will move up and down the y axis 
with a displacement y (» ON) given by Eq. 11a. The maximum value 
of the displacement is r, which is called the amplitude of the motion. The 
whole angle (co^ + a) determines the position of iV' at any instant and is 


-X 


Fig. llil. Showing how simple 
periodic motion may be repre- 
sented by «the projection on a 
diameter of a point P moving 
with uniform speed on the cir- 
cumference of a circle. 

vib/sec, because the number of vibrations performed in a time of 1 sec 
will be this time divided by the time T required for one vibration. 

The velocity of the point N varies between zero at its extreme end- 
positions, when P crosses the y axis, and a maximum at the center, whore 
P crosses the x axis. An equation for the velocity is obtained by dUTcr- 
entiating Eq. 11a. At any instant it is given by 

i; = ^ = r« cos {(at + a) (11&) 

at 

so that the maximum velocity is rw or 2irr/7’. The acceleration a is 
zero at the center and a maximum at the extremes, since by differentia- 
tion of Eq. 11b, 



called the phase angle, or simply the phase. 
The position iNTo at zero time is specified by 
the angle a, which is the initial value of 
the phase, or .the pAose constant. The period 
T is the time for a complete revolution of P. 
This requires a time 2fir/<a sec, since 2ir is the 
angle swept out in a complete revolution at 
the rate of (a rad/sec. The period is also 
the time for one complete to-and-fro vibra- 
tion of N along the straight line, and after 
the time T has elapsed the point N finds 
itself in the same position and with the same 
velocity (direction included) as it had at 
the beginning of this time. The reciprocal 
of the period is the frequency v = \/T 
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In the last form, the equation tells us that the acceleration is proportional 
to the displacement yy since we have assumed » to be constant. The 
minus sign indicates that the displacement y is always opposite in direc- 
tion to the acceleration. Referring to Fig. IIA, when N is above O, the 
acceleration is downward, and when N is below 0, it is upward. Accord- 
ing to Newton’s second law, that force equals mass times acceleration, 
Eq. 11c means that the motion of a mass point will be given by Eq. 11a 
if it is acted on by a force which is proportional to the displacement and 
in the opposite direction. This type of motion is frequently termed 
simple harmonic motion or simple periodic motion and is physically real- 
ized in the vibrations of an elastic medium where the displacements are 
small and hence the forces are governed by Hooke’s law. 

Although simple periodic motion is evidently a very specialized type 
of periodic motion, it is of great importance, not only because it is fre- 
quently met with in actual waves but also because as we shall see any 
complex type of periodic motion can be represented as the sum of two 
or more such simple motions with suitable amplitudes, periods, and phase 
constants (Sec. 12.5). If the more complex motion is in a straight line, 
the component simple periodic motions from which it is made up will lie 
also in this line, whereas if it is confined to a plane rather than a line, 
we may regard it as made up of two motions (usually both complex) along 
two axes in this plane at right angles to each other. For example, a 
motion in an elliptical orbit with constant speed may be regarded as 
made up of two linear motions, one along the major axis and one along 
the minor axis of the ellipse, neither being simple periodic. If, on the 
other hand, the particle is attracted to the center of the ellipse with a 
force proportional to the distance between the particle and the center 
(Hooke’s law), the speed in the ellipse will not be constant, but the pro- 
jection along cither of the axes of the ellipse or, more generally, along 
any other straight line through the center, will be a simple periodic 
motion. 

Linear, circular, or elliptical vibrations are the types most frequently 
dealt with in the study of light waves. The vibrating source, which is 
necessary for the emission of any kind of waves, m&y fbr certain cases of 
the emission of light be thought of as an electron revolving about the 
nucleus of an atom. For a large orbit, the force exerted by the rest of 
the atom on the electron in question will vary approximately as the 
inverse square of the distance (Coulomb’s law), and the orbit will be 
nearly an ellipse with the nucleus of the atom at one focus. Classically 
the vibrations in the light emitted in a direction perpendicular to the 
plane of the orbit will then have an elliptical form corresponding to that 
of the electron orbit, while in the light emitted in the plane of the orbit 
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they will have a linear form, corresponding to the motion seen when the 
ellipse is viewed edge-on. Figure IIB shows the orbit of an electron in 
an atom such as sodium. 

11.2. Wave Motion. Waves of the type , with which we are most 
familiar, t.e., waves on the surface of water, are of considerable com- 
plexity. However, they may serve to illustrate an important feature 
present in any wave motion. If the waves are traveling in the x direc- 
tion and the y direction is vertical, an instantaneous picture of the con- 



Fiq. ItB. Schematic diagraiii uf a aodiuiu atom with its single orbital electron. 
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Fig. lie. IlluHtrathig the propaication of \valc?r waves. 

tour of the waves in the x^y plane is given in Fig. 1 1 C by the continuous 
curve. Let this curve be represented by an equation y = f{x). If the 
wave contour is to move toward +x with a constant velocity y, we must 
introduce the time t in such a way that, as t increases, a given ordinate 
such as yi will, after a time At has elapsed, be found at t/J, farther to the 
right by an amount Ax = v At This is accomplished by writing the 
equation y = J(x — vt), since we have, at the two times t and t + At^ 

yi = f{x - vt) 

yi = fl(^ + Ax) - v(t + AO] 

If now we substitute Ax = v At, we find that = yi, and the above 
requirement is realized. The w''ave is in the position of the broken curve 
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at the instant t + M. The general equation for any transverse wave 
motion in a plane is 

y^f{x±vt) (lid) 

The plus sign is to be used if the wave is to travel to the left, t.e., in the 
—X direction. 

The reader should not infer from the foregoing discussion that the 
particles of water are transferred to the right along with the wave. On 
the contrary, the only thing that moves along continuously is the contour, 
while each particle merely oscillates about its position of equilibrium. 
For water waves the motion of each particle is circular or elliptical in the 
x,y plane. In this case the ordinate y is merely the y component of the 
displacement of the particle from its equilibrium position, since the motion 
is not a transverse one confined to the y direction. Hence we next con- 
sider the simplest type of waves, where this complication does not arise. 

11.3. Simple Periodic Waves. Suppose that the wave contour ^ = f{x) 
is given by 

y = r sin 

and that the displacements are strictly transverse. The significance of 
the constants r and X may be seen from Fig. IID, which is a plot of 



Kig. HZ). Wave contour of a simple periodic wnve. 


Eq. lie. The maximum dis[)lacement is r, which then represents the 
amplitude of the wave, while X is the distance after which the curve 
n'peats itself and is called the xvaveleiigth. If now the wave is to progress 
toward Eq. lid tells us that we must substitute {x — vt) for x in 
E(i. 1 le. We thus have 

— '^ir * • 

2/ = r sin {x — r/) = r sin (id — x) (1 1.0 

A A 

Any particular particle is specified by one value of x^ and as the wave 
contour moves by this point with a velocity v, the particle moves up and 
down with a displacement determined by the ordinate of the curve. The 
amplitude of its motion is evidently r and the period 


(- 1 *) 


(lie) 
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since a complete vibration is executed as the wave travels a distance X. 
The equation of the motion of one particle is obtained by giving x a par- 
ticular value in Eq. 11/. For the particle with a; = 0, 

• ^'wvt f 2‘r‘\ , f-t-t i.\ 

y = r sin = r sm ( 1 1 (llfc) 

This is the same as Eq. 11a with = 2t/T and a = 0; hence the particle 
moves with simple periodic motion. The same is true of every other 
particle, and the motions are identical except for a progressive decrease 
in the phase constant a with increasing x. Figure HE shows the posi- 



Fia. HE. Illustrating the pfopagation of a simple periodic wave. 

tions of particles | X apart at the times ^ = 0 (solid curve) and t = \T 
(dotted curve), with the phase constants of the various points shown 
below each. The velocity of each particle is indicated by the attached 
arrow, llie figure also illustrates a convenient way to plot a sine curve. 
We see that the wave contour has progressed | X toward the right in a 
time \T. 

Making use of the relation \ = vT from Eq. l\g, Eq. 11/ may be 
written 

y = »• sin ~ (vf - a:) = r sin y (lit) 

Another, very conyenjent form, easily I’emeinbercd beciiuse of its sym- 
metry^ is 

y = r sin 2 t ^ = r sin (llj) 

Here we see immediately the dependence of the phase constant a on x, 
since a = — ^ x. The phase constant of a particle is not a particularly 
significant quantity, since its value will depend upon the choice of the 



Sec. 11.4] 


VELOCITY OF WAVES 


zero of time. However, the phase difference of two particles is independ- 
ent of this choice, since we have, for two particles at Xi and Xs, 

Phase dilTereiice == ^ 

= y (ar, - ii) (Hi) 


Since the phase decreases with increasing x, particle 1 is advanced in 
phase with respect to particle 2 when X 2 > Xi. If two trains of identical 
waves start in the same phase from a given point, the difference between 
the phase of a particle at a distance Xi along one wave and that of another 
particle X 2 along the other wave will be that given by Kq. Ilk. In this 
case we speak of the retardation, or path difference^ X2 — Xi, and we shall 
in the following chapters frequently have occasion to convert path differ- 
ences into phase differences by the relation 


Phase diffon^nce = — • (path difference) 

A 


T.ight which is exactly descril)od by the above equations for simple 
periodic waves is said to be perfectly monochromatic plane-polarized light; 
i.e.y it possesses one accurately defined wavelength, and the vibration is 
<*onfined to one plane containing the direction of propagation. As we 
shall sec later, it is impossible to produce light which fulfills these require- 
ments strictly. One obvious reason for this is that Eq. liy*requires a 
train of waves infinitely long, extending from x= + ootox= — 

11.4. Velocity of Waves. Waves such as those we have described may 
1)(' generated in a horizontal stretched rope by moving one end up and 
<lown with a simple periodic motion. The vibrating mechanism at the 
end of the rope then acts as a source and when the end is displaced a 
force is exerted on the adjacent element of the rope by virtue of its ten- 
sion. This, in turn, disturbs the next element, and thus the wave is 
propagated along the rope. Each new element as it is disturbed lags 
behind the preceding one, due to its inertia, and this is the cause of 
the progressive change in phase along the wave. The rate at which the 
disturbance is propagated will evidently be greater the greater the force 
acting between adjacent elements. In a stretched rope this force is fur- 
nished by the tension. The rate will be smaller when the inertia of the 
elements is larger, i.e., for a heavier rope. 

It is not difficult to derive an equation for the velocity of a wave in a 
flexible rope. Consider a wave of the form represented in Fig. llF(a) 
traveling to the right with the velocity v. This velocity is the same as 
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that with which the rope would have to move to the left in order to keep 
the wave stationary with respect to the observer [Fig. Ilf (6)]. If f is 
the tension in the rope, the resultant force on a short element RQ, of 
length I, will be /, the vector sum of the two tensions f acting on the 
ends of the element. This force / produces centripetal acceleration of 
the element as its center passes from R to Q. Representing the velocities 

Vr and Vq at R and Q by vectors in Fig. 
Ilf (6), this acceleration is determined 
by the vector difference Av, such that 



W 


(b) 

Fio. IIF. niiist rati life the art ion of 
forces propagatinie a wave along a 
rope. 



a 


— 

t 


If m is the mass per unit length of the 
rope, the mass of the element is mL By 
Newton's second law of motion 


/ = mla 


The triangle of velocities in the figure is similar to the triangle of forces, so 


whence 


But, since t 


— L 

V F 


Z/r, we obtain 


at ___ mla 
V "■ " f 



The tension f must, of course, be expressed in absolute units of force, 
i.e.j dynes in the cgs system. 

In an extended medium of three dimensions, waves of the type described 
by Eq. llj exist only if the medium has rigidity, or resistance to shear. 
This property is a characteristic of solids, so that such waves may be sc?t 
up in a solid by a suitable vibrating source. Any point in the solid wlien 
displaced from itsicquilibrium and released will move with simple periodic 
motion by virtue of the fact that for small displacements the forces of 
elasticity obey Hooke's law. Two sets of waves will be sent out, one of 
longitudinal wa/ves, in w’hich the vibrations are along the direction of 
motion of the waves, and one of transverse waves, of the type described 
above. • The mathematical investigation of the velocity of these waves 
leads to a formula of the same type as the above equation for the waves 
in a rope. Instead of the temsion, the measure of the restoring force now 
becomes a quantity E depending on the elastic constants of the medium. 
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The linear density of the rope is replaced by the volume density p of 
the medium. This gives 



For transverse waves, which occur only in solids, =* n, the rigidity 
modulus. For longitudinal waves in a liquid, E = A*, h being the bulk 
modulus, while in an extended solid E — k + in. Of the two types of 
waves in a solid, the longitudinal waves obviously travel the faster. 

All light waves, as we shall see, are essentially transverse. Their veloc- 
ity in vacuum, measured by methods to be described in Chap. 19, is 
about 3 X 10*° cm/sec and is independent of wavelength and intensity. 
Since the possibility of transverse weaves requires a medium endowed with 
rigidity, the ** elastic-solid theory postulated an all-pervading medium, 
called the ether, for the propagation of light. Because of the large veloc- 
ity of light, the ether was supposed to have a high rigidity and small 
dc'nsity. As we shall see, this theory constitutes a useful working hypoth- 
esis but leads to some serious inconsist.encie8. It has now been definitely 
abandoned in favor of the electromagnetic theory (('hap. 20). In a 
transparent substance, the measured 
velocity of light is always less than 
in free space. The elastic solid 
theory explained this as due to 
either an increased density of the 
ether within matter or a decreased 
rigidity. Neither of these assump- 
tions is in agreement with all the 
observed facts. 

11.6. Wavelength. The wave- 
length of a train of waves like that in 
Fig. HE is the distance between one 
particle and the nearest one which is 
in the same phase. In most important types of waves, the vibrations 
are not confined to a single line of particles but traverse a medium of 
three dimensions. In this case the motion of any one particle in Fig. 
HE may be taken as representative for ail of the particles which lie on 
a wave front, which we may define as the locus of immediately adjacent 
point s vibrating in the same phase. As thus defined, this term, originally 
introduced in Sec. 1.8 to describe a surface normal to the rays, is now 
given a physical significance. The wave front may in general have any 
shape, but those most commonly found are plane or spherical. Plane 
wave fronts would be produced in a block of elastic material (Fig. IIG) 


-A— 



Fm. WG. Illustrating; the gniiorntiuii of 
a plane wave in an clastic solid. 
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by giving a periodic motion in its own plane to a board attached to one 
surface of the block. Here the motion of any particle in a wave front, 
such as one of those indicated by the dotted plane in Fig. is in all 
respects identical with that of any other’ particle in that wave front. 
Such plane waves are practically attained at a sufficient distance from a 
point source (Fig. IIH). The waves only a few wavelengths away from 
the source are spherical waves, but as we go farther away a restricted por- 
tion of the wave front becomes more and more nearly plane. For spher- 
ical waves, the motion of each particle in the wave front is the same as 

that of any other particle except for a 
difference in the direction of vibration 
on different parts of the wave front, 
these being always tangent to the 
spherical surface. In either plane or 
spherical waves, the perpendicular 
distance between two adjacent wave 
fronts having the same phase of 
vibration is the wavelength. 

When a train of waves passes 
from one medium into another, there 
will be a change of velocity due to the 
changed elasticity and density. This 
will entail a change in wavelength as well. In the case of light the ratio 
of the velocity in free space to that in a substance is known as the index 
of refraction n of that substance: 

» = ; (llm) 

where we use the symbol c for the velocity in free space (3 X 10'® cm/sec). 
Now when the velocity of a wave changes, either the wavelength or the 
frequency, or both, must change, since we have, from Eq. l\g, 

i> = = vX (lln) 

V being the frequency. Since there is no reason for the rate of vibration 
to be altered in passing through a boundary, we should expect the fre- 
quency to be unchanged, and X to be changed when v changes. In fact, 
measurements show that X becomes smaller in the medium in exactly the 
proportion that v decreases. 

In calculating the phase difference between two particles in a train of 
waves from Eq. 112, account must be taken of the fact that X is changed 



Fill. 117/. Ill UBtrating spherical waves 
in au elastic solid. 
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if the velocity is appreciably different from that in vacuum. We are 
accustomed to speaking of the wavelength of light X as its value in air 
or in vacuum, but this is not the wavelength to be used in calculating 
path differences within the medium. If we denote by Xn the wavelength 
in the medium, Eq. Ilk should be written 

Phase difference 5 = ^ • (0:2 — iCi) 

A* 

Now, by what has been said above, 



so that 

« = (®i - *1) “ Y ■ »(** - *1) fllo) 

• 

Therefore we may apply Eq. IIZ as it stands for calculating phase differ- 
ence from path difference in cases where light traverses a medium, pro- 
vided that for the path difference we use a quantity A, representing the 
product of the geometrical path difference within the medium by the 
index of refraction. This quantity is the difference in optical path [d], 
as defined and used in the first chapter (Sec. 1.4). The optical path 
difference is defined by the equation 

A = [d2] — [di] = n{x2 — Xi) * (lip) 

Physically, the optical path is the distance in vacuum containing the same 
number of waves as the actual geometrical path in the medium. 

The wavelengths of visible light extend between about 4 X 10“* cm 
for the extreme violet and 7.2 X 10"* cm for the deep red. Just as the 
ear becomes insensitive to sound above a certain frequency, so the eye 
fails to respond to light vibrations of frequencies greater than that of 
the extreme violet or less than that of the extreme red. The limits, of 
course, depend somewhat upon the individual, and them is evidence that 
most persons can see an image with light of wavelength as short as 
3.0 X 10"* cm, but this is a case of fluorescence in the retina. In this 
case the light appears to be a bluish gray in color and is harmful to the 
eye. Radiation of wavelength shorter than that of the visible is termed 
“ultraviolet light “ down to a wavelength of about 6 X lO"’^ cm, and 
beyond this we arc in the region of X rays to 6 X 10"^* cm. Shorter 
than these, in turn, arc the 7 rays from radioactive substances. On the 
long-wavelength side of the visible lies the infrared, which may be said 
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to merge into the radio waves at about 4 X 10“® cm. Figure 11/ shows 
the names which have been given to the various regions of the spectrum 
of radiation, though we know that no real lines of demarcation exist. It 
is not convenient*^' to use the same units of length throughoiit^ such an 
enormous range. Hence radio wavelengths are expressed in meters 
(10* cm), infrared in microns (1 m = 10”^ cm), visible and ultraviolet in 
angstrom* units (I A = 10”® cm) and X rays in angstroms, or, com- 
monly in accurate work, in X units (1 XU = 10"^^ cm). 

It will be seen that visible light covers an almost insignificant fraction 
of this range. Therefore, although all these radiations are similar in 
nature, differing only in wavelength, the term “ light is conventionally 
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extended only to the adjacent portions of the spectrum, namely, the 
ultraviolet and infrared. Many of the results that we shall discuss for 
light are common to the whole range of radiation, but naturally there 
are qualitative differences in behavior between the very long and very 
short waves, which we shall occasionally point out. The divisions 
between the dilTerent types of radiation arc purely formal and are roughly 
fixed by the fact that in the laboratory the different types are generated 
and detected in different ways. Thus the infrared is emitted copiously 
by hot bodies,, and is detected by an energy-measuring instrument such 
as the thermopile. The shortest radio waves are generated by electric 
discharges between fine metallic particles immersed in oil and are del,ected 
by electrical devices. Nichols and Tear, in 1917, produced infrared 
waves having wavelengths up to 0.42 mm and radio waves down to 0.22 
mm. The two regions may therefore be said to overlap, keeping in mind, 
however, that the waves themselves are of the same nature for both. 
The same holds true for the boundaries of all the other regions of the 
spectrum. 

11.6. Doppler Effect. When a source of waves is in motion through a 
stationary medium, the wavelength is changed. The waves sent out in 

* A. J. Angstrom (1814-1874). Professor of physios at Uppsala, Sweden. Chioflv 
known for his famous atlas of the solar spectrum, which was used for many years as 
the standard for wavelength determinations. 
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the direction of motion of the source are shorter, and those in the opposite 
direction longer, than the waves from the source at rest. This is the 
Doppler* effect, which is responsible for the well-known change of pitch 
of sound when a source passes the observer at high speed. An equation 
for the new wavelength is easily obtained by a consideration of Fig. llJ(a) 
in which are pictured the waves sent out by a source which is moving 
toward the right. The circle represents a section of the spherical wave 
front one whole period T after it left the source at S, If the source were 
stationary at S, the wave would have traveled just one wavelength X and 
would at this instant be represented by the dotted curve. Instead, 
during one period the source moves a distance vT toward the right, where 
V is its velocity. As a result, the wavelength is shortened by the distance 




Fig. \^J. (a) Sonrre of wavpfl moving in the Hirortion of wave propagation. (&)Source 

of wavcH moving opposite to t)ie direction of wave propagation. 


*S*S', which equals vl\ and the actual wave will he ropresente*d by the 
.solid curve. To find the new wavelength X' we note that 

X - X' = vT 

Calling the velocity of the waves c, we have, from Eq. 11 17 , X = cT, and 
hence 

y = cT -vT = Tic - r) = X 

• • 

From Fig. 1 !./(&), in which the source is moving in the opposite direction, 
one obtains in the same way 

X' = cT + = X 

* J. C. Doppler (1803-1853). Native of Salzburg, Austria. At the age of thirty- 
two, unable to secure a position, he was about to emigrate to America. However, at 
that time he was made professor of mathematics at the Healschulc in Prague, and 
later became professor of experimental physics at the University of Vienna. 
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= ( 11 ?) 

the positive sign referring to the case where the source is moving in the 
opposite direction from the waves. For the part of the wave traveling 
off at any angle to the direction of motion of the source, the changed 
wavelength will obviously lie between these two values. The velocity 
of the waves is not changed by the motion of the source, so that the new 
wavelength corresponds to a new frequency 


V 
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A change of frequency is also encountered when the source is at rest, 
but the observer moving toward or away from the source. In Fig. l\K 





ct 


Vio. 1 1 /T. Doppler elTcct with the observer moving toward or away from a stationary 
source. 

let the source R send out a train of waves toward the right, and let the 
observer O be stationary at a distance SO = ci from the source. In the 
time <, he will receive the whole train of waves between S and O, and the 
observed f rcciuency will be the number of waves passing him per second, or 

ct/\ c 
^ ^ “ X 


in agreement with Eq. 11^. If, now, the observer moves toward the 
source with a velocity v, he will move from O to O', a distance vt, in the 
above time t. As a result, he will receive vt/\ extra waves, and will 
observe an increase in frequency of {vt/\)/t, orv/\. Hence the apparent 
frequency will be 


and, since \ = c/v, 



If, instead, the observer moves from 0 to 0", away from the source, he 
fails to receive the number v/\ of waves included in this distance, and 
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Including both cases m one equation, we may write 



OBSERVER IN MOTION (1 U) 


where the positive sign is to be used when the observer is approaching 
the source. 

In sound and other mechanical waves, there is a definite physical differ- 
ence between the two cases (source in motion or observer in motion) 
discussed above. In the first case the character of the waves is altered 
by a real change of wavelength. In the second the wavelength is 
unchanged, but there is an apparent change of frequency to an observer 
in motion. Correspondingly, the two equations Hr and 1 Is give differen t 
results for the same v, especially when v is not small compared to c. To 
compare the two equations, let us expand the right-hand member in 
E(i. Hr by the binomial theorem. This gives 



±Z + -,± 




which is the same as Is except for the small terms v^/c^, etc. For sound, 
c is about 1100 ft/sec, and with a velocity v of 60 m.p.h., is only 
0.0064, and the terms of higher order much smaller still. This difference 
between Eqs. Hr and Hs, though small, is still appreciable for sound 
when large velocities are involved. 

When we consider the Doppler effect for light, we find the above differ- 
ence so small that it is entirely negligible in most cases, owing to the 
extremely high velocity of light. For any velocity attainable on earth 
even the term v/c is so small that it is very difficult to detect. The 
stars, however, have velocities toward or away from the earth usually 
ranging between about 10 and 30 km/sec, with sOme* as high as 300 
km/sec. If the spectrum of such a star is photographed alongside that 
of an arc or spark giving some of the same lines appearing in the stellar 
spectnim, the corresponding stellar lines are found to be shifted slightly 
toward the violet or toward the red, according to whether the star is 
approaching or receding from the earth. Figure IIL shows, in the center 
strip, the spectrum of the star Cassiopeiae. Above and below are the 
lines of iron from a laboratory source. All these iron lines appear as 
white lines in the star spectrum, but they are displaced toward the left. 
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toward shorter wavelengths. This increase of frequency shows that 
the star is approaching the earth, and measurement of this spectrogram 
gives the unusually high velocity of 115 km /sec. 

The change of wavelength observed here may be regarded either as a 
real change of the length of the waves, due to the motion of the source, 
or as an apparent change due to the motion of the observer with the 
earth. It is immaterial in light whether we use Eq. Hr or Eq. 11s, in 
calculating the velocity, since, even for a star with the enormous velocity 
of 300 km/sec, the principal term by which these equations differ, 
is only 1 part in 1 million. It should be emphasized, however, that for 
light there is really no physical difTerence between the two cases, source 



Fiu. IIL. .Doppler shift of spectrum lines in a star. {Speclrum taken at the Dominion 
Aslrophyeical Observatory.) 

in motion and observer in motion, because this distinction rests upon 
the assumption that there is a medium which we may consider at rest, 
such as the air for sound, and relative to which we express these motions. 
Now, according to the theory of relativity, we are not justified in assum- 
ing such a fixed ether, having a definite location in space (Chap. 19). 
Any body may be assumed at rest, and if all other motions are expressed 
relative to it, the results will be the same regardless of whicdi body we 
choose. With tWs postulate, the theory of relativity leads to the equation 

, /i j_ V , 1 1;2 1 v* \ 

" ="( -0 + 2^5 ± 2 ?+ 7 

It is interesting that the change of frequencj'' predicted by this formula 
lies just halfway between those given by Eqs. Hr and H«. 

The Doppler effect for light has been applied to a number of other 
astronomical problems. For example, it is possible to measure the rota- 
tion of the sun by observing the spectra of the east and west edges. 
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The lines show a .displacement corresponding to a rotational velocity of 
2.1 km/sec. Some other astronomical applications are the detection of 
close double stars, the rotation of the planets and of Saturn’s rings, 
motions of clouds of luminous matter on the sun’s surface, and the 
apparent motion of distant universes (spiral nebulae). In the latter case, 
lines have been observed to be shifted toward the red by more than 
200 A, the corresponding velocities of recession being more than 20,000 
km/sec. 

In the laboratory, the Doppler shift produced by reflecting light from 
mirrors mounted on the rim of a wheel rotating at high speed has been 
detected. It also provides a method of investigating the motions of 
atoms in a source of light. 

11.7. Amplitude. The amplitude of a set of waves is the maximum 
displacement of any particle from its equilibrium position. Its impor- 
tance lies in the fact that it determines the amount of energy carried by 



Fig. Itii/. Illustrating the ainplitude and periodic displacement of a particle due to a 
passing wave. 

the waves. The amount of energy flowing per second across unit area 
of a surface normal to that surface is callc;d the intensity, and hence we 
are interested in the relation between the energy of waves and their 
amplitude. This may be found in a very elementary manner for the case 
where a displaced particle is drawn back toward its equilibrium position 
by a force directly proportional to the displacement, i,e., one that obeys 
Hooke’s law. We have shown in Sec. 11.1 that this is the requisite con- 
dition for simple periodic motion, which is the type of motion involved 
in the simple periodic waves discussed above. In Fig. llAf, let a train 
of such waves be traveling to the right, and suppose that they have sot 
the particle A into simple periodic motion along the lipe indicated by 
the double-pointed arrow. At the instant when the wave occupies the 
position indicated by the continuous curve, let the displacement AO from 
the center be y\ then, by Hooke’s law, the return force 

F = 

where A: is a constant. Because of its inertia, the particle will continue 
to move outward against this force F, which is the resultant of the forces 
exerted on it by adjacent particles. When the wave has reached the 
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position of the broken curve, the particle will have reached A\ The 
displacement now has its maximum value A'O == r, which we call the 
amplitude. In this position the particle is instantaneously at rest, acted 
on by a force — A;r, and hence possesses potential energy. The kinetic 
energy is zero at this instant, and as the particle begins to move down, it 
gains kinetic energy at the expense of potential energy only, so that the 
total energy remains constant and equal to the maximum value of the 
potential energy. Therefore, to find the total energy of the vibration, 
we need only evaluate the potential energy at A\ This equals the work 
done in overcoming the force F between O and A', and since F is variable, 
we may find the work from the integral 

fj -Fdy = fjkydy^ikr 

The vibrational energy imparted to any one particle is therefore propor- 
tional to the square of the amplitude. The amount of energy per unit 
length, or per unit volume, of the wave will also be proportional to r*, 
since this merely increases the energy by a factor equal to the number of 
particles in the unit. The intensity is also proportional to the square of 
the amplitude, since it is the energy contained in a volume of unit cross 
section and of length v (where v is the velocity of the waves), and this is 
the volume which will cross unit area per second. 

When a set of spherical waves diverges from a vibrating point in a 
perfectly transparent medium, as in Fig. IIH, the intensity, as defined 
above, decreases in a given direction inversely as the sejuare of the dis- 
tance from the source. This inverse-square law of intensities holds quite 
generally for spherical waves emitted by a source of dimensions small 
compared to the distances at which the intensity is measured. In prac- 
tice, it is sufficient that the distance be greater than ten times the lateral 
dimensions of the source, since at this distance the error made by assum- 
ing the inverse-square law is already less than 0.1 per cent. The inverse- 
square law is easily proved from the fact that, when spherical waves 
diverge from a point source, the same amount of energy must pass per 
second through any sphere drawn with the source as its center. Since 
the areas of such spheres increase directly as the squares of their radii, 
the energy falling on unit area per second, or the intensity at any distance 
d is inversely proportional to d*, so that, if /i, and 1 2 are the intensities 
at two distances di and d 2 , we have, as an expression of the inverse- 
square law, 

Zi - ^ 

I 2 di* 
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Stated in terms of the amplitude, the law requires that the amplitude 
cliaoge inversely as the first power of the distance, since the intensity is 
measured by the square of the amplitude. Equation llj may therefore 
be written, for spherical waves, 

y = ^8in2T(i-^') (llu) 

r now being the amplitude at unit distance from the source. 

If the medium is not perfectly transparent, there will be an additional 
decrease in amplitude due to absorption and scattering (Chap. 22). No 
natural substance is perfectly transparent, since some loss of intensity 
can always be detected by using sufficient thicknesses, and hence the 
inverse-square law is strictly applicable only in a vacuum. In a material 
medium, the amplitude changes because of absorption as the waves pro- 
ceed through the medium. Bouguer’s* law of absorption states that layers 


i I 

I I 



I I 

* 


Fig. hat. Illustrating tho diminishing amplitude of a wave passing through an absorbing 
medium. * 

of equal thickness absorb equal fractions of the intensity incident upon 
them, whatever this intensity may be. Thus, in Fig. 1 liV, let I be the 
intensity of the waves incident on the front surface of the medium. Of 
this, an amount R will be reflected and will not enter the medium. 
Calling Iq the intensity which actually enters, we have 

Io--I -R 

Let the medium be divided into layers of unit thickness; then the inten- 
sity 1 1 entering the second layer will be some fraction q of I o, so that 

Ii = qTo 

The same fraction of this will be absorbed in traversing the second layer, 
so that 

/2 = g/i = q^Io 

♦Pierre Boiiguer (1608-1758). Royal Professor of Hydrography at Le Havre. 
The law stated here is often erroneously attributed to Johann Lambert. 
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etc. Thus we have, in general, 

where x is the distance through the medium and g is called the transmia- 
sion coefficient. Figure 110 gives a plot of /, against x for g = 0.8. 
Another equation for this curve may be derived as follows: For an infini* 



Fio. 110. Decrease in intensity of light due to absorption. 

tesimal thi(;kness dx of tho absorbing layer, the fraction dl/T of the 
intensity incident on it which is absorbed is proportional to dx, so that 

-j- = — a dx 
• *. i 


To obtain the intensity I after traversing any thickness x of the medium, 
we may integrate both sides of this ccpiation, determining the constant 
of integration by the fact that when x = 0, / = /o, the incident intensity. 
I'his is written 


and gives 



— a 



dx 


7, = 7oc~" 


(n«) 


This is known as Bougiier^s exponential law of absorption, and the con- 
stant a, which represents the fraction of the incident intensity absorbed 
per unit thickness when the thickness is very small, is known as the 
absorption coefficient of the medium. Since q = the absorption 
coefficient is equal to the negative logarithm of the transmission coeffi- 
cient. These two equations expressing in terms of an absorption 
coefficient or of the transmission coefficient are merely .the same relation 
in different forms. In any equation representing a wave motion propa- 
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gated in an absorbing medium, the amplitude, which is measured by the 
squai'e root of the intensity, must be multiplied by a factor to 
take account of its decrease with x: 

r, = 

11.8. Reflection and Refraction of Waves. It is a matter of common 
experience that when a train of waves strikes a boundary of the medium, 
the waves are changed in direction by reflection. In the case where the 
waves are incident on a boundary separating two regions where their 
velocity is different, they will in general be divided into a reflected train 
and a transmitted train whose relative intensities will depend on the 
magnitude of the velocity change at the boundary, on the abruptness of 
this change, and on the angle of incidence. If the waves approach the 
boundary along any direction other than the perpendicular, the trans- 



mitted or refracted waves will have a differemt direction from those 
incident. 

These statements agree with the laws of the behavior of light rays 
stated in (Jhap. 1, since a ray represents the direction of flow of the 
energy of the waves, and this is usually perpendicular to the wave front 
(for an exception, see Sec. 25.2). The laws of reflection and refraction 
were deduced in Sec. 1.5 from Fermat’s principle, but it is well known 
that they also follow from the application of Huygens’ construction (Sec. 
1 . 10 ) to the reflection and refraction of a plane wave.* In Fig. llP(a), 
a ray incident on a plane surface of water is indicated by a, while the 
reflected and refracted rays are indicated by ar and aly respectively. 

A question of particular interest from the standpoint of physical optics 
is that of a possible abrupt change of phase of waves when they are 
reflected from a boundary. For a given boundary the result will differ, 
as we shall now show, according to whether the waves approach from 
the side of higher velocity or from that of lower velocity. Thus, let the 
symbol a in the left-hand part of Fig. IIP represent the amplitude of a 

* Sec, for example, J. K. Robertson, "Introduction to Ph 3 rsical Optics," 3d ed., pp. 
60-67, D. Van Nostrand Company, Inc,, New York, 
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set of waves striking the surface, let r be the fraction of the amplitude 
reflected, and let t be the fraction refracted (transmitted). The ampli- 
tudes of the two sets of waves will then be ar and at, as shown. Now, 
following a treatment given by Stokes,* imagine the two sets reversed 
in direction, as in part (6) of the figure. Provided there is no dissipation 
of energy by absorption, a wave motion is a strictly reversible phenom- 
enon. It must conform to the law of mechanics known as the principle 
of reversibility, according to which the result of an instantaneous reversal 
of all the velocities in a dynamical system is to cause the system to 
retrace its whole previous motion. That the paths of light rays are in 
conformity with this principle has already been stated in Sec. 1.3. The 
two reversed trains, of amplitude ar and ai, should accordingly have as 
their net effect after striking the surface a wave in air equal in amplitude 
to the incident wave in part (a) but traveling in the opposite direction. 
The wave of amplitude ar gives a reflected wave of amplitude arr and a 
refracted wave of amplitude arL If we call r' and V the fractions of the 
amplitude reflected and refracted when the reversed wave at strikes the 
boundary from below, this contributes amplitudes aU! and atr* to the 
two waves, as indicated. Now, since the resultant effect must consist 
only of a wave in air of amplitude a, we have 


and 


alV arr = a 
art -f- atr^ =» 0 


(llw) 

(ll.r) 


''Fhe second equation states that the two incident waves shall produce no 
net disturbance on the water side of the boundary. From Eq. llti; we 
obtain 

«' = 1 - r* (lly) 

and from Eq. llx 

r' = -r (ll 2 ) 

It might at first appear that l^]q. 1 ly could be carried further by using 
the fact that intensities are proportional to squares of amplitudes and by 
writing, by conservation of energy, r* + <* = 1. This would immediately 
yield t = t'. The result is not correct, however, for two reasons. First, 
although the proportionality of intensity with square of amplitude holds 
for light traveling in a single medium, passage into a different medium 

*Sir George Stokes (1819-1903). Versatile Englishman of Pembroke College, 
Cambridge, and pionr-er in the study of the interaction of light with matter. He is 
known for his laws of fluorescence (flee. 22.6) and of the rate of fall of spheres in viscous 
fluids. The treatment referred to here was given in his “ Mathematical and Physical 
Papers ” Vol. 2, pp. 89F* especially p. 91. 
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brings in the additional factor of the index of refraction in determining 
the intensity. Second, it is not to the intensities that the conservation 
law is to be applied, but rather to the total energies of the beams. Wlien 
there is a change in width of the beam, as in refraction, it must also be 
taken into account. 

The second of Stokes* relations, Eq. llz. shows that the reflecting 
power, or fraction of the intensity reflected, is the same for a wave inci- 
dent from either side of the boundary, since the negative sign disappears 
upon squaring the ainplitudc^s. It should bo noted, how'ever, that the 
waves must, be incident at angles such that they correspond to angles of 
incidence and refraction. The difference in sign of the amplitudes in 
E(l. I Iz indicates a difference of phase of tt between the two cases, since 
a reversal of sign means a displacement in the opposite sense. If there 
is no phase change on refl('ction from above, there must be a phase change 
of TT on reflection from below; or correspondingly, if there is no change on 
reflection from below, there must be a chang(' of tt on r(‘flection from 
above. 

The principle of reversibility as applied to light waves is often useful 
in opti(;al problems; for example, it proves at once the interchangeability 
of object and image. The (*oiiclusion reached above about the change 
of phase is not dependent on the applicability of the principle, fc., on 
the absence of absorption, but holds for reflection from any boundary. 
It is a matter of experimental observalion that in the reflection of light 
under the above conditions, the phase change* of ir occurs when the light 
strikes the boundary from the side of higher velocity,* so that the second 
of the two alternatives mentioned is the correct one in this case. A 
change of phase of the same type is encouiiter(»d in the reflc'ct.ion of 
simple mechanical waves, such as transverse waves in a rop(*. Heflection 
with change of phase where the velocity decrease's in crossing the bound- 
ary corresponds to the refleertion of waves from a fixed end of a rope. 
Here the elastic reaction of the fixed end of the ropf* immedialc'ly produces 
a reflected train of opposite phase traveling ba<*k along th(^ rope. The 
case where the velocity increases in crossing the boundarv has its parallel 
in reflection from a free end of a rope. The end of the rope undergex's 
a displacement of twice the amount it would liave if the rope were con- 
tinuous, and it immediately stai’ts a wave in the reverse direction having 
the same phase as the incident wave. We shall make use of the con- 
clusions embodied in Eqs. 11?/ and II 2 in discussing the interfei'ence of 
light (Sec. 14.1) and shall return to the question of the phase relations 
for reflection at any angle of incidence in Chap. 28. 


• See the disonssinn in Sec. 13.8 under IJoyd's mirror. 
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Problems 

1 . Plot the equation 

j,-r8in2x({.-Q 

where r ■■ 6 cm, 7* ■» 8 sec, X » 24 cm, and a? = 8 cm. Use y as ordinates and / as 
abscissas, extending the graph from t — 0to< » 16 see. 

2 . A point source sends out waves which, as they pass a point 100 cm from the 
source, generate a motion represented by the equation 

y « r sin y ^ 

where r «* 0.36 cm and T ■■ sec. If the waves travel at the rate of 80 cm /sec, 
find the equation for the motion at a i)oint 250 cm from the source. 

3. Plot the equation y =■ r sin 2ir where r = 3 cm, 7’ =* 6 sec, X = 6 cm, 

and X B 10 (;ni. Use y as ordinates and t as abscissas, extending the graph from 
< B 0 to < B 12 see. 

4 . A source of plane-parallel waves vibr^es according to the relation y ■■ r 
sin (2irf/7*), wliore r — 2 cm, and T — 0.5 sec. If the waves travel at the rate of 
160 cm /sec, find the equation of motion of a particle in the wave train 760 cm from 
the source. 

6. Find the? phase difference between the vibrations of two different particles in 
Prob. 4 (a) at 400 cm, and (h) at 420 cm. 

6. Upon nu^asuring the photographed spectrum of a star, the lines are all found 
to be shifted to shorter wavelengths. A line whi(*h in a lalmratory light source is at 
5461.00 A is found to be at 5460.98 A. Assuming this shift to be a Doppler effect^ find 
the velocity with which the star is approaching the earth (c = 3 X 10‘" cm /sec). 

7. If in Prob. 0 another star is obser\’^ed and the same spectrum line is measured 
at 5461.03 A, find the radial velocity of the star. 

8 . Calculate the vahui of the absorption coeflicient a for a medium whose trans- 
mission coefficient q « 0.6. 

9 . Calculate the value of the transmission coefficient q for a medium whose absorp- 
tion coefficient is 0.05 per cm. 

10. Infrared light is incident on a medium whose absorption coefficient a * 0.02 p(»r 
cm. Find the decrease in intensity of the light after it has traveled 10, 20, 50, and 
200 cm through the medium. 

11. An underwater sound source semds out waves having a frequency of 30 kc. 
Find the wavelength of the waves (a) in the water, and (b) in the air above, if the 
A'elo<*ity in water iu 145,000 cm /sec and in air is 34,000 cm /sec. 

12. A cord of linear density 12 g/cm extends in the x direction, and is under a ten- 
sion of 5 kg of force. One end of the cord is given a transverse motion represented 
by y B 2.5 sin 12^ Assuming that the weaves keep a constant amplitude as they 
]>rogress and that the other end of the cord is at infinity, find (a) the velocity of the 
waves, (b) the wavelength, (c) the angular phase difference between the two motions 
of two points along the rope 1.5 m apart. 

13. A wave motion traveling along the x axis is described by the differential equa- 
tion d^yldx^ B (l/f;*)d*y/df*. (a) Show that y — f{x ± vi) is a solution of this equa- 

tion. (6) Show that y « r sin 2ir[(//7’) — (af/X)] is a particular solution. 

14. Derive the relation between the transmission cocfficieut and the absorption 
coefficient. 
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When two sets of waves arc made to cross each other, as, for example, 
the waves created by dropping two stones simultaneously in a quiet pool, 
very interesting and complicated effects are obst^rved. In the region of 
crossing there are places where the disturbance is practically zero, and 
others where it is greater than that which would be given by either wave 
alone. A very simple law can be used to explain these effects, whicfh 
stales that the resultant displacement of any point is merely the sum of 
the displacements due to each^ wave separately. This is known as t he 
prin^ple of superposition and was first clearly stated by Young* in 1802. 
The tmth of this principle is at once evident when we observe that after 
the waves have passed out of the region of crossing, they appear to have 
been entirely uninfluenced by the other set of waves. Amplitinle, fre- 
quency, and all other charac^teristics are just as if they had crossed an 
undisturbed space. This could hold only provided the principle: of super- 
position were true. Two different observers can see different objects 
through the same aperture with perfect clearness, whereas .the light 
reaching the two observers has crossed in going through the aperture. 
The principle is therefore applicable with great precision to light, and 
we may use it in investigating the disturbance in regions where two or 
more light 'waves are superimposed. 

12.1. Addition of Simple Periodic Motions along the Same Line. 
Considering first the effect of superimposing two simple periodic wav€*s 
of the same frequency, the problem resolves itself into finding the result- 
ant motion when a particle executes two simple periodic motions at the 
same time. The displacements due to the two wayes p.rc here taken to 
be along the same line, which we shall call the y direction. If the ampli- 
tudes of the two waves are r\ and r 2 , these will be the amplitudes of the 
two periodic motions impressed on the particle, and according to Eq. 

* Thomas Young (1773-1829). English physicuan and physicist, usually called the 
founder of the wave thcniry of light. An extremely precocious child (he had rf;ad the 
Bible twice through at the age of four), he developed into a brilliant investigator. His 
work on interference constituted the most important contribution on light since New- 
ton. His early work proved the wave nature of light but was not taken seriously by 
others until it was corroborated by Fresnel. 
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11a of the last chapter, we may write the separate displacements as 
follows: 


2/1 = ri sin {tat + oti) 
2/2 = r2 sin M + a2) J 


(12a) 


Note that co is the same for both waves, since we have assumed their fre- 
quencies to be the same. According to the principle of superposition, 
the resultant displacement y is merely the sum of yi and y^, and we have 


2/ = ri sin {(at + ai) + r 2 sin {cat + ^ 2 ) 


Using the expression for the sine of the sum of two angles, this may be 
written 


2/ = ri sin tat cos a\ + r\ cos cat sin ai + sin oat cos ai 4 * cos (at sin ^2 
= (ri sin ai + sin ao) cos tat + (n cos «i + r2 cos of 2) sin (at ( 126 ) 

Now, since the amplitinlcs ri and r 2 , and also the initial phases ai and 
a 2 , are constants, we arc justified in setting 

ri sin ai + r 2 sin — R sin 0 
7*1 cos a I + 7'2 cos a 2 = R cos 0 



provided that constant values of R and 0 can be found which satisfy these 
equations. Scpiaring and adding Eqs. I2c, we have 


/J®(sin^ 0 + cos- tf) = rr(sin- ai + cos- ai) 

+ r 2 “tsin- a 2 + cos- a 2 ) + 2 rir 2 (sin a\ sin a 2 + cos ai cos a 2 ) 


or 

It'i = -f- 7-2- + 2 /-,r 2 cos («i - as) (12d) 


Dividing the upp«T equation I2c by the lower, we obtain 


tan 0 = 


ri sin ai + r 2 sin ^ 
ri cos ai + r 2 cos a 2 


( 12 ^) 


liquations 12d and 12c show that values of R and 0 exist which satisfy 
liqs. 12c, and W(^ may now rewrite Eq. 126, substituting the right-hand 
members of Eqs. 12c. This gives 


2 / — J? sin 0 cos (at + R cos 0 sin (at 


which has the form of the sine of the sum of two angles and can be 
written 


2 / = iZ sin {(at -f 0) 


( 12 /) 



Sec. 12.2] 


VECTOR ADDITION OF AMPLITUDES 


205 


This equation is the same as either of our original equations for the sep- 
arate simple periodic motions but contains a new amplitude R and a new 
phase constant $. Hence we have the important result that the sum of 
two simple periodic motions of the same frequency and along the same 
line is also a simple periodic motion of the same frequency. The ampli- 
tude and phase constant of the resultant motion can easily be cal(*ulated 
from those of the component motions by Eqs. I2d and 12e, respectively. 

The addition of three or more simple periodic motions of the same fre- 
quency will likewise give rise to a resultant motion of the same type, 
since the motions can be added successively, each time giving an equa- 
tion of the form of Eq. 12/. Unless considerable accuracy is desired, it 
is usually more convenient to use the graphical method described in the 
following section. A knowledge of the resultant pliase constant By given 
by Eq. 12e, is not of much interest unless it is needed in combining the 
resultant motion with still another. 

The resultant amplitude 22 .depends, according to ICq. 12f/, upon the 
amplitudes ri and r 2 of the component motions and upon their difTerence 
in phase ai — a 2 . When we bring together two beams of light of equal 
intensity, as is done in the Michelson interferometer (Sec. 13.10), the 
intensity of the light at any point will be proportional to the scpiare of 
the resultant amplitude. By Eq. \2d we have, in the case where ri = r*, 

/ = Jt'i = 2r^[i + cos («i — aa)] = 4r* cos- (12</) 

• 

Tf the phase difTerence is such that ai — a 2 = 0, 2ir, 4 t, • • • , tlien this 
gives 4r*, or four times the intensity of either beam. If ai — a 2 = ir, 3ir, 
Sir, • • • , the intensity is zero. For intermediate values, the intensity 
varies between these limits according to the square of the cosine. These 
modifications of intensity obtained by combining waves are referred to 
as interference effects, and we shall discuss in the next chapter several 
ways in which they may be brought about and used experimentally. 

12.2. Vector Addition of Amplitudes. A very simple geometrical 
construction can be used to find the resultant amplitude and phase con- 
stant of the combined motion in the above' case of two simple periodic 
motions along the same line. If we represent the amplitudes ri and ri 
by vectors making angles ai and with the x axis,* as in Fig. 12A(a), 
the resultant amplitude 22 is the vector sum of ri and r 2 , and makes an 
angle $ with the axis. To prove this proposition, we first note from 

* Tlore we depart from the usual convention of measuring positive angles in the 
counterclockwise direction (8cc. 11.1), because it is customary in optics to represent 
an advance of phase by a clockwise rotation of the amplitude vector. 
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Fig. 12A(6) that, in the triangle formed by ri, rs, and iZ, the law of 
cosines gives 

= ri® + r 2 * — 2rir* cos [t — (ai — a^)] 

= ri® + r 2 * + 2 rir 2 cos (ai — a 2 ) 

agreeing with Eq. 12d. Furthermore the tangent of the angle B is the 
ratio of the sum of the projections of ri and r 2 on the y axis to the sum 
of their projections on the x axis, so that 

tan e = «. + rising, 

n cos ai + r 2 cos at 

which is the same as Eq. 12c. 

If the triangle in Fig. 12A(b) is rotated clockwise about 0 with an 
angular velocity «, the two vectors ri and r 2 will rotate with the same 



(a) (b) 

Fig. 12 a . Vector addition of two amplitudes. 


angular velocity, and their projections yi and y 2 will at every instant 
represent the two displacements which are to be added. The point P 
will then move in a circle of radius R, and its projection P' will move 
with the combined simple periodic motion, having always a displacement 
w’hich is the sum* yi *+ y^, of those due to the component motions. The 
position of P' corresponds to its initial position at the time Z » 0, at 
which time the displacement is given by 

OP' = y = iZ sin I? 

As the vector R rotates, the phase angle will increase in the time t by 
(d and the displacement will at any time be 

y ^ R sin (jut -|- $) 
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as in Eq. 12/. The phase angles of ry and rs will also increase at the 
same rate, so that their difference remains constant and equal to ai — at 
It is convenient to have a single s3rmbol for this phase difference, which 
we shall denote 5. It is this difference which is important, rather than 
the actual phase of either motion, since by Eq. 1^, d determines the 
resultant intensity by the relation 

— jrj ^2 ^ 2rirj cos S 

The graphical method is particularly useful where we have more than 
two motions to compound. Figure 12B shows the result of adding five 
motions of equal amplitudes r and having equal phase differences 5. 
Clearly the intensity I = 72* can here vary 
between zero and 25r*, according to the phase 
difference 5. This is the problem which 
arises in finding the intensity jfattem from a 
diffraction grating, as discussed in Chap. 17. 

The five equal amplitudes shown in the 
figure might be contributed by five apertures 
of a grating, an instrument which has as its 
primary purpose the introduction of an equal 
phase difference in the light from each 
successive pair of apertures. It will be noted 
that as Fig. 12^ is drawn the vibrations, 
starting with that at the origin, lag 
successively farther behind in phase. 

12.3. Superposition of Two Wave Trains 
From the preceding section we may conclude directly that the result of 
superimposing two trains of simple periodic waves of the same frequency 
traveling along the same line will be another simple periodic wave of that 
frequency, but having a new amplitude which is determined for given 
values of ri and rt by the phase difference 5 between the two motions 
imparted to any particle by the two waves. As an ex&mple, let us find 
the resultant wave produced by two waves of equal frequency and ampli- 
tude traveling in the same direction +x, but with one a distance A ahead 
of the other. The equations of the two waves, in the form of Eq. l\j, 
will be 

= r sin 2t - 0 (12t) 

yt = r sin (12i) 



Fio. 12B. Vector addition of 
five equal amplitiylee having 
the same magnitude and phase 
differences d. 


of the Same Frequency. 
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Adding these two equations, we find the resultant wave to be given by 

y = yi + y* = r [^sin 2x - f) + sin 2 t 
F rom the trigonometric equation for the sum of the sines of two angles, 


sin A + sin 2^ = 2 sin ^(A + B) cos J(A — B) 

we get 



This corresponds to a new wave of the same frequency but with the 
amplitude 2r c<3S (irA/X). When A is a small fraction of a wavelength, 
this amplitude will be nearly 2r, while if A is in the neighborhood of 



Fig. 12C. (a) SiiporpoNitioii of two wave trains almost in pliase, (&) Superposition of two 

wave trains almost 180° out of pliase. 

i X, it will be practically zero. These cases are illustrated in Fig. 12C, 
where the waves represented by Eqs. 12t and I2j (light curves) and I2i 
(heavy curve) are plotted at the time ^ = 0. In these figures it will be 
noted that the algebraic sum of the ordinates of the light curves at any 
value of X equals the ordinate of the heavy curve. The student may 
easily verify by such graphical construction the facts that the two ampli- 
tudes need not necessarily be eciual to obtain a sine wave as the resultant 
and that the addition of any number of waves of the same frequency and 
wavelength also gives a similar result. In any case, the resultant wave 
form will have a constant amplitude, since the component waves and 
their resultant all move with the same velocity and maintain the same 
relative position. The true state of affairs may be pictured by having all 
the waves in Fig. 12(7 move toward the right with a given velocity. 
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The formation of the so-called ^'standing waves'' in a vibrating cord, 
giving rise to nodes and loops, is an example of the superposition of two 
wave trains of the same frequency and amplitude but traveling in oppo- 
site directions. A wave in a cord is reflected from the end, and the 
direct and reflected waves must be added to obtain the resultant motion 
of the cord. Two such waves may be represented by the equations 

2/1 = r sin 2 t 

y 2 = r sin 2ir + 0 

By addition one obtains, in the same manner as for liq. 12Z, 



/ 2ir.A . 

y = 2r cos I — j sin 2t 


Mliieh represents the standing waves. For any value of x we have a 
simple periodic motion, whose amplitude varies with x between the limits 
2rfora; = X/2, X, 3X/2, 2X, • • • and zero for a; = X/4, 3X/4, 5X/4, • • • . 
The first set of points correspond to the antinodes, Avhere the motion is 
a maximum, and the second set to the nodes, where there is no motion. 
Both the nodes and the antinodes are spaced one-half wavelength apart. 
Figure 12C(a) and (fe) may also serve to illustrate this case if we imagine 
the two light curves to be moving in opposite directions. The resultant 
curve, instead of moving unchanged 
toward the right, now oscillates 
between a straight-line position at 
the times ^ = 0, T/2, T, 27’/2, • • • 
and a sine curve with amplitude 2r 
at the times t = T/A, 37^/4, • • • . 

Nmles occur, for example, at N and 
.V'. 

The standing waves produced by 
reflecting light at normal incidence 
from a polished mirror may be observed by means of an experiment due 
t o Wiener, * which is illustrated in Fig. 12Z). A specially prepared photo- 
graphic film only one-twentieth of a wavelength thick is placed in an 
inclined position in front of the reflecting surface so that it will cross the 
loops and nodes successively, as at A, o, B, 6, C, c, D, d, • • • . The 
light will affect the plate only where there is an appreciable amount of 
vibration, and not at all at the nodes. As expected, the developed plate 

♦ O. Wiener, Ann. Physik, 40, 203, 1890. 



Tia. 12I>. Wiciior’s experiment of 
HtandiiiK light waves produced by ordi- 
nary reflection. 
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showed a system of dark bands, separated by lines of no blackening where 
it crossed the nodes. Decreasing the angle of inclination of the plate with 
the refle(*ting surface caused the bands to move farther apart, since a 
smaller number of nodal plane;, are cut in a given distance. On meas- 
uring these bands, an important fact was established: the standing waves 
have a node at the reflecting surface. The phase relations of the direct 
and reflected waves at this point are therefore such that they continu- 
ously annul each other. This is analogous to the reflection of the waves 
in a rope from a fixed end. Other experiments of a similar nature were 
I>erformed by Wiener and these will be discussed more in detail in 
Sec. 28.11. 

12.4. Superposition of Many Waves with Random Phases. Suppose 
that we now consider a large number of wave trains of the same frequency 
and amplitude to be traveling in the same direction, and specify that the 
amount by which each train is ahead or behind any other is a matter of 

pure chance.. From what has been said 
above, we can conclude that the resultant 
wave will be another simple periodic wave of 
the same frequency, and it becomes of interest 
to inquire as to the amplitude and intensity 
of this wave. Let the individual amplitudes 
te r, and let there be n wave trains super- 
imposed. The amplitude of the resultant 
wave will be the amplitude of motion of a 
particle undergoing n simple periodic motions 
at once, each of amplitude r. If these motions 
were all in the same phase, the resultant 
amplitude would be nr, and the intensity 
n*r*, or n* times that of one wave. In the case we are considering, how- 
ever, the phases are distributed purely at random. If one were to use 
the graphical method of compounding amplitudes (Sec. 12.2), he would 
now obtain a picture like Fig. \2E, The phases ai, 02 , * * ' take per- 
fectly arbitrary values between 0 and 2ir. The intensity due to the 
superposition of ^cH waves will now l>e determined by the square of 
the resultant R, To find we must square the sum of the projections 
of all vectors r on the x axis and add the square of the corresponding sum 
for the y axis. The sum of the x projections is 

r(cos ai + cos ai + cos as + • • • + cos ««) 

When the quantity in parentheses is squared, we obtain terms of the 
form cos^ ai and others of the form 2 cos ai cos Oi. When n is large, one 



phases. 
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might expect the latter terms to cancel out, because they take both 
positive and negative values. In any one arrangement of the vectors 
this is far from true, however, and in fact the sum of these cross-product 
terms actually increases approximately in proportion to their number. 
Thus we do not obtain a definite result with one given array of randomly 
distributed waves. In computing the intensity in any physical problem, 
we are always presented with a large number of such arrays, and we wish 
to find their average effect. In this ease it is safe to conclude that the 
cross-product terms will average to zero, and we have only the cos^ a 
terms to consider. Similarly, for the y projections of the vectors one 
obtains sin^ a terms, and the terms like 2 sin ai sin cancel. Therefore 
we have 

I = r-(cos* ofi + cos® a 2 + cos® «*+•••+ cos® aj 

+ r®(sin® ai + sin® a 2 + sin® aj + “ • • + sin* «») 

Now since sin® + cos® a* = 1, we find at once that 

/ = r® X w 

Thus the average intensity resulting from the superposition of n waves 
with random phases is just n times that due to a single wave. This 
means that the amplitude R in Fig. 12j?, instead of averaging to zero 
when a large number of vectors r are repeatedly added in random direc- 
tions, must actually increase in length as n increases, beinj^ propor- 
tional to ^/n. 

The above considerations may be used to explain why, when a large 
number of violins in an orchesf ra are playing the same note, interference 
between the sound waves need not be considered. Owing to the random 
condition of phases, 100 violins would give about 100 times the intensity 
due to one alone. The atoms in a sodium flame are emitting light with- 
out any systematic relation of phases, and furthermore each is shifting 
its phase many million times per second. Thus avc may safely conclude 
that the observed intensity is that due to one atom multiplied by the 
number of atoms. 

12.6. Complex Waves. 'I'he waves we have considered so far have 
been of the simple periodic type, in which the displacements at any 
instant are represented by a sine curve. As we have seen, superposition 
of any number of such waves having the same frequency, but arbitrary 
amplitudes and phases, still gives rise to a resultant wave of this simple 
type. However, if only two waves having appreciably different fre- 
quencies are superimposed, the resulting wave is complex; t.e., the motion 
of one particle is no longer simple periodic motion, and the wave contour 
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is not a sine curve. The analytical treatment of such waves will be 
referred to in the following section, and here we shall consider only some 
of their more qualitative aspects. 

It is instructive to examine the results of adding graphically two or 
more waves traveling along the same lino and having various relative 
frequencies, amplitudes, and phases. The wavelengths are determiiunl 
by the frequencies according to the relation v\ = v, so that greater fn^ 
quency means shorter wavelength, and vice versa. Figure \2F illustrates 
the addition for a number of cases, the resultant curves in each case being 
ol3taincd| according to the principle of superposition, by merely adding 
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Fiu. \2F. Superposition of two or more waves traveling in the same direction with dilTer- 
ent relative frequencies, amplitudes, and phases. 


algebraically the disphu^einents due to the individual waves at every 
point. Figure \2F(a) illustrates the case, mentioned in Sec. 12.3, of the 
addition of two waves of the same frequency but different amplitudes. 
The resultant an^plitude depends on the phase difference, which in the 
figure is taken as zero. Other phase differences would be represented by 
shifting one of the component waves laterally with respect to the other 
and will give a smaller amplitude for the resultant sine wave, its smallest 
value being the difference in the amplitudes of the components. In (6) 
three waves of different frequencies, amplitudes, and phases are added, 
giving a complex wave as the resultant, which is evidently very different 
from a simple periodic curve. In (c) and (d), where two waves of the 
same amplitude but frequencies in the ratio 2: 1 are added, it is seen that 
changing the phase difference may produce a resultant of very different 
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form. If theso represent sound waves, the eardrum would actually 
vibrate in a manner i*opresontod by the residtant in each case, yet the 
ear mechanism would ix^spund to two fi*oquoncics and these would be 
heard and ipterpreted as the two original frequencies regardless of their 
phase difference. If the resultant wave fo. is represent visible light, 
the eye would receive the same sensation of a mi.xture of two colors, 
regardless of the phase difference. Finally (c) shows the effect of adding 
a wave of very high frequency to one of very low frequency, and (/) the 
effect of adding two of nearly the same frequency. In the latter case, 
the resultant wave divides up into groups, whi(‘h in sound produce the 
well-known phenomenon of beats. In any of the above cases, if the com- 
ponent waves all travel with the .'‘•ame velocity, the resultant wave form 
will evidently move with this velocity, keeping its contour unchanged. 


l‘]xperi mental illustrations of the superposition of waves are easily 
a(*complished witli the apparufus shown in Fig. J 26 r. IVo small mirrors, 
M\ and are cemented to thin strips 
of spring steel which are (damped 
vertically and ilhuninated by a narrow 
beam of light. Such a beam is con- 
veniently produced by a single-fdament 
automobile-headlight bulb S and a lens 
L to focus an image of it on the screen. 

This beam is reflected in succession from 
the two mirrors, and if (me of them is 
set vibrating, the reflected beam will 
vibriite up and down with simple 
periodic motion. If now this beam on 
its way to the screen is refle(^ted from 
a rotating mirror, the spot of light will 
trace out a sine wave form which will 
appear continuous by virtue of the persistence of vision. When both i 
and J / 2 are set vibrating at once, the resultant wavoform is the superposi- 
tion of that produced by each separately. In this way all the curves of P'ig. 
12F may be produced by using two or more strips of suitable frequencies. 
The frequencies may be easily altered by changing the free length of the 
strips above the clamps. 







Fill. \2G. Mcfliaiiical and optical 
arraiiKPouMit for illuKtratiiig the supor- 
positioiL of two waves. 


Since for visible light the frecpiency determines the color, complex 
waves of light arc produced when beams of light of different colors are 
used. The 'Mmpiire^' colors which are not found in the spectrum will 
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thercforo have waves of a complex form. White light, which, since 
Newton’s original experiments with prisms, we usually speak of as com- 
pased of a mixture of all colors, is. the extreme example of the superposition 
of a great number of waves having frequencies diiTering only by infini- 
tesimal amounts. We shall discuss the resultant wave form for white 
light in the following section. Strictly speakiifg, as mentioned in Sec. 
11.3, it is impo.ssiblc to produce light consisting of simple periodic waves, 
so that even the most nearly monocliromatic light that we can produce 
must still be rogard('d as (*on tailing a finite range of freciuencies. 

12.6. Fourier Analysis. Since we may build up a wave of very com- 
plex form by the sup(‘rposition of a numl>er of simple waves, it is of 
interest to ask to what extent the converse processes may be accom- 
plished — that of decomposing a complex wave into a number of simple 
ones. According to a theorem due to Fourier, any periodic function may 
b(i represented as the sum of a number of sine and cosine functions. By 
a periodic function we mean one which repeats itself exactly in successive 
ecpial intervals, such as the lower curve in Fig. 12F(fr). The wave is 
given by an equation of the type 

y == ro + ri sin {wt + ai) + r 2 sin (2(at + az) 

+ n sin (3w/ + as) + * • • (12m) 

This is known as a Fourier series and contains, beside the constant term 
n,, a series of terms having amplitudes rj, r 2 , • * • and frequencies 
w/2ir, 2«/2ir, 3w/2ir, • • • . This means that tlie resultant wave is 
regarded as built up of a number of waves whose wavelengths are as 
• III the case of sound, these represent the fundamental 
note and its various harmonics. The evaluation of the amplitude coeffi- 
cients ri, r 2 , • • • for a given wave form can be carried out by a straight- 
forward mathematical process in the case of some fairly simple wave 
forms, but in general this is a difficult matter. Usually one must have 
recourse to one of the various forms of ‘‘harmonic analyzer,” a mechanical 
device for determining the amplitudes and phases of the fundamental 
and its harmonics.* 

Fourier analysis is not often of direct use in studying light waves, 
because it is impossible to observe directly the form of a light wave. 
For sound this can be done, and it is in the investigation of the quality 
of sounds that Fourier analysis has been most extensively used. How- 
ever, it is important fur us to understand the principles of the method, 

*^or a detailed account of harmonic analyzers see D. 0. Miller, *'The Scicnee of 
Musical Sounds,” The Macmillan Company, New York, 1922. A good discussion of 
Fourier analysis may be found in E. H. Barton, Textbook of Sound,” 1st ed., 
p. 83if, Macmillan & Co., Ltd., London, 1908. 
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because, as we shall see, a grating or a prism essentially performs a 
Fourier analysis of the incident light, revealing the various component 
frequencies which it contains and whicl^appear as spectral Ivies, 

Fourier analysis is not limited to Avaves of a periodic character. The 
upper part of Fig. 12H shows three types of waves which are not periodic, 
because, instead of repeating their contour indefinitely, the waves have 
zero displacement beyond a certain finite range. Hence such groups 
cannot be represented by Fourier series, but instead Fourier integrals 
must be used, in which the component waves differ only by infinitesimal 
increments of wavelength. By suitably distributing the amplitudes for 
the various components, any arbitrary wave form may be expressed by 
such an integral. The three lower curves in Fig. 12// represent quali- 
tatively the frequency distribution of the amplitudes which will produce 
the corresponding wave groups shown above. That is, the upper curves 



Fia. \2H. Distribution of aiiiplitudes in different frequencies for various typos of wave 
disturbance of finite length. 


represent the a(;tual wave contour of the group, and this contour may be 
synthesized by adding up a very large (strictly, an infinite) number of 
wave trains, each of frequency differing only infinitesimally from the 
next. The curves shoAvn immediately below each group show the neces- 
sary amplitudes of the components of each frequency, in order that their 
superposition may produce the wave form indicated above. 

Curve (o) shows a typical group of waves, such as is involved in the 
light which forms a spectral line of finite width. The group of curve (c) 
would be produced by passing perfectly monochromatic light through a 
shutter which is open for an extremely short time. It is worth remarking 
here that the corresponding amplitude distribution, shown in curve (d), 
is exactly that obtained for the Fraunhofer diffraction from a single slit 
and described in Sec. 15.3. Another interesting case, shown in curve (s), 
is that of a single pulse, such as the sound pulse sent out by a pistol 
shot or (better) the discharge of a spark. The form of such a pulse may 
resemble that shown, and when a Fourier aftialysis of it is made, it yields 
a continuous distribution of wavelengths as shown in curve (/). For 
light, such a distribution is called a continuous spectrum, and is obtained 
with sources of white light such as an incandescent solid. The distri- 
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bution of intensity in different wavelengths, which is proportional to 
the square of the ordinates in the curve, is determined by the exact shape 
of the pulse. This view of the nature of white light is one which has been 
emphasized by Gouy and others, and raises the question as to whether 
Newton's experiments on refraction by prisms, which arc usually said 
to prove the composite nature of white light, were of much significance 
in this respect. Since white light may be regarded as consisting merely 
of a succession of random pulses, of which the prism performs a Fourier 
analysis, the view that the colors are manufac^turod by the prism, which 
was held by Newton's pn'dec^essors, may be regarded as equally correct. 

12 . 7 . Group Velocity. It will be readily seen that, if all the com- 
ponent simple waves making up a group travel with the same velocity, 
the group will move with this velocity and maintain its form unchanged. 
If, however, the velocities vary with wavelength, this is no longer true, 
and the group will change its form as it progresses. This situation exisf.s 
for water wav(;s, and if one watches the individual waves in the group 
sent out by dropping a stone in still water, they will be found to be mov- 
ing faster than the group as a whole, dying out at the front of the group 
and reappearing at the back. Hence in this case Ihe group velocity is 
less than the wave velocify, a relation which always holds when the 
velocity of longer waves is greater than that of shorter ones. It is 
important to establish a relation between the group velocity and wave 
velocity, and this can easily be done by considering the groups formed by 
superimposing two waves of slightly different wavelength, such as those 
already discussed and illustrated in Fig. 12F(/). We shall suppose that 
the two waves have equal amplitudes r, that their wavelengths X and 
X + dX differ only slightly, and that the velocities are v and v + dr, 
respectively. The resultant wave may then be written as the sum of 
the two, using the wave equation 11/, which is the more convenient in 
this case. We have 


y = r sin ^ (rt — r) + r sin [(» + dv)t — a-] 


which may, by iish of J^q. 12A', be writf en 


y = 2r sin tt 


-1- dv 


cos T 


r N] 

L \X X + dX/ \X X + dX/J 


• The reader will find the more detailed diseuasion of the various representations of 
white light given in R. W. Wood, “Physical Optics” 1st or 2d cd., The Macmillan 
Company, New York, of interest in this connection. 
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Since when dX is small compared to X we can neglect the difference 
between X(X + dX) and X-, we can write 

I 1 _ dX , V _ V + (fr _ vdX ~~ \dv 

X “ r+“dX ■“ P X X + dX “ X* 

so that the complete expression becomes 

O • /■ # \ ^ f ^ t f^On\ 

y = 2r sin — (rl — a*) cos - ^2 I t — xj {^I2n) 

Figure 121(c) is a plot of this equation at the time < = 0. 'I'lie solid line 
has a wavelength X corresponding to the sine factor, while the dotted lino 
corresponds to the cosine factor, with a wavelength of 2X-/dX. When 
tlie two factors are multiplied together, the amplitude varies in the way 
shown, the waves dividing up into groups. The velocity of any one group 
is the velocity with which the maximum of the group moves and will bo 
different from (here, less than^the velocity of the individual waves. The 



ri(j. 121 . Tlliisiriitiiie groups mid group vclority of two wsives of slightly diffcroiit wavo- 
Iciigtli and velocity. 

group velocity is the velocity of the cosine factor, which is seen from 
Eq. 12n to be 


V dk — \dv 



Hence the relation between the group velocity u and the wave velocity v is 



(12o) 


This equation, although derived for an especially simple type of group, 
is quite general and can be shown to hold for any group whatever, as, for 
example, the three illustrated in Fig. 12H(o), (c), and (c). Equation 12o 
can also be derived in a less mathematical way by considering the motions 
of the two component wave trains shown in Fig. 12f(a) and (ft). At the 
instant shown, the crests A and B of the two trains coincide to produce 
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a maximum for the group. A little later the faster waves will have gained 
a distance dX on the slower ones, so that B' coincides with A\ and tho 
maximum of the group will have moved back a distance X. Since the 
difference in velocity of the two trains is dv, the time required for this is- 
dK/dv. But in this time both wave trains have been moving to the right, 
the upper one moving a distance v dX/dv, The net displacement of the 
maximum of the group is thus v {dk/dv) — X in the time d\/dv, so that 
we obtain, for the group velocity, 

_ V (d\/dv) — X _ ^ dv 

“ ~ d\/dv “ " * dX 

in agreement with Eq. 12o. 


A picture of the groups formed by two waves of slightly different fre- 
quency may easily Ik; pnjduced with the apparatus described in Sec. 
12.5. It is merely necessary to adjust the«two vibrating strips until the 
frequencies differ by only a few vibrations per second. 


The group velocity is important for light, since it is the only velocity 
which we can observe experimentally. We know of no means of follow- 
ing the progress of an individual wave in a group of light waves; instead, 
we are obliged to measure the rate at which a wave train of finite length 
conveys the energy, a quantity which can be observed. The wave and 
group velocities become the same in a medium which has no dispersion, 
I.6., in which dv/d\ = 0, so that waves of all lengths travel with the 

same speed. As was pointed out in Sec. 
11.4, this is accurately true for light traveling 
in a vacuum, so that there is no difference 
between group and wave velocities in this- 
case. 

12.8. Graphical Relation between Wave 
and Group Velocity. There is a very simple 
geometrical construction by which we may 
determine the group velocity from a curve 
of the wave velocity against wavelength. 
It is based upon the graphical interpretation of Eq. 12o. As an example, 
the curve of Fig. 12J represents the variation of the wave velocity with 
X for water waves in deep water (gravity waves) and is drawn according 
to the theoretical equation v = const. X y/k. At a certain wavelength 
ki, the waves have a velocity v, and the slope of the curve at the corre- 
sponding point P gives dv/dk. The line PR, drawm tangent to the curve 



Fio. 12/. Graphical • deter- 
mination of group velocity 
from a wave velocity curve. 
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at this point, intersects the v axis at a point R, the ordinate of which is 
the group velocity u for waves of wavelength in the neighborhood of Xi. 
This is evident from the fact that PQ equals Xi dv/dk^ t.c., the abscissa 
of P multiplied by the slope of PR, Hence QS^ which is drawn equal to 
RO^ represents the difference v ~ Xi dv/d\, and this is just the value of 
u, by Eq. 12o. In the particular example chosen here, it will be left as 
a problem for the student to prove that u — ^ tor any value of X. In 
water waves of this type, the individual waves therefore move with twice 
the velocity with which the group as a whole progresses. 

12.9. Addition of Simple Periodic Motions at Right Angles. Consider 
the effect when two simple periodic motions of the same frequency but 
having displacements in two perpendicular directions are impressed simul- 
taneously on a point. Choosing the directions as y and z, we may express 
the two motions as follows: 


y = Vi sin {ut + on) 
2 = f2 sin (<at + ^2) 


(12p) 


These are to be added, according to the principle of superposition, to find 
the path of the resultant motion. This may be found by eliminating ( 
from the two equations 


V 

~ = sin ut cos ai + cos (at sin aj (I27) 

z • 

— = sin (at cos «£ + cos (at sin or* • (12r) 


Multiplying Eq. \2q by sin aa and Eq. 12r by sin ai and subtracting the 
first equation from the second, there n‘sults 

7/ Z 

— — sin a2 H «in a\ = sin a^^(cas as sin a\ — cos a\ sin a2) (12«) 


Similarly, multiplying Eq. \2q by cos a2 and Eq. I2r by cos ai, and sub- 
tracting the second from the first, we obtain • • 

— cos a2 — — cos ai = cos ca^(cos a2 sin ai — cos ai sin (120 


We may now eliminate t from Eqs. 12« and 12/ by squaring and adding 
these equations. This gives 

sin* (ai — as) = ^ ^ ^ COS (at — at) 

ri rt firj 


(12m) 
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as the equation for the resultant path. In Fig. \2K the heavy curves 
are graphs of this equation for various values of the phase difference 
5 = ai — a 2 . Except for the special cases where they degenerate into 
straight lines, these curves are all ellipses. The principal axes of the 
c^llipse are in general inclined to the y and z axes but coincide with them 
when 8 = ir/2, 3ir/2, 5ir/2, • • • , as can readily be seen from Eq. 12m. 
In this case 



which is the equation of an ellipse with semiaxes ri and r 2 , coinciding with 



Km. \2K. Coinpoaition at right angles of two siinplo periodic motions of tlie sarno fre- 
quency but <lifrcrcnt phase. 

the y and z axes, respectively. When 5 = 0, 2ir, Air, • • • , we liave 



representing a straight line passing through the origin, with a slope 
ri/r 2 . If 5 = x, 3ir, Stt, • ' • , 



a straight line with the same slope, but of opposite sign. 

That the two c&ses* 5 = ir/2 and 5 = 3ir/2, although giving the same 
path, are physically different types of motion may be seen from the 
graphical construction of Fig. 12L. This illustrates a convenient way 
of finding the resultant of the two motions at right angles, using the 
projection of uniform circular motion discussed in Sec. 11.1 for generating 
each of the two simple periodic motions. The actual motions to be 
combined are along the vertical and horizontal lines labeled y and z, 
respectively, and are projected into a rectangle of sides 2ri and 2 r 2 to 
obtain the resultant motion. Dividing a complete period into eighths, 
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the numbers 0 to 8 represent the positions of the generating points, and 
the resultant position, at these intervals. The phase difference is deter- 
mined by the starting points, and in the figure it will be seen that for 
d = ir/2 the z motion starts a quarter period Lv^nind, since z = — r 2 when 
y — 0 (and increasing). Similarly, with 5 = 3ir/2, z ■= +r 2 for y = 0. 
The difference between the two cases is seen to be in the direction of 
rotation in the ellipse. If this procedure is carried out for the other 
values of 8, it will be found that the motions are in the directions shown 
by the arrows in Fig. 12K. The student will find it instnictive to make 
this construction for other cases, including those in which the frequency 
of one motion is twice or three times the other (or in general with the* 



Fia. \2L, Graphicii] conipoHitifni of two .simple periodie motions at riKht ariKles. 

frequencies in the ratio of any two whole numhe^rs), which gives rise ttr 
interesting curves known as Lissajous figures. 

Of these Idssajous figures, only those illustrated in Fig. 12/v, for equal 
frequencies, are of particular interest for the study of light. The so-called 
plane-polarized light (Chap. 24) approximates a sine wave lying in a 
plane — say the x^y plane of Fig. 12Jlf — and the displacements are linear 
displacements in the y direction. If one combines a beam of this light 
with another consisting of plane-polarized waves lying in the XyZ plane 
(dotted curve) and having a constant phase difference with the first, the 
resultant motion at any value of x will be a certain ellipse in the y,z 
plane. Such light is said to be elliptically polarized and may readily be 
produced by various means (Chap. 26). A special case occurs when the 
amplitudes ri and r 2 of the two waves are equal and the phase difference 
is an odd multiple of t/2. The vibration form is then a circle, and the 
light is said to be circularly polarized. When the direction of rotation 
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18 clockwise (8 = ir/2, 5ir/2, • • •) looking opposite to the direction in 
which the light is traveling, the light is called right circularly polarized, 
while if the rotation is counterclockwise (8 = 3 t/ 2, 7ir/2, • • •)> it is 
called left circularly polarized. 


TJssajous figures of all kinds arc readily demonstrated with the appara- 
tus described in Sec. 12.5. For this, the two strips are arranged to 
vibrate at right angles to each other, and the rotating mirror is dispensed 
with. Thus one strip imparts a horizontal vibration to the spot of light, 
and the other a vertical vibration, while both at once give a certain 
Lissajous figure. The figure will remain fixed if the frequencies are 
exactly equal, or in the ratio of simple whole numbers. If the frequencies 



Fig. 12iU. Composition of two simple periodic waves at riRbt angles. 

are only slightly difTerent from these, the figure will progress through all 
its forms characteristic of various values of the phase difference, such 
as those shown in Fig. 12/v. 


Problems 

1. Caleulato the resultant amplitude U and the initial phase angle 9 for the 

Biini of the following three inotion.s: iji ^ 3 sin (ir/8)f, ^ 3 sin [(ir/8)f + (v/4)], 

y, =3sin((v/8)f + (ir/2)]. 

2. Repeat Prob. 1 for motions: 7/1 = 3 sin [(ir/4)/ + Cr/2)], j/* =* 4 sin l(r/4)t + tJ, 
yz^3 sin [(T/4)t + (3ir/2)l. 

8 . Plot the two equations 7/1 2 sin (ir/3)t and 7/2 =* 3 sin [(t/3)/ + ( 6jr/6)I, 

and their resultant y ^ It sin 1(^/3)/ + 9\. Use t as abscissas and determine tho 
ordinates y by adding. 

4 . Calculate the nmultant R and the initial phase angle 9 in Prob. 3. 

6. Two waves vibrating in the same plane and traveling through the same medium 
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are given by the equations yi — ri sin (2r/X])(sit - x) and yt — r* sin (2r As)(Vf< — «), 
where n -■ 1 cm, rs » 1 cm, Xi ■> 4.0 cm, Xa bb 4.1 cm, vi ■■ 100 cm/sec, and Vs » 
101 cm/sec. Calculate the group velocity. 

6. Two periodic motions at right angles are given by the equations y Z sin 
[(ir/4)< + (ir/4)], s >■ 5 sin [(ir/4)< + (3r/4)]. Plot the resultant motion as in Pig. 12/#. 
Indicate the starting point and the direction of motion. 

7. Draw the Lissajous figure resulting from the composition of two simple periodic 
motions at right angles whose analytical expressions are 

a: = 4 sin and y * 6 sin ^ 


8 . Two periodic motions in the same line are given by « 3 sin ^ t and Xt ^ 

2 cos Find the amplitude and initial phase of the resultant motion. 

What is the equation of the resultant motion? 

9. Stending waves are produced, as in Wiener’s experiment, by reflecting light 
normally from a plane mirror. If the light has a wavelength of 6563 A, find the num- 
ber of dark bands per centimeter on the photographic plate when the film is inclined 
(a) at I** to the reflecting surface, and (b) at 10^ 

10. The velocity of very short water wavcis is given by c ■■ (2ir7Vxd)* where T is the 
surface tension and d the density. Calculate (a) the wave velocity for waves 0.5 cm 
long, and (b) the group velocity for a group of these waves. 

11. Two waves traveling in opposite directions in the same medium are symbolized 
by the equations yt"* Z sin ir(5f — x) and yt Z sin T(Zt + x). Plot the resultant 
wave form between x >■ 2 and x >■ 6 at the times f = i sec and C « S sec. 

12. Two trains of waves traveling in the same direction have amplitudes of 4 cm 
and 3 cm respectively. They have equal wavelengths of 10 cm and equAl velocities 
of 160 cm/scc. The crests of the 3-cm wave are a third of a wavelength behind those 
of the 4-cm wave, (a) Plot the resultant wave form by graphical addition, (b) Write 
an equation for the resultant wave. 

13. Plot y against t for the Fourier scries 

y — 10 + 8 sin xf + 4 sin 2xf + 2 sin 3irf 

14. Derive an' equation for the elliptical vibration in IVob. 6. 

16. As suggested in Sec. 12.8, prove that for gravity water waves, for which v \/x, 

the group velocity u » ' * 

16. The velocity of surface waves (gravity waves) in deep water has been shown to 
be given by s y/g\/2ir. Plot v against X for waves from X 0 to 100 cm, and 
graphically determine the group velocity for X « 25 cm, 50 cm, and 75 cm. 

17. Differentiate the equation for the velocity of water waves in Prob. 16 and cal- 
culate the group velocity for X ■■ 25 cm, 50 cm, and 75 cm. 

18. The velocity of surface waves on liquids, controlled by gravity and surface 
tension, is given by 
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for water at 20°(\ surface tension T = 72.7 dynes /cm, and the density d ** 1. 00. 
Plot V against X for w'atc'r waves from X » 0 to 30 cm, and graphically determine the 
group velocity for X — 1 cm, 4 cm, and 25 cm. 

19 . DilTercntiate the equation for wave velocity of water waves in Prob. 18 and 
calculate the group velocity for X » 25 cm, 50 cm, and 75 cm. 

20 . Two sources A and B emit waves of equal amplitude with phase angles of 
either 0** or 180° only. Show that, with a random distribution of these phases among 
the sources, the average total intensity will be two times that for any one of them 
alone. (Notk: There arc four phase combinations.) 

21 . Three sources >1, /f, and C emit wavers of equal amplitude with phase angles of 
either 0° or 180° only. Show that with a random distribution of these phases among 
the sources the average total intensity will be; three times that for any one of them 
alone. (Note: There are eight phase combinations.) 

22. Ill Wiener’s experiiii(*nt a photographic film 5 cm long is placed in contact with 
a mirror and one edge; then raised by inserting a strip of paper, 0.002 cm thick, between 
the two. Find the band separation to lie found on the film if light of wavehuigth 
5000 A is used. 

23 . Write expressions for two simple periodic motions at right angles which when 
combined will produce resultant motions of the following types: (a) A linear motion 
of amplitude 3 and frequency 20 per sec, along a fine making an angle of 60° with the 
positive X axis, (b) A circular motion of radius 3 and frequency 20 per sec, the center 
at the origin, and the initial position of the refereiitu; point at +3 on the y axis, (c) 
An elliptical motion with semiminor axis of 2 in the x direction, semimajor axis of 4 in 
the y direction, frequency of 20 per sec, and initial position of +2 on the x axis. 

24 . Write ecpiations for two simple periodic motions at right angles [t.e., y = /i(0» 

z = that give (a) a linear motion of amplitude .5 and frequency 10 per sec along 

a line making an angle of 50° with the +2 axis, (&) the same as (a) but with an angle 
of 150°, and (c) a circular motion of radius 5, frecpiency 10 per sec, and center at the 
origin. 

26 . For the type of waves described in Prob. IS, 6nd the; exact value of the wave- 
length for which the wave and group velocities are equal, and determine this velocity. 



CHAPTER 13 

INTERFERENCE OF TWO BEAMS OF LIGHT 

It was stated at the beginning of the last- chapter that two beams of 
light may be made to cross each other without either one producing any 
modification of the other after it passes beyond the region of crossing. 
In this sense the two beams do not interfere with each other. However, 
in the region of crossing, where both beams arc a(*ting at once, we are 
led to expect from the considerations of the preceding chapter that the 
resultant amplitude and intensity may be very different from the sum of 
those contributed by the two beams acting separately. This modifi- 
cation of intensity obtained by the superposition of two or more beams 
of light we call interference. If the resultant intensity is zero or in gen- 
eral less than we expect from the separate intensities, we have destructive 
interference, while if it is greater, w'e have constructive interference. T\iq 
phenomenon in its simpler aspects is rather difficult to observe, because 
of the very short wavelength of light, and therefore was not recognizi?d 
as such in the time prior to 1800 when the corpuscular theory of light 
w'as predominant. The first man successfully to demonstrate the inter- 
ference of light, and thus establish its wave 
character, was Thomas Young. In order to 
understand his crucial experiment performed 
in 1801, we must first consider the application 
to light of an important principle Avhich holds 
for any type of wave motion. 

13.1. Huygens’ Principle. When waves 
pass through an aperture, or past the edge of 
an obstacle, they always spread to some 
extent into the region which is not directly * Dm ration of waves 

exposed to the oncoming waves. This phe- at a small aperture, 
nomenon is called diffraction. In order to explain this bending of light, 
Huygens nearly three centuries ago proposed the rule that each point on 
a wave front may he regarded as a new source of waves. * This principle 

♦The “waves” envisioned by Huygens were not continuous trains but rather a 
series of random pulses. Furthermore, he supposed the secondary waves to be effec- 
tive only at the point of tangeney to their common envelope, thus denying the possi- 
bility of diffraction. The correct applk*ation of the principle was first made by 
Fresnel, more than a century later. 
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has very far-reaching applications and will be used later in discussing the 
diffraction of light, but we shall consider here only a very simple proof 
of its correctness. In Fig. 13 A let a set of plane waves approach the 
barrier AB from the left, and aoO the barrier contain an opening 8 of 
width somewhat smaller than the wavelength. At all points except S 
the waves will be either reflected or absorbed, but S will be free to pro- 
duce a disturbance behind the screen. It is found experimentally, in 
agreement with the above principle, that the waves spread out from 8 
in the form of semicircles. 


Huygens’ principle as shown in Fig. 13A can be illustrated very suc- 
cessfully with water waves. An arc lamp on the floor, with a glass- 
bottomed tray or tank above it, will cast shadows of waves on a white 
ceiling. A vibrating strip of metal or a wire fastened to one prong of a 
tuning fork of low frequency will serve as a source of waves at one end 
of the tray. If an electrically driven tuning fork is used, the waves may 
be made apparently to stand still by placing a slotted disk on the shaft 
of a motor in front of the arc lamp. The disk is set rotating with the 
same frequency as the tuning fork to give the stroboscopic effect. The 
latter experiment can be performed for a fairly large audience and is well 
worth doing. Descriptions of diffraction experiments in light will be 
given in Chap. 15. 


If the experiment in Fig. 13A tie performed with light, one would 
naturally expect, from the fact that light generally travels in straight 
lines, that merely a narrow patch of light would appear at Z). However, 
if the slit is made very narrow, an appreciable broadening of this patch 
is observed, its breadth increasing as the slit is further narrowed. This 
reinarkable evidence that light does not always travel in straight lines was 
mentioned at the very beginning of this book (Sec. 1.1 and Fig. lA). 
When the screen CE is replaced by a photographic plate, a picture like the 
one shown in Fig. 13^ is obtained. The light is most intense in the for- 
ward direction, but its intensity decreases slowly as the angle increases. 
If the slit is small compared with the wavelength of light, the intensity 
does not come to zero even when the angle of observation becomes 90*^ 
(Sec. 15.3). While this brief introduction to Huygens’ principle will be 
sufficient for an understanding of the interference phenomena we are to 
discuss, we shall return in Chaps. 15 and 18 to a more detailed consid- 
eration of diffraction at a single opening. 

13.2. Young’s Experiment. The original experiment performed by 
Young is shown schematically in Fig. 13C. Sunlight was first allowed 



Sec. 13.2] 


YOUNCrS EXPERIMENT 


227 


to pass through a pinhole S and then, at a considerable distance away, 
through two pinholes jSi and 5s. The two sets of spherical waves emerg- 
ing from the two holes interfered with each other in such a way as to 
form a symmetrical pattern of varying intensity on the screen A C. Since 
this early experiment was performed, it has been found convenient to 
replace the pinholes by narrow slits and to use a source giving monochro- 
matic light, f.c., light of a single wavelength. In place of spherical wave 
fronts we now have cylindrical wave fronts, represented equally well in 



c D K 

Fig. 13B. Photograph of the diffraction of light from a slitpf width 0.001 mm. 



Fio. 130. Experimental arrangement for Young’s doiihle-slit experiment. 

two dimensions by the same Fig. 13(7. If the circular lines represent 
crests of waves, the intersections of any two lines represent the arrival 
at those points of two waves with the same phase or with phases differing 
by a multiple of 2 t. Such points are therefore those of maximum dis- 
turbance or brightness. A close examination of the light on the screen 
will reveal evenly spaced light and dark bands or fringes, similar to those 
shown in Fig. 13-D. Such photographs are obtained by replacing the 
screen AC of Fig. 13C by a photographic plate. 

A very simple demonstration of Young's experiment can he .accom- 
plished in the laboratory or lecture room by setting up a single-filament 
lamp L (Fig. 13J?) at the front of the room. The straight vertical filar 
ment S acts as the source and first slit. Double slits for each observer 
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•can be easily made from small photographic plates about 1 to 2 in. 
.square. The slits are made in the photographic emulsion by drawing 
the point of a penknife across the plate, guided by a straight edge. The 
plates need not be developed or blackened but can be used as they are. 
The lamp is now viewed by holding the double slit D close to the eye E 
and looking at the lamp filament. If the slits are close together, e.g,, 
•0.2 mm apart, they give widely spaced fringes, whereas slits farther 
apart, c.^., 1 mm, give very narrow fringes. A piece of red glass F, 
placed adjacent to and above another of green glass in front of the lamp, 
will show that the red waves produce wider fringes than the green, which 
we shall see is due to their greater wavelength. 



Fig. 13i). Interference fringoH prodiic^ed by a double slit using the arrangement shown 
jn Fig. 13C. 


o| 

Fio. 13£. Simple method for ol>Nf*rviiig interference fringes. 

Frequently one wishes to perform accurate experiments by using more 
nearly monochromatic light than that obtained by white light and a red 
or green glass filter. Perhaps the most convenient method is to use the 
sodium arc now available on the market, or a d-c carbon arc arranged as 
follows: A small i-in. hole, I in. deep, is drilled in the end of the positive 
carbon and filled r.vith common salt. When the arc has run several min- 
utes, the hole is refilled. After several refillings a very bright source of 
sodium light, almost entirely of wavelength 5893 A, is obtained. Mono- 
chromatic green light can be obtained from any mercury arc by sending 
the light through a special glass filter now on the market. Such a filter 
transmits only the green line, X5461. 


13.3. Interference Fringes from a Double Source. We shall now 
derive an equation for the intensity at any point P on the screen (Fig. 
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13F) and investigate the spacing of the interference fringes. Assuming 
that the source slit S is equidistant from S\ and St, the light vibrations 
at the two slits will be in the same phase at any instant, and we may 
represent either of them by the equation (Eq. 11a) of simple periodic 
motion, 

2 / = r .sin 2ir 

where r is the amplitude, T the period, and t the time. 



Ftg. ISF. Schoiiiatif diuKraiii of tlic optical paths of interfering hcama in Young’s experi- 
ment. 


In the wave traveling from S\ to P, the phase difference will have the 
value 2irSiP/\ and hence at the point P will have the motion 

1/1 = ri sin 2ir 

for the light from <Si, and the motion 

2/2 = rt sin 27r 

for the light from S 2 . These two equations represent simple periodic 
motions of the same fretiuency, and we have exactly the problem treated 
in Sec. 12.1 by the principle of superposition. Our present equations 
have the form of Eqs. 12a, namely, 

2/1 = ri sin («< + ai) 
yt = rt sin (tat + at) 

where now (o = 2ir/7^, ai = —2irSiP/\, and at = —2irStP/\, There- 
fore, from Eq. 12/ we may write for the resultant motion 

y = + 2/2 = /? sin {(at + B) 
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in which R and B are to be found from Eqs. 12d and 12e, respectively. 
The new phase constant 6 is of no interest to us here, as we are primarily 
interested in the resultant intensity, which is proportioned to 

If, as is usually the case, the two slits Sx and S 2 are of equal width and 
very close together, the amplitudes ri and r 2 will be so nearly equal that 
we may assume them to be so and put ri = r 2 = r. Then we have from 
Eq. 12g, for the resultant intensity, 

I = R^ = 4r® cos* ^ (13o) 


where 8 is the phase difference ai — at between the two superimposed 
vibrations, given by the relation 


5 = ^ • (path difference) = ^ (S^P — SiP) 

A A 


(136) 


It now remains to find an expression for the path difference in terms 
of the distance x on the screen from the central point Po, the separation 
of the slits d, and the distance D from the slits to the screen. From the 
relations between the sciuares on the sides of a right triangle, w^e first 
write for the triangle BP St 

{sj'r = D* + (x + 

and for the triangle BP Si 

(S.P)* = D* + - fj 

Taking the difference between these two equations, D drops out, and 
-\SrP)^ = (a: + 0' -(•«:- .5)' 

which gives 

. {.StPy - {SiPy = 2xd 


Factoring the left side of this equation, 

(iSV^ - SiP){StP + SJ^) = 2xd 

or 

on Q /> 2xd 

StP SiP - ^ p 

In general, when Young's experiment is performed, D is some thousand 
times larger than d or x, so that StP + SiP may be replaced by 2Z> 
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without altering the equality by more than a very small fraction of 1 
per cent. We find 




(13c) 


This is the value of the path difTerence to he substituted in Eq. 136 to 
obtain the phase difference 5. Now Eq. 13a for the intensity has maxi- 
mum values of 4r- whenever 6 is an integral multiple of 2ir, and according 
to Eq. 13b this will occur when the path difference is an integral multiple 
of X. Hence we have 
xd 

g = 0, X, 2X, 3X, • • • = mX 


or 



BRIGHT FRINGES 


(13d) 


The minimum value of the intensity is zero, and as is seen from Eq. 13a 
this occurs when 5 = ir, 3ir, 5ir, • • • . For these points 


or 



(13c) 


The whole number m, which characterizes a particular bright fringe, is 
called the order of interference. Thus the fringes with m = 0, 1, 2, • • • 
are called the zero, first, second, etc., orders. 

The distance on the screen between two fringes of orders m and m + 1 
may be obtained from Eq. 13d by taking the difference 

- r.. = (m + l)X^ - X J (13/) 

It is the same as the separation between dark fringes, 

- ar«_j = + = (13ff) 


According to these equations the spacing of the fringes is constant (inde- 
peu^wnt of m), in agreement with the observed pattern of Fig. 13Z). It 
is directly proportional t* the slit-screen distance Z), inversely propor- 
tional to the separation of slits d, and directly proportional to wavelength 
X. A measurement of the spacing of the fringes thus gives us a direct 
determination of X in terms pf known quantities. 
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13.4. Intensity Distribution in the Fringe System. T^et us now con- 
sider the pbysicnl reason for the formation of these dark and bright 
fringes. We have found that when the path difference S^P — SiP is a 
whole number of wavelengths, the point P is the center of a bright 
fringe. For such a point the additional distance that one wave travels 
will be 52A (Fig. 13F), provided the broken curve Si A is the arc of a 

circle with P as a center. Thus it is 
clear that if AS2A contains a whole 
number of wavelengths, the two waves 
will reach P in the same phase, and the 
resultant amplitude will be twice that 
due to either wave alone. On the other 
hand, if S2A is (m + i)X, f.c., an integral 
number of wavelengths plus an addi- 
tional half wavelength, the waves reach 
P exactly in opposite phase, and the 
resultant amplitude will be zero. 

Figure 13G shows two complete 
sets of waves diverging from S\ apd 
iSa, th(5 s<mii(urcles represc'nting the crests of the waves, a distance; X 
apart. The intensity Avill be a maximum wherever a crest falls on a 
crest. "J'his will obviously occur at i^o, which is e(|uidistant from aSi 
and >^2, and also at Pi, P-i, P 2 , etc., Ix^cailse each of these points is 
some whple number of wavelengths farther from one slit than from the 
other. If the screen is moved toward or away from the slits the spacing 
of these maxima decreases or increases nearly in direct proportion to the 
distance; f.c., the disturbance is a maximum at 
all points in space along the broken lines shown 
in the figure. These are not straight lines, as 
would be recpiired by our simple equation 13rf. 

They arc actually hyperbolas, since the hypen*- 
bola is a curve for which the difference in the 
distance from two fixed points is [a constant. 

However, wdien the wavelength is small and 
the distance to the screen large, the deviation 
from sti aight lines is small enough to be negligible for practical purposes. 

To find the intensity on the screen at points between the maxima, 
we apply the vector method of compounding amplitudes described in 
Sec. 12.2 and illustrated for the present case in Fig. 13//. For the 
maxima, the angle 5 is zero and the component amplitudes ri and ra are 
parallel, with the resultant R = 2r. For the minima, ri and ra are in 
opposite directions and 72 = 0. In general, for any value of 3, 72 is the 



I'm. 13//. llluHtnitiiiK the 
vf>iM position of two waves of 
the same frociuciicy and ampli- 
tude but difTcrent phase. 



Ficj. 13//. Wavelets from u double 
slit slKiwiiiK reinforeement along direc- 
tions /*oi Fi, etc. 
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closing side of the triangle. The value of which measures the inten- 
sity, is then given by Eq. 13a and varies according to cos* (6/2). In 
Fig. 13/ the solid curve represents a plot of the intensity against the 
phase difference. 

In concluding our discussion of these fringes, one question of funda- 
mental importance should be considered. If the two beams of light 
arrive at a point on the screen exactly out of phiise, they interfere destruc- 
tively and the resultant intensity is zero. One may well ask what 
becomes of the energy of the two beams, since the law of conservation 
of energy tells us that energy cannot be destroyed. The answer to this 
(|uestiou is that the energy which apparently disappears at the minima 



► •^n-An-ln-Q.n’n 0 ii 2n 3;r An 5n 6n In 
Tin. ISr. Intensity distribution for the interferouco fringes from two beams. 

aelually is still present at the maxima, where the intensity is greater than 
would be produced by the two beams acting separately. In other words, 
the energy is not destroyed but merely redistributed in the interference 
pattern. The average intensity on the screen is exactly that which would 
exist in the absence of interference. Thus, as shown in Fig. 13/, the 
intensity in the interferciice pattern varies between 4r* and zero. Now 
each beam acting separately would contribute r*, and so without inter- 
ference we would have a uniform intensity of 2/**, as indicated by the 
broken line. To obtain the average intensity on the screen for n fringes, 
we note that the average value of the square of the cosine is i. This 
giv(‘s, by Eq. 13a, I = 2r*, justifying the statement made above, and 
it shows that no violation of the law of conservation of energy is involved 
in the interference phenomenon. 

13.6. Fresnel’s Biprism. Soon after the double-slit experiment was 
performed by Young, the objection was raised that the bright fringes he 
oliserved were probably due to some complicated modification of the 
light by the edges of the slits and not to tnie interference. Thus the 
wave theory of light was still questioned. Not many years passed, 

* Augustin Frosiiol (1788-1827). Most notable French contributor to the theory of 
light. Trainc*d as an engineer, he became interested in light, and in 1814-1815 he 
rediscovered Young's principle of interference and extended it to complicated cases 
of diffraction, llis mathematical investigations gave the wave theory a sound 
foundation. 
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however, before Fresnel brought fqipvard several new experiments in 
which the interference of two beams of light was proved in a manner not 
open to the above objection. The first of these is called the Fresnel 
biprism experiment. 

A schematic diagram of the biprism experiment is shown in Fig. 13/. 
The thin double prism P refracts the light from the slit source S into 



Fig. 13/C. Interference and diffraction fringes produced in the Fresnel biprisin experiment. 

two overlapping beams oc and be. If screens M and N are placed as 
shown in the figure, interference fringes are observed only in the region 
be. When the screen ae is replaced by a photographic plate, a picture 
like the upper one in Fig. 13/iC is obtained. The closely spaced fringes 
in the center of the photograph are due to interference, while the wide 
fringes at the edge of the pattern are due to diffraction. These wider 
bands arc produced by the vertices of the two prisms, each of which acts 
as a straight edge, giving a pattern which will be discussed in detail in 
Chap. 18. When the screens M and N are removed from the light path, 
the two beams will overlap over the whole region ad. The lower photo- 
graph in Fig. 13jC shows for this case the equally spaced interference 
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fringes superimposed on the difTraraon pattern of a wide aperture. (For 
the diffraction pattern above, without the interference fringes, see Fig. 
1ST.) With such an experiment Fresnel was able to produce interfer- 
ence without relying upon diffraction to bring the interfering beams 
together. 

Just as in Young’s, double-slit experiment, the wavelength of light can 
be determined from measurements of the interference fringes produced 
by the biprism. Calling B and C the distances of the source and screen, 
respectively, from the prism P, d the distance between the virtual images 
S\ and 1 S 2 , and Ax the distance between the successive fringes on the 
screen, the wavelength of the light is givcm from Kq. 13/ as 


_ Axd 
^ ~ B + C 


(I3h) 


Thus the virtual images Si and S 2 act as did the two slit sources in 
Young’s experiment. 

To find d, the separation of the virtual sources, we make use of the 
fact that for a prism of very small refracting angle the deviation of a 
ray is given by (n — l)a, n l)eing the index of refraction of the prism 
and a its refracting angle. Hence, from Fig. 13«/, 


I = (n - 1)a 


(13/) 


Now both a and n may be measured by placing the biprism cm a spec- 
trometer, so that B can be found. Then d = BBy and we obtain for the 
wavelength 


X = 


Be 

B + C 


Ax 


2B(n - l)a 
B + C 


Ax 


(13i) 


This method is rather laborious, and in practice it is much more con- 
venient to measure the angle B directly on the spectrometer. Parallel 
light from the collimator, when incident on both halves of the biprism, 
divides into two beams making an angle B with each other, as does the 
central ray from S in Fig. 13 J. The angular separation of the two slit 
images in the telescope is then equal to B. A still simpler determination 
of B may be made by holding the prism close to one eye and viewing a 
round frosted light bulb. At a certain distance from the light the two 
images may be brought to the point where their inner edges just touch. 
The diameter of the bulb divided by the distance from the bulb to the 
prism then gives B directly. 



236 


INTERFERENCE OF TWO BEAMS OF LIGHT [Chap. 13 


FreHnel biprisms arc easily made from a small piece of glass, such as 
half a microscope slide, by beveling about i to i in. on one side. This 
requires very little grinding with ordinary abrasive materials and polish- 
ing with rouge, since the angle required is only about 1^. 


13.6. Fresnel’s Mirrors. Another experiment illustrating the inter- 
ference between two beams of light is known as the Fresnel mirror experi- 



I'lu. VMj. Diagram of tho Fresnel double-mirror experiment. 



h c 


Fig. Intcrfereiiec fringes produced in the Fresnel double- mirror experiment. 

ment. Light from a narrow’ slit S is split into two beams by reflection 
from two mirrors placed close together so that their planes make a small 
angle 0 with each other, as illustrated in Fig. 13L. On that part of the 
screen where the two beams overlap, interference fringes are obtained of 
the type shown in Fig. 13ilf . The explanation of these fringes is similar 
to that for the double slit and biprism. After reflection from the mirrors, 
the light arriving at the screen appears to come from virtual sources 



Sec. 13 . 7 ] 


COHERENT SOURCES 


237 


St and St. The relations between fringe separation and the geometry 
of the figure are such that, if we call d the distance between the virtual 
sources, C the distance Mb, and X the wavelength, the distance Ax 
between fringes on the screen will be related to these quantities by 
Eq. 13A. The interval d can be measured directly by the second or 
third method described above for the biprism, or it can be calculated 
from the fact that d — 2B0 (see Fig. 13L), 0 now being the angle between 
the mirrors. In terms of this angle, the wavelength is given by 

The Fresnel double-mirror experiment is usually performed on an 
optical bench with the light reflected from the mirrors at nearly grazing 
angles. Two pieces of ordinary plate ^lass about 2 in. square make a 
very good double mirror. One plate should have an adjusting screw 
fur changing the angle 6^ and the other a screw for making the two mirror 
edges parallel. 


13.7. Coherent Sources. It will be noticed that the three successful 
methods of demonstrating interference we have discussed so far have one 
important feature in common: The two interfering beams arc always 
derived from the same source of light. We find by experiment; that it is 
impossible to obtain interference fringes from two separate sources, such 
as two lamp filaments set side by side. This failure is caused by the fact 
that the light from any one source is not an infinite train of waves. On 
the contrary, there are sudden changes in phase occurring in very short 
intervals of time (of the order of 10"** sec). This point has already been 
mentioned in Sec. 11.3. Thus, although interference fringes may exist 
on the screen for such a short interval, they will shift their position each 
time there is a phase change, with the result that no fringes at all will 
be seen. In Young’s experiment and in Fresnel’s mirrors and biprism, 
the two sources Si and S 2 always have a point-to-point correspondence 
of phase, since they are both derived from the same source. If the 
phase of the light from a point in Si suddenly shifts, that of the light 
from the corresponding point in S 2 will shift simultaneously. The result 
is that the difference in phase between any pair of points in the two 
sources always remain constant, and so the interference fringes are sta- 
tionary. It is a characteristic of any interference experiment with light 
that the sources must have this point-to-point phase relation, and sources 
that have this relation are called coherent sources. 
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If in Young’s experiment the souree slit S (Fig. 13C) is made too wide, 
or the angle between the rays which leave it too large, the double slit no 
longer represents two coherent sources, and the interference fringes dis- 
appear. This subject will be discussed in more detail at the end of 
Chap. 16, l^he Double Slit. 

13.8. Lloyd’s Mirror. The experiment known as Lloyd’s mirror is 
important in any treatment of the nature of light, for it shows, in addi- 
tion to the interference of two coherent beams of light, the phase change 
of light as it is reflected at grazing incidence from the surface of glass. 



I))aKrain for the Lloycl’H-inirrnr experiment. 



(o) Taken with viniblc light X4358 A. {After (h) Taken with X rays X8.33 A. {After 
White.) Kdlstrom.) 

Via. 130. Interference fringes produced with Lloyd’s mirror. 


lAgiit from a narrow slit Si, in Fig. iSN, is incident at a grazing angle on 
the surface of a fairly long and flat strip of glass. The light is reflected 
from the glass in such a manner that its arrival at the screen is essentially 
the same as though it started from the virtual source S 2 . In addition 
to the refl(‘cted light arriving at the screen there is also the light coming 
directly from the source Si without reflection. In the region of over- 
lapping of those two beams, interference occurs, and it can be observed 
as a system of fringes on the screen in the region be. 

An important feature of the Lloyd’s-mirror experiment lies in the fact 
that when the screen is placed in contact with the end of the mirror (in 
the position MN, Fig. IZN), the edge 0 of the reflecting surface comes 
at the center of a dark fringe, instead of a bright one as might be expected. 
This means that one of the two beams has undergone a phase change of t. 
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Since the direct beam could not change phase, this experimental observa- 
tion is interpreted to mean that the reflected light has changed phase 
at reflection. Two photographs of fringes formed by the Lloyd’s-mirror 
experiment are reproduced in Fig. 130, one taken with visible light and 
the other with X rays. 

If the light from source iSi in Fig. 13iV^ is allowed to enter the end of 
the glass plate by moving the latter up, and to be internally reflected 
from the upper glass surface, fringes will again be observed in the interval 
OP, with a dark fringe at 0. This again shows that there is a phase 
change of t at reflection. As will be shown in Chap. 28, this is not in 
contradiction with the discussion of phase change given in Sec. 11.8. In 
this instance the light is incident at an angle^grcatcr than the critical 
angle for total reflection. 


The Lloyd’s-mirror experiment is readily set up for demonstration 
purposes as follows: A carbon arc, followed by a c;olored glass filter and 
a narrow slit, serves as a source. A strip of ordinary plate glass 1 to 2 
in. wide and a foot or more long makes an excellent mirror. A magni- 
fying glass focused on the far end of the mirror enables one to observe 
the fringes shown in Fig. 130. Internal fringes can be observed by 
polishing the ends of the mirror to allow the light to enter and leave the 
gliiss, and by roughening one of the glass faces with coarse emery. 


13.9. Billet’s Split Lens. Another device for producing interference 
fringes is known as Billet’s split lens. In this experiment (Fig. 13P) half 
lenses are placed close together to form two real images S\ and of 
the slit S. Si and S 2 now act in the same way as the double slit in 
Young’s experiment. Fringes are observed in the overlapping region he. 
An ordinary lens and a biplate, consisting of two identical plane-parallel 
plates inclined slightly to each other, will give the same result as a split 
lens. 

13.10. Michelson* Interferometer. This is an instrument designed 
l)y Michelson in which light from an extended source is divided into two 

*A. A. Michelson (18' ' American physicist of great genius. He early 

became interested in the velocity of light, and began experiments while an instnictor 
in physics and chemistry at the Naval Academy, from which he graduated in 1873. 
It is related that the superintendent of the Academy asked young Michelson why he 
wasted his time on such useless experiments. Years later Michelson was awarded 
the Nobel prize (1907) for his work on light. Much of his work on the velocity of 
light (Sec. 19.5) was done during 10 years spent at the Case Institute of Technology. 
During the latter part of his life he was professor of physics at the University of 
Chicago, where many of his famous experiments on the interference of light were done. 
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parts by partial reflection These beams are sent in quite different 
directions against plane mirrors, whence they are brought together again 
to form interference fringes. The arrangement is shown schematically 
in Fig. 13Q. The main optical parts consist of two highly polished plane 
mirrors Mi and Mt and two plane-parallel plates hA glass Oi and Gt. 
Sometimes the rear side of the plate Gi is lightly silvered (shown by the 



I'lG. 13P. Diagram of split Ions ff»r producing iiitcrfcrcni'c fringes. 


heavy line in the figure) so that the light coming from the source S is 
divided into (1) a reflected and (2) a transmitted beam of equal intensity. 
The light reflected normally from mirror My passes through G\ a third 
time and reaches the eye as shown. Thd light reflected from the mirror 
M 2 passes back through 62 for the second time, is reflected from the 
surface of Gi and into the eye. The purpose of the plate G2, called the 
compensating plate, is to render the path in gla^s of the two rays equal. 

This is not essential for producing 
fringes in monochromatic light, but 
it is indispensable when white light 
is used (Sec. 13.13). The mirror 
Ml is mounted on a carriage C and 
can be moved along the well- 
machined ways or tracks T. This 
slow and accurately controlled 
motion is accomplished by means of 
the screw V which is calibrated to 
show the exact distance the mirror 
has been moved. To obtain 
fringes, the mirrors M 1 and are 
made exactly perpendicular to each 
other by means of screws shown on 
mirror M 2 . 

Even when the above adjustments have been made, fringes will not 
be seen unless two important requirements are fulfilled. First, the light 
must originate from an extended source. A point source or a slit source, 
as used in the methods previously described, will not produce the desired 
system of fringes in this case. The reason for this will appear when we 
consider the origin of the fringes. Second, the light must in general be 



Fio. 13Q. Diagram of ilie MicholBon iiitor- 
ferometer. 
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mfmochromatiCf or nearly so. Especially is this true if the distances of 
M\ and Mx from G\ are appi-eciably different. 

An extended source suitable for use with a Michclson interferometer 
may be obtained in any one of several ways. A sodium flame or a 
mercury arc, if large enough, may be used without the screen L shown 
in Fig. 13Q. If the source is small, a ground glass screen or a lens at L 
will extend the field of view. Looking at the mirror Mi through the 
plate Gi, one then sees the whole mirror filled with light. In order to 
obtain the fringes, the next step is to measure the distances of Mi and 
M 2 to the back surface of Gi roughly with a millimeter scale, and to move 
Ml until they are the same to within a few millimeters. The mirror Mt 
is now adjusted to be perpendicular to Mi by observing the images of a 
common pin, or any sharp point, placed between the source and Gi. 





Fig. 1372. Diagram illustrutirig tho furiiiution of circular fringes in the Michclson inter- 
ferometer. 

Two pairs of images will be seen, one coming from reflection at the front 
surface of Gi and the other from reflection at its back surface. When the 
tilting screws on M 2 are now turned until one pair of images falls exactly 
on the other, the interference fringes should appear. When they first 
appear, the fringes will not be clear unless the eye is focused on or near 
the back mirror Mi, so the observer should look constantly at this mirror 
while searching for the fringes. When the fringes have been found, the 
adjusting screws are turned in such a way as to continually increase the 
width of the fringes, and finally a set of concentric circular fringes will 
be obtained. M 2 is then exactly perpendic^ular to Mi, if the latter is 
at an angle of 45^ with Gi. 

13.11. Circular Fringes. These are produced with monochromatic 
light when the mirrors are in exact adjustment, and are undoubtedly the 
most important type of fringes obtained with the Michelson interferom- 
eter. Their origin may be understood by reference to the diagram of 
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Fig. 13/2. Here the real mirror Mt has been replaced by its virtual 
image Mi formed by reflection in (xi. Mi is then parallel to Mi. Owing 
to the several reflections in the real interferometer, we may now think 
of the extended source as being behind the observer at L and forming 
two virtual images Li and Ls in Mi and Mi. These virtual sources are 
coherent in that the phases of corresponding points in the two are exactly 
the same at all instants. If d is the separation M iMi, the virtual sources 
will be separated by 2d. When d is exactly an integral number of half 
wavelengths, i.e., the path difference 2d equal to an integral number of 
whole wavelengths, all rays of light reflected normal to the mirrors will 
be in phase. Rays of light reflected at an angle, however, will in general 
not be in phase. The path difference between the two rays coming to 
the eye from corresponding points P' and P" is 2d cos as shown in 
the figure. The angle 6 is necessarily the same for the two rays when 
Ml is parallel to Mj so that the rays are parallel. Hence when the eye 
is focused to rec^eive parallel rays (a small telescope is more satisfactory 
here, especially for large values of d) the rays will reinforce each other 
to produce maxima for those angles 0 satisfying the relation’*' 

2d cos $ = mX (13/) 

Since for a given m, X, and d the angle B is constant, the maxima will 
lie in the form of circles about the foot of the perpendicular from the eye 
to the mirrors. By expanding the cosine, it can be shown from Eq. 13/ 
that the radii of the rings are proportional to the square roots of integers, 
as in the 'case of Newton's rings (Sec. 14.4). The intensity distribution 
across the rings follows Plq. 13a, in which the phase difference 6 is given by 

8 = Y 2«i cos 9 

With monochromatic light the circular fringes are visible for very largo 
path differences, the limit being set only by the fact that no actual source 
gives perfectly monochromatic light. If there is even a small range of 
wavelengths present in the light from the source, the fringes formed by 
the different components will be differently spaced and will mask all 
interference at sufficiently large values of d. Using the very nearly 
monochromatic light of the red cadmium line, the fringes remain visible 
up to path differences of about 50 cm, or d = 25 cm. A study of the 
change of clearness or ‘Visibility” of the fringesf with increasing path 

* Under those conditions minima may be observed (see discussion at the end of 
Sec. 13.13). 

t The visibility of fringes is quantitatively defined as F — where /m*. 

*mmx “T“ ^min 

and Jmi» are the intensities at the maxima and minima of the fringe pattern. 
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difference gives information about the sharpness of a spectral line used 
for the source of light. The larger the path difference over which the 
fringes remain clear, the more monochromatic the light, or the sharper 
the line. This was one of the first uses to which Michelson put his 
interferometer. Maxima and minima in the visibility curve indicate 
that the line has a fine structure of two or more components. Thus it 
is found that with light of the sodium D lines the fringes will become 
alternately sharp and diffuse, as the fringes formed by the two lines get 
in and out of step. The number of fringes between two positions of 
maximum sharpness is about 1000, indicating that the wavelengths of 
the D lines differ by about 1 part in 1000. Since Michelson’s method of 
inferring the structure of lines has l)een superseded by a more direct 
method (Sec. 14.6), it will not be described in detail here. 


(a) (6) (c) (<f) (e) 



if) (v) ih) ii) 0) 

Fia. 13i8. Appearance of the various types of fringes observed in the Michelson inter- 
ferometer. 


Starting with Mi a few centimeters beyond Af,, the fringe system will 
have the general appearance shown in (a) of Fig. 135, with the rings 
very closely spaced. If Afi is now moved slowly toward so that d 
is decreased, Eq. 132 shows that a given ring, characterized by a given 
value of the order m, must decrease its radius because the product 2d 
cos 6 must remain constant. The rings therefore shrink and vanish at 
the center, a ring disappearing each time 2d decreases by X, or d by X/2. 
This follows from the fact that at the center cos 0 = 1, so that P]q. 132 
becomes 

2c2 = mX (13m) 

To change m by unity, d must change by X/2. Now as Mi approaches 
JIfs the rings become more widely spaced, as indicated in Fig. 135(6), 
until finally we reach a critical position where the central fringe has 
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spread out to cover the whole field of view, as shown in (c). This hap- 
pens when Ml and are exactly coincident, for it is clear that under 
these conditions the path difference is zero for all angles of incidence. 
If the mirror is moved still farther, it effectively passes through AfJ, and 
new widely spaced fringes appear, growing out from the center. These 
will gradually become more closely spaced as the path difference increases, 
as indicated in (d) and (c) of the figure. 

13.12. Localized Fringes. If the mirrors and Afi are not exactly 
parallel, fringes will still be seen with monochromatig light for path 
differences not exceeding a few millimeters. In this case the space 
between the mirrors is wedge-shaped, as indicated in Fig. 13 T. The 
two rays* reaching the eye from a point P on the source are now no 
longer parallel, but appear to diverge from a point P' near the mirrors. 
Thus to sec these fringes clearly, the eye must be focused on or near the 

rear mirror M i. The localized fringes 
are practically straight, because the 
variation of the path difference 
across the field of view is now duo 
primarily to the variation of the 
thickness of the “air film'^ between 
the mirrors. With a wedge-shaped 
film, the locus of points of equal 
thickness is a straight line parallel to 
the edge of the wedge. The fringes are 
not exaetty straight, however, if d has an appreciable value, because there 
is also some variation of the path difference with angle. They are in 
general curved and are always convex toward the thin edge of the wedge. 
Thus, with a certain value of d, we might observe fringes shaped like 
those of Fig. 13S(g). Decreasing d, they move to the left across the 
field, a new fringe crossing the center of the field each time d changes by 
X/2. As we approach zero path difference, the fringes become straighter, 
until the point is reached where Mi actually intersects A/J, when they 
are perfectly straight, as in (A). Beyond this point, they begin to curve 
in the opposite direction (t). The blank fields (/) and (j) indicate that 
this type of fringe cannot be observed for large path differences. 

13.13. White-light Fringes. If a source of white light is used, no 
fringes will be seen at all except for a path difference so small that it 
does not exceed a few wavelengths. In observing these fringes, the 
mirrors are tilted slightly as for localized fringes, and the position ot Afi 

* When the term ''ray” is used, here and elsewhere in discussing interference 
phenomena, it merely indicates the direction of the perpendicular to a ‘loave front, and 
is in no way to suggest an infinitesimally narrow pencil of light. 



rid. iWT. Diagraiii illustrating the 
furiiiatioii of fringes with incliiieci mir- 
rors in the Micheison interferometer. 
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is found where it intersects J/,. With white light there will then be 
observed a central dark fringe, bordered on either side by 8 or 10 colored 
fringes. This position is often rather troublesome to find using white 
light only. It is l)est located approximately beforehand by finding the 
place where the localized fringes in monoc*hromatic light become straight. 
Then a very slow motion of Mi through this region, using white light, 
will bring these fringes into view. 

The fact that only a few fringes arc observed with white light is easily 
accounted for when we remember that su<;h light contains all wavelengths 
between 4000 and 7500 A. The fringes for a given color are more widely 
spaced the greater the wavelength. Thus the fringes in different colors 
will only coincide for d = 0, as indicated in Fig. 13f/. The solid curve 
represents the intensity distribution in the fringes for green light, and the 
broken curve that for red light. Clearly, only the central fringe will l)e 
uncolored, and the fringes of different colors will begin to separate at 
once on cither sid(‘, producing various impure colors which are not the 
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saturated spectral colors. After 8 or 10 fringes, so many colors are 
pmsent at a given point that the resultant color is essentially white. 
Interference is still occurring in this region, however, because a .spectro- 
scope will show a continuous spectrum with dark bands at those wave- 
lengths for which the condition for destructive interference is fulfilled. 
White-light fringes are also observed in all the other methods of prcxlticing 
interference described above, if white light is substituted for monochro- 
matic light. They ai*e particularly important in the Michclson interfer- 
ometer, where they may be used to locate the position of zero path 
difference, as we shall see in Sec. 13.14. 


An excellent reproduction in color of these white-light fringes will be 
found in Michelson, “Light Waves and Their Uses,” Plate II. ''fhe 
fringes in three different colors are also shown separately, and a study 
of these in connection wdth the white-light fringes is instructive as show- 
ing the origin of the various impure colors in the latter. 


It was stated above that the central fringe in the white-light system, 
i.e.f that corresponding to zero path difference, is black when observed 
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in the Michelsoii interferometer. One would ordinarily expect this fringe 
to be white, since the two beams should be in phase with each other for 
any wavelength at this point, and in fact this is the case in the fringes 
formed with the other arrangements, such as the biprism. In the present 
case, however, it will be seen by referring to Fig. 13Q that while ray (1) 
undergoes an internal reflection in the plate 6i, ray (2) undergoes an 
external reflection, with a consequent change of phase (Sec. 11.8). Hence 
the central fringe is black, if the black surface of G\ is unsilvered. If it is 
silvered, the conditions arc different and the central fringe may be white. 

13.14. Applications of the Michelson Interferometer. The principal 
advantage of this form of interferometer over the earlier arrangements 
for producing interference lies in the fact that the two beams are here 
widely separated, and the path difference between them can be varied 
at will by moving the mirror M i or by introducing a refracting material 
in the path of one of the beams. Corresponding to these tw^o ways of 
varying the path difference, there are tw’^o types of measurement which 
can be made with this interferometer. The first is the accurate meas- 
urement of distance in terms of the w’^avelength of light, which we shall 
discuss in this section. The second is the determination of indices of 
refraction, which will ])e briefly referred to at the beginning of Sec. 13.16. 

When the mirror ilf i is moved slowiy from one position to another, 
counting the number of fringes in monoc^hromatic light which cross the 
center of the field of view' w'ill give a measure of the distance the mirror 
has moved in terms of X, since by Eq. 13m we have, for the position d% 
corresponding to the bright fringe of order mi. 


2di = miX 

and for d 2 , giving a bright fringe of order m 2 , 

2^2 = m2X 

Subtracting these two equations, we find 

di — d 2 = (mi — m 2 ) g (13n) 

Hence the distance moved equals the number of fringes counted, multi- 
plied by a half wavelength. Of course, the distance measured need not 
correspond to an integral number of half wavelengths. Fractional parts 
of a whole fringe displacement can easily be estimated to one-tenth of a 
fringe, and, with care, to one-fiftieth. The latter figure then gives the 
distance to an accuracy of yiif X, or 5 X 10”^ cm for green light. 
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A small Michelson interferometer in which a microscope is attached 
to the moving carriage carrying Mi is frequently used in the laboratory 
for measuring the wavelength of light. The microscope is fo(?usod on a 
fine glass scale, and the number of fringes, m\ — mt, crossing the mirror 
between two readings d\ and on the scale gives X, by P]q. 13n. The 
bending of a beam, or even of a brick wall, under pressure from the hand 
can be made visible and measured by attach* 
ing Ml directly to the beam or wall. 


The most important measurement made 
with the interferometer was the comparison 
of the standard meter in Paris with the 
Avavelengths of intense red, green, and blue 
lines of cadmium by Michelson and 
Benoit. Clearly it would be impossible 
to count directly the number of fringes 
for a displacement of the movable mirror from one end of the standard 
meter to the other. Instead, nine intermediate standards (e talons) were 
used, of the form shown in Fig. 13F, each approximately twice the length 
of the other. The two shortest etalons were first mounted in an inter- 
ferometer of special design (Fig. ISIF), with a field of view covering the 
four mirrors, il/i, 3 / 2 , M\, and J/J. With the aid of the wliite light 



the nine etuloiiM UHed by Michel- 
non. 



Fro. 13TF. Diagram of the epecial Michelson interferometer used in accurately comparing 
the wavelength of light with the standard meter. 


fringes the distances of Jlf, ilfi, and Mi from the eye were made equal, 
as shown in the figure. Substituting the light of one of the cadmium 
lines for white light, M w^as then moved slowly from A to B, counting 
the number of fringes passing the cross hair. The count was continued 
until M reached the position B, which was exactly coplanar with il/ 2 , as 
judged by the appearance of the white-light fringes in the upper mirror 
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of the shorter etalon. The fraction of a cadmium fringe in excess of an 
integral number required to reach this position was determined, giving 
the distance M\M 2 in terms of wavelengths. The shorter etalon was then 
moved through its own length, without counting fringes, until the white- 
light fringes reappeared in Mi, Finally M was moved to C, when the 
white-light fringes appeared in as well as in M^, The additional dis- 
])1acement necessary to make M coplanar with MJ was measured in terms 
of cadmium fringes, thus giving the exact number of wavelengths in the 
longer etalon. This was in turn compared Avith the length of a third 
etalon of approximately twice the length of the second, by the same 
process. 

The longest intermediate standard was about 10 cm in length. This 
Avas compared Avith the prototype meter as shoAvn in Fig. 13X. Starting 



Fiu. \'^X. Coinpurison of tho longeHt etalon with the standard meter. 


Avith the pointer A in coincidence with the end mark under the microscope 
Ti and M coplanar Avith ilfo as observed Avith A\"hite-light fringes, the 
etalon is moved through its OAvn length until the fringes are centered in 
Ml. M is then moved until they reappear in M2, and the etalon moved 
again, repeating the process until after nine displacements the pointer A 
appears in T2. The number of cadmium fringes required to make A 
coincide with the second end mark is finally determined. 

It is important to notice that the error in the intercomparison of etalons 
is not cumulative. Thus the fractional part of a fringe measured in 
comparing tAvice the length of the first etalon with that of the second is 
only used to make sure of the whole number of the fringe nearest the 
cross hair Avhen M is coplanar Avith The final stepping-off process 
with the longest etalon does involve an accumulated error, but this is 
at most much smaller than that made in setting on the end marks with 
the microscope. 
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The final results were, for the three cadmium lines; 


Rod line 1 m « 1,553, 163.5X or X - 6438.4722 A 

Green line lni« 1,966, 249.7X or X » 5085.8240 A 

Blue line Im* 2,083,372.lX or X » 4799.9107 A 


Not only has the standard meter been determined in terms of what 
we now believe to be an invariable unit, the wavelength of light, but we 
have also obtained absolute determinations of the wavelength of three 
spectrum lines, the red line of which is at present the primary standard 
in spectroscopy. More recent measurements on the red cadmium line 
have been made (see Sec. 14.7). It now is internationally agreed that 
in dry atmospheric air at 15^C and a pressure of 760 mm Hg the red 
cadmium line, produced under the conditions described by Michelson, 
has the wavelength 

Xr = 6438.4696 A 

13.16. Twyman and Green Interferometer. If a Michelson interfer- 
ometer is illuminated with strictly parallel monochromatic light, produced 
by a point source at the principal focus of a well-corrected lens, it becomes 
a very powerful instrument for testing the perfection of optical parts such 
as prisms and lenses. The piece to be tested is placed in one of the light 
beams, and the mirror behind it is so chosen that the reflected waves, 
after traversing the test piece a second time, again become plane. These 
waves are then brought to interference with the plane waves from the 
other arm of the interferometer by another lens, at the foci/S of which 
the eye is placed. If the prism or lens is optically perfect, so that the 
returning waves arc strictly plane, the field will appear uniformly illumi- 
nated. Any local variation of the optical path will, however, produce 
fringes in the corresponding part of the field, which are essentially the 
“contour lines'' of the distorted wave front, h^ven though the surfaces 
of the test piece may be accurately made, the glass may contain regions 
that are slightly more or less dense. With the Twyman and Green 
interferometer these may l)c detected, and corrected for by local polish- 
ing of the surface. 

13.16. Determination of Index of Refraction by Interference Methods. 

If a thickness ^ of a substance having an index of refraction n is intro- 
duced into the path of one of the interfering beams in the interferometer, 
the optical path in this beam is increased because of the fact that light 
travels more slowly in the substance and consequently has a shorter 
wavelength. The optical path (Eq. lip) is now nt through the medium, 
whereas it was practically t through the corresponding thickness of air 
(n = 1). Thus the increase in optical path due to insertion of the sub- 
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stance is (n — 1)/.* This will introduce (n — 1)</X extra waves in the 
path of one beam, so if we call Am the number of fringes by which the 
fringe system is displaced when the substance is placed in the beam, 
we have 

(n — l)t = (Am)X (13o; 

In principle a measurement of Am, t, and X thus gives a determination 
of n. 

In practice, the insertion of a plate of glass in one of the beams pro- 
duces a discontinuous shift of the fringes so that the number Am cannot 
he counted. With monochromatic fringes it is impossible to tell which 
fringe in the displaced set corresponds to one in the original set. With 
white light, the displacement in the fringes of different colors is very 
different because of the variation of n with wavelength, and the fringes 
disappear entirely. This illustrates the necessity of the compensating 
plate G 2 in Michelson’s interferometer if white-light fringes are to be 
observed. If the plate of glass is very thin, these fringes may still be 
visible, and this affords a method of measuring n for very thin films. 
For thicker pieces, a pracri cable method is to use two plates of identical 
thickness, one in each beam, and to turn one gradually about a vertical 
axis, counting the number of monochromatic fringes for a given angle 
of rotation. This angle then corresponds to a certain known increase 
in effective thickness. 

For the measurement of the index of refraction of gases, which can be 
introduced! gradually into the light path by allowing the gas to flow into 
an evacuated tube, the interference method is the most practicable one. 
Several forms of refractometers have been devised especially for this 
purpose, of which wo shall describe two, the Jamin refractometer and the 
] lay leigh ref ractometer . 

Jamin’s refractometer is shown schematically in Fig. 13 F. Mono- 
chromatic light from a broad source S is broken into two parallel beams 
(1) and (2) by reflection at the two parallel faces of a thick plate of 
glass Oi. These two rays pass through to another identical plate of 
glass Gi to recombine after reflection, forming interference fringes known 
as Brewster’s fringes (see Sec. 14.7). If now the plates are parallel, the 
light paths will be identical. Suppose as an experiment we wish to 
measure the index of refraction of a certain gas at different temperatures 
and pressures. Two similar evacuated tubes Ti and T 2 of equal lengt.h 
are placed in the two parallel beams. Gas is slowly admitted to tube 
T 2 . Counting the number of fringes Am crossing the held while the gas 

* In the Michelson interferometer, where the beam traverses the substance twice 
in its back-and-forth path, t is twice the actual thickness. 
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reaches the desired pressure and temperature, the value of n can be found 
by applying Eq. 13o. It is found experimentally that at a given tem- 
perature the value (n ^ 1) is directly proportional to the pressure. This 
is a special case of a theoretical law known as the Larentz^-Larem* law 
according to which 


s 

r. 



tr 


Te 

Fig. ISF. Diugram of the Juiiiin rofractuineter. 



Fig. ISZ. Diagram of tlie Itayliagli rcfractomoter. 


Here p is the density of the gas. When 7i is very nearly unity, the factor 
(n + l)/(n* + 2) is nearly constant, as rctiuired by the above experi- 
mental observation. 

In Rayleigh’s t refractometer (Fig. 13Z) monochromatic light from a 
linear source S is made parallel by a lens Li, split into two beams by a 

* H. A. Loren tz (1853-1928). For many years professor of mathematical physics 
at the University of Leyden, Holland. Awarded the Nobel prize (1902) for his work 
on the relations between light, magnetism, and matter, he also contributed notably to 
other fields of physics. Gifted with a charming personality and kindly disposition, 
he traveled a great deal, and was widely known and liked. By a strange coincidence 
L. Lorenz of Copenhagen derived the above law from the elastic-solid theory only a 
few months before Lorentz obtained it from the electromagnetic theory. 

fLord Itaylcigh (third Baron) (1842-1919). Professor of physics at Cambridge 
University and the Royal Institution of Great Britain. Gifted with great mathe- 
matical ability and physical insight, he made important contributions to many fields 
of physics. Ilis work on sound and on the scattering of light (Sec. 22.9) are the best 
known. He was a Nobel prize winner in 1904. 
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fairly wide double slit and sent through similar tubes and two compen- 
sating plates to be brought together again by lens La to interfere in front 
of the observer. 

The purpose of the compensating plates Ci and Ct in each of the above 
refractometers is to speed up the measurement and determination of the 
refractive index. As the two plates of equal thickness are rotated 
together by the single knoi) and dial Z), one light path is shortened and 
the other lengthened. The device can therefore compensate for the 
patli difference in the two tubes. The dial, if previously calibrated by 
counting fringes, can be made to read directly the index of refraction. 
The sensitivity of this device can be varied at will, a high sensitivity 
being obtained when the angle between the two plates is small and a 
low sensitivity when the angle is large. 

Problems 

1. Tied lifjrlit of wavolcoKth 0800 A frotri a narrow slit falls on a double slit of 
separation (hotwceii ('(Miters) of d — 0.020 cm. IT the? infcrfcnMice pattern is formed 
on a screen 100 cm away, wl-at will be the linear separation between fringes on the 

S(TO(Ml ? 

2. Under the conditions of Prob. 1, what is the sign and magnitude of the percent- 
age error in the distance of the tenth fringe from the center one, resulting from the 
approximation mentioned in the text above lOq. 13(7? 

8 . (irecMi light of wavelength 5120 A from a narrow slit is incident on a double slit 
of separation d == 0.35 mm. I’lot a curve giving the fringe separation as a function 
of the distance from the double slit. 

4. Yellow light of wavelength 5800 A from a narrow slit is incitlent on a double 
slit. If the ov(^r-all separation of 10 fringes on a screen ICO cm away is 1.2 cm, find 
the double slit separation. 

6. White light falling on a double slit of separation 1.5 mm forms colored fringes 
on a screen 100 cm away. If a ]iinhole is located in this screen at a distance of 2 mm 
from the central white fringe, what wavelengths w'ithin the visible spectrum will be 
absent from the transmitted light? 

6. Solve Prob. 5 if the pinhole is located 4 mm from the central white fringe. 

7. Interference fringes formed on a screen 80 cm from a double slit of separation 
0.52 mm arc measured to be 0.8 mm apart. Find the wavelength of the light and 
give its color. 

8 . A Fresnel biprism with refracting angles of and index 1.53 is used to form 
interference fringes. Find the fringe separation for green light, X5000, when .;ie dis- 
tance between the source and the prism is 30 cm and the distance between the prism 
and the screen 70 cm. 

9. Solve Prob. 8 if the distances 30 cm and 70 cm are interchanged. 

10. Interference fringes of yellow light, X5800, are formed by Billet’s split lens 
(see Fig. 13/^). The distance from the source S to the lens L is 25 cm. The focal 
length of lens is 15 cm. The lens halves are 8(q)aratcd 0.08 mm and the source-to- 
Bcreen distance is 200 cm . Find the f ringe separation . 

11. Solve IVob. 10 if the distance S to L is 20 cm and other dimensions remain 
unchanged. 
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12. In moving one mirror M i of Miohrlson's interferometer a distance of 0.3220 mm^ 
1204 fringes are counted. Calculate the wavelength of light. 

13. Solve Prob. 12 if 368 fringes are counted in moving the mirror 0.1220 mm. 

14. Calculate the number of fringes that must be counted for green cadmium light 
for the shortest etalon used with Michclson’s special interferometer, which had a- 
length of 0.390 mm. 

13. Solve Prob. 14 for red cadmium light. 

16. Solve Prob. 14 for blue cadmium light. 

17. The two tubes of a Jamin refractometer are 25.0 cm long. One contains a gas 
at a pressure of 10 cm Hg and the other is evacuated. If on removing the gas a shift 
of 20 fringes of green light 5760 A is counted, what is the index of refraction of tho- 
gas at atmospheric pressure? 

18. Solve Prob. 17 if 16 fringes arc counted with blue light, X » 4500 A. 

19. From Kq. 13f prove that the radii of the circular fringes in the Michelson inter- 
ferometer are proportional to the square roots of whole numbers. 

20. If the path difference between the mirrors of a Michelson interferometer is 
5 mm, what will be the angular radius of the fifth bright fringe in the circular pattern 
of fringes observed with green light X — 5000 A? (N^ute: Orders of interference m 
decrease from center of ring pattern outward.) 

21. A source of microwaves, X 1 cm, is located at one end of a table 2 m long and 
2 cm above the flat metal table top. Interference fringes are locat-iHl at the far end 
of the table with a <;rystal detector. Determine the ixwitions of the first three primd- 
pal maxima, measured along a line at and perpendicular to the far end. 

£2. A pair of Fn'snel mirrors making an angle of 1® with each other are located 1 m 
from a slit source emitting light of wavelength 6000 A. (<alcidatc the fringe separa- 
tion on a screen 2 m beyond the intersection of the Fresnel mirrors. 

23. A thin him of plastic of index n = 1.45 for light of wavelength 5890 A is Inserted 
in one arm of a Michelson interferometer. If a shift of 6.5 fringes is observed, 6iid 
the film thickness. 

24. The two compensating plates of a Jamin refractometer are inc1in5d at a fixed 
angle of 5® with each other. One plate is verti<*al when fringes are first observetl. 
Through what angle should they be rot.ated to produce a shift of 20 fringes of green 
light, 5500 A, if the refractive index is ?i = 1..500? Assume plate tljicknesses of 5 mm. 

26. Two soun;es of sound having a pitch of 225 «* 3 'c;les per sec, and vibrating in 
phase, are separated by a distance of 20 ft. Tin* velor-ity of sound is 1100 ft/sec. 
(a) Draw a sketch showing approximately^ the ]o(*ation of ]M)ints of inaxiinuni inten- 
sity. How far apart, along the line joining the soijn*es, are the points of maxim urn 
intensity? (b) The frequency of one of the sources is now inen^ased to 226 c^ycles 
per sec. What now happens to the intensity patti»rn ? At what rate dofw it sweejr by 
a stationary observer situated on the line joining the; sources? 



CHAPTER 14 

INTERFERENCE INVOLVING MULTIPLE REFLECTIONS 

Some of the mo8t beautiful elTcets of interference result from the mul- 
tiple reflection of light between the two surfaces of a thin film of trans- 
parent material. These effects require no special apparatus for their 
production or observation and are familiar to anyone who has noticed 
the colors shown by thin films of oil on water, by soap bubbles, or by 
cracks in a piece of glass. We begin our investigation of this class of 
interference by considering the somewhat idealized case of reflection from 
a film with perfectly plane sides which aro parallel to each other. 

14.1. Reflection from a Plane- 
parallel Film. Let a ray of light 
from a source S be Incident on the 
surface of such a film at A (Fig. 
14/1). • Part of this will be reflected 
as ray (1) and part refracted in 
the direction AF, Upon arrival 
at F, part of the latter will be 
reflected to B and part refracted 
toward H. At B the ray FB will 
be again divided. A continuation 
of this process yields two sets of 
parallel rays, one on each side 
of the film. In each of these sei of course, the intensity decreases 
rapidly from one ray to the next. If the set of parallel reflected rays 
is now collected by a lens and focused at the point P, each ray will have 
traveled a different distance, and the phase relations may be such as to 
produce destructive or constructive interference at that point. In order 
to find the phase difference between these rays, we must first evaluate 
the difference in the optical path traversed by a pair of successive rays, 
such as rays (1) and (2). 

In Fig. 14B let d be the thickness of the film, n its index of refraction, 
and X the wavelength of the light, and let ^ and 4/ be the angles of 
incidence and refraction. If BD is perpendicular to ray (1), the optical 
paths from D and B to the focus of the lens will be equal. Therefore 
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Fiu. 14ii. Multiple reflection of liffht be- 
tween the boundaries of a thin film. 
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starting at A, ray (2) has the path AFB in the film and ray (1) the path 
AD in air. The difference in these optical paths (£q. lip) is given by 

Path difference A == n(AFB) — AD 

If BF is extended to intersect the perpendicular line AE at G, AF * GF 
because of the equality of the angles of incidence and reflection at the 
lower surface. Thus we have 

A = n(fiB) - AD ^ n(GC + CB) - AD 

Now, since ylC is drawn perpendicular to FB, the broken lines AC and 
DB represent two successive positions of a wave front reflected from 
the lower surface. The optical paths, according to the theorem of 
Malus (Sec. 1.9), must be the same by any 
ray dra^vn between two wave fronts, so 
we may write 

n{CB) = AD 

The path difference then reduces to 

A = n(GC) = n(2d cos 0') (14o) 

If this path difference is a whole number of 
wavelengths, we might expect rays (1) and 
(2) to arrive at the focus of the lens in phase 
with each other and produce a maximum of 
intensity. However, we must take account 
of the fact that ray (1) undergoes a phsise change of t at reflection, while 
ray (2) does not, since it is internally reflected (Sec. 11.8). The condition 

2nd cos = m\ minima (146) 

then becomes a condition for destructive interference as far as rays (1) 
and (2) are concerned. 

Next we exami^ t^ phases of the remaining rays, (3), (4), (5), - - * . 
Since the geomet^/s the same, the path difference between rays (3) 
and (2) will also be^ven by Eq. 14a, but here there are only internal 
reflections involved, so that if Eq. 146 is fulfilled, ray (3) will be in the 
same phase as ray (2). The same holds for all succeeding pairs, and so 
we conclude that under these conditions rays (1) and (2) will be out of 
phase, but rays (2), (3), (4), • • • , will be in phase with each other. 
On the other hand, if conditions are such that 

2nd cos 0' = (m -f i)X maxima 



I 

Flo. 148. Optical path differ' 
ence between two* conaecutivo 
raye in multiple reflection (aeo 
Fig. 14A). 


(14c) 
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ray (2) will be in phase with (1), but (3), (5), (7), • • • will be out of 
phase with (2), (4), (6), - ‘ . Since (2) is more intense than (3), (4) 

more intense than (5), etc., these pairs cannot cancel each other, and 
since the stronger series combines with (1), the strongest of all, there 
will be a maximum of intensity. 

For the minima of intensity, ray (2) is out of phase with ray (1), but 
(1) has a considerably greater amplitude than (2), so that these two will 
not completely annul each other. We can now prove that the addition 
of (3), (4), (5), • “ • , which are all in phase with (2), will give just 
sufficient intensity to make up the difference and to produce complete 
<larkness at the minima. Using a for the amplitude of the incident 

wave, r for the fraction of this reflected, 
and t or t' for the fraction transmitted 
in going from rare to dense or dense 
to rare, as was done in Stokes’ treat- 
ment of* reflection in Sec. 11.8, Fig. 
14C is constructed and the amplitudes 
labeled as shown. In accordance with 
10c|. XlZj we have taken the fraction 
reflected internally and externally to be 
the same. Adding the amplitudes of 
all the reflected rays but the first on the upper side of the film, wc obtain 
the resultant amplitude, 

• R = atre + atrV + afrV + afrV + • • • 

« atrt\i + r* + r* + r® + • • •) (14d) 



factors of aucccHaive rays in multiple 
reflection. 


Since r is necessarily less than 1, the geometrical series in parentheses 
has a finite sum equal to 

1 

1 — r* 


Substituting in Vji\. 14d, 


R = alrt' 


(1 - r*) 


But from Stokes’ treatment (Eq. lly), tt' = 1 — r*, so we obtain finally 

R = ar (14c) 


This is just equal to the amplitude of the first reflected ray, so we con- 
clude that under the conditions of Eq. i4b there will be complete destruc- 
tive interference. 

If the image of an extended source reflected in a thin plane-parallel film 
hft (pi ciLTni nftd^ it will be found to be crossed by a system of distinct inter- 
ference fringes, provided the source emits monochromatic light and pro- 



Sec. 14.2] INTERFERENCE IN THE TRANSMITTED LIGHT 


257 


vided the film is sufficiently thin. Each bright fringe corresponds to a 
particular path difference giving an integral value of m in Eq. 14c. For 
any fringe, the value of 0 is fixed, so the fringe will have the form of the 
arc of a circle whose center is at the foot of the perpendicular drawn 
from the eye to the plane of the him. The necessity of using an extended 
source will become clear upon consideration of Fig. 14 A. If a very 
distant point source S is used, the parallel rays will necessarily reach the 
eye at only one angle (that required by the law of reflection), and will 
be focused to a point P. If the lens L is the lens of the eye, P will be on 
the retina, and only one point will be seen, either bright or dark, accord- 
ing to the phase difference at this particular angle. It is true that, if 
the source is not very far away, its image on the retina will be slightly 
blurred, because the eye is focused for parallel rays. The area illumi- 
nated is small, however, and in order to see an extended system of 
fringes, we must obviously have many points S, spread out in a broad 
source so that the light reaches the eye from various directions. 

These fringes are seen by the eye only if the film is very thin, unless 
the light is reflected practically normal to the film. At other angles, 
since the pupil of the eye has a small aperture, increasing the thickness 
of the film will cause the reflected rays to get so far apart that only one 
enters the eye at a time. Obviously no interference can occur under 
these conditions. Using a telescope of large aperture, the lens may 
include enough rays for the fringes to be visible with thick plates, but 
unless viewed nearly normal to the plate, they will be so finely spaced 
as to be invisible. The fringes seen with thick plates near normal inci- 
dence arc called Haidinger* fringes and are used in the Fabry-Perot 
interferometer, to be described later. 

14.2. Interference in' the Transmitted Light. The rays emerging 
from the low’er side of the film, shown in Figs. 14A and 14(7, may also 
be brought together with a lens and caused to interfere. Here, however, 
there are no phase changes at reflection for any of the rays, and the 
relations are such that Eq. 146 now becomes the condition for maxima 
and Eq. 14c the condition for minima. For maxima the rays ?/, v, 
1 C, • • • of Fig. 14A are in phase, while for minima c, a;, • • ■ are out of 
phase with UyW, • • • . For a film of a substance of low reflecting power 
like glass or water, where r has a small value, u is very much stronger 
than the other rays, and the minima are not by any means black. 

To derive an equation for the intensity distribution in cither the 
reflected or transmitted fringe system, we must evaluate the sum of an 

♦ W. K. Haidinger (1795-1871). Austrian mineralogist and physicist, for 17 years 
director of the Imperial Geological Institute in Vienna. 
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infinite number of vibrations of diminishing amplitude, paying attention 
to their phase differences. This is not a difficult mathematical problem, 
but to carry it through would give us little insight into the physical 
reason for the fringe contours. Hence we shall merely state the result 
here and make a graphical investigation of the problem later (Sec. 14.8). 
The intensity no longer varies according to the square of the cosine as 
with two interfering beams but is given by a more complex expression. 
Por the transmitted fringes* 


(1 - _ 1 

1 - 2r» cos fi + r* sin* (5/2) 

^ (1- r*j* 


( 14 /) 


where r is the fraction of the amplitude reflected at a single surface, so 
that r* is the fraction of the intensity reflected or the reflecting pmoer. 

As before, 5 is the phase difference 
between successive rays, which 
from Eq. 14a becomes 


h = — A — nd cos (14^) 

The lower part of Fig. 14i> shows 
a plot of Eq. 14/ for the case where 
r = 0.2, or r* = 0.04. This is 
approximately the case for ordinary 
glass at normal incidence. The 
maxima come at the values of 5 = 0, 
2ir, 4ir, • • • and have the value 1, 
or 100 per cent, since the second 
term in the denominator of the right- 
hand member of Eq. 14/ vanishes 
for these values. 

The upper part of Fig. 14i> shows the corresponding intensity contour 
for the fringes in reflected light. The equation for these need not be 
written explicity, since the reflected fringes must be exactly comple- 
mentary to the transmitted ones.f The amount of light absorbed in 
transmission through the plate is generally small and can be neglected, 

* The derivation of this equation may be found in any standard textbook on optics, 
for instance in A. Schuster and J. W. Nicholson, “The Theory of Optics,” 3d ed., 
pp. 69-70, Edward Arnold & Co., T^ondon, 1924. 

t See, however, the qualification to this statement made in Sec 14.8, for the case 
where absorption is appreciable. 
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Vio. 14D. Intensity contours for the re- 
flected and transmitted fringes seen by- 
multiple reflection in thin films. Koflecting 
power 4 per cent. 
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as was done in deriving Eq. 14/. 
then requires that 
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The law of conservation of energy 


+ /r = 1 


(14A) 


It will be seen in the figure that, while the transmitted fringes are most 
intense, the reflected ones show much greater contrast between maxima 
and minima. For either set the interfering rays reaching the eye are 
parallel (Fig. 14.4), and the eye or telescope must he focused on infinity 
as in the case of the circular fringes in the Michclson interferometer. 

14.3. Film of Varying Thickness. If the film is not plane-parallel, so 
that the surfaces make an appreciable angle with 
each other as in Fig. the interfering rays do 
not enter the eye parallel to each other, but 
appear to diverge from a point near the film. 

The resulting fringes resemble the loc;alized 
fringes in the Michelson interferometer, and 
appear to be formed in the film itself. If the two 
surfaces are plane, so that the film is wedge- 
shaped, the fringes will l)e practically straight 
and parallel to the thin edge of the wedge. In 
this case the path difference for a given pair of 
rays is practically that given by Eq. i4a. 

Provided that observations arc made almost 
normal to the film, the factor cos may he (Mmsidcred c(iuul to 1, and 
the condition for bright fringes becomes 

2nd = (m -f i)X (14 t) 

In going from one fringe to the next m increases by 1, and tliis requires 
that the optical thickness of the film, should change by X/2. 



Fig. \AK, IlliiKtratiiiR llio 
appiiront Irx'ation of inter- 
fereinte friiigOK as seen by 
multiple refloetion in a 
wedge-sliaped film. 


Thin film fringes are easily shown in the laboratory or lecture room 
by using two pieces of ordinary plate glass. If they are laid together 
Avith a thin strip of paper along one edge, we obtain a wedge-shaped film 
of air between the plates. When a sodium flame is viewed as in Fig. 
14Ey yellow fringes are clearly seen. If a carbon arc and filter are used, 
the fringes may be projected on a screen with a lens. 


These fringes from a film of variable thickness have an important 
practical application in the testing of optical surfaces for planeness. If 
an air film is formed between two surfaces, one of which is perfectly 
plane and the other not, the fringes will be irregular in shape. Any 
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fringe is characterized by a particular value of m in Eq. 14{ and hence 
will follow those parts of the film where d is constant. That is, the 
fringes form the equivalent of contour lines for the uneven surface. The 
interval between contours is X/2, since for aim = 1, and going from one 
fringe to the next corresponds to increasing d by this amount. The 
standard method of producing optically plane surfaces uses repeated 
observation of the fringes formed between the working surface and an 

optical flat/’ the polishing being continued until the fringes are straight. 

14.4. Newton’s* Rings. The celebrated phenomenon known by this 
name is a special case of interference in a film of variable thickness. We 
ishall consider it in some detail, both because of its historical importance 
and because it is frequently used in laboratory experiments to measure 

the wavelength of light. An air film is 
formed by laying the convex side of a 
plano-convex lens of long focus on a plane 
glass surfade (Fig. 14F). In order to view 
the fringes at right angles to the film, 
monochromatic light from the source S is 
partially reflected from the glass plate G, 
so that after reflection from the film it 
enters the observer’s eye or the low-power 
microscope T. Since the air film is 
symmetrical about the point of contact, 
the fringes, which follow lines of equal 
thi(*kness, will Ixi concentric rings with their center at this point. A photo- 
graph of the rings formed with monochromatic light is reproduced in Fig. 

1 4G(a) . If white light is used, only a few rings are observed and these will 
all be highly colored except the central spot, which is black. That the diam- 
eter of the rings depends on wavelength is obvious, and the superposition 
of the rings of all the different wavelengths in white light will clearly 
give the observed effect. 

We shall now derive an equation giving the relation between the radii 
r oi the rings, the wavelength X, and the radius of curvature R of the 
convex surface (Fig. 14£f). Let d be the thickness of the air film at a 

* Isaac Newton (1642-1727). BcHidos laying foundations of the science of me- 
chanics, Newton devoted considerable time to the study of light and embodied the 
results in his famous ''Opticks.” It seems strange that one of the most striking 
demonstrations of the interference of light, Newton’s rings, should be credited to the 
chief proponent of the corpuscular theory of light. Newton’s advocacy of the cor- 
puscular theory was not so uncompromising' as it is generally represented. This is 
evident to anyone consulting his original writings. The original discovery of New- 
ton’s rings is now attributed to Robert Hooke. 



Fio. 14F. Experimental arrange- 
ment used in viewing and nicasiir- 
ing Newton’s rings. 




l>iEWTON*S RINGS 
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distance r from the point of contact C. Then d is the so-called aagiUa 
of the arc MN, and by Sec. 4.8, is given by 

^ “ 2R - d 


Since in practice the radius of curvature R is several meters and d a 
small fraction of a millimeter, we are justified in dropping d from the 
denominator, so that 


d 



(14^) 


We shall now observe a dark fringe at P if, according to Eq. 146, 


2nd cos = mX 



(a) (6) 

Fiu. 14(7. Newton's rings (a) by reflection; (&) by transmission. 

T he angle 0' is measured to the normal in the film, and is so nearly zero 
that we have, very closely, 

2nd = mX 


Substituting the resulting value of d in Eq. 14/?, we find 


from which 


r* = 


mX _ 

2 ]^ ” 27 ^ 

KmX 


DARK RINGS 


(140 


For the bright fringes, Eq. 14c gives 
2 == 


n 


BRIGHT KINGS 


(14m) 
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In an experiment the radii r of the rings may be measured accurately if 
T in Fig. 14F is a traveling microscope. R can be found with a spherom- 
eter, and n is known (approximately 1 for air), so we may calculate X. 
However, a considerable error is usually made by assuming that the 
surfaces are tangent at C, as shown in Fig. 14H. Even if all dust is 
eliminated so that the surfaces actually touch, there will be distortion 
by the pressure of contact. Hence it is more accurate to measure two 
radii wall removed from the center. If Vm is the radius of the dark ring 

w, and rm +9 that of ihe dark ring m + s, 
we find from Eq. 14Z, by subtracting the 
two equations, 

2 2 — ? — Rm\ _ RXs 



rffi+« 

From this. 


n 


n 


•X = 


- 


2 




Rs 


(14tt) 


Fio. 14H, Geometry of 
Nowton's-riiiKH experiment. 


the 


That the central spot of the Newton ring 
system is black constitutes an experimental 
proof of the statement in Sec. 14.1 that a 
relative phase change of ir occurs between 
the rays reflec;tcd from glass-to-air and 
air-to-glass surfaces. If there were no such phase change, the rays 
reflected from the two surfaces in contact should be in the same phase, 
and produce a bright spot at the center. In an interesting modification 
of the experiment, due to Thomas Young, the lower plate has a higher 
index of refraction than the lens, and the film between is filled with 
an oil of intermediate index. Then both reflections are at “rare-to- 
dense” surfaces, no relative phase change occurs, and the central fringe 
of the reflected system is bright. The experiment does not tell us at 
which surface the phase change in the ordinary arrangement occurs, but 
it is now definitely known (Sec. 28.1) that it occurs at the lower (air-to- 
glass) surface. 

A ring system is also observed in the light transmitted by the Newton 
ring plates. These rings are exactly complementary to the reflected ring 
system, so that the center spot is now bright. The contrast between 
bright and dark rings is small, for reasons already discussed in Sec. 14.2. 
A reproduction of the transmitted pattern is shown in Fig. 14(7(6). 

14.5. Nonreflecting Films. A simple and very important application 
of the principles of interference in thin films has been the production of 
the so-called nonreflecting glass.” If a film of a transparent substance 
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NONREFLECTINQ FILMS 


of refractive index n' be deposited on glass of a larger index n, to a thick- 
ness of one-quarter of the wavelength of light in the film, so that 



the light reflected at normal incidence is almost completely suppressed 
by interference. This corresponds to the condition m = 0 in Kq. 14c, 
which here becomes a condition for minima because the reflections at 
both surfaces are “rare-to-dense.” The waves reflected from the lower 
surface have an extra path of one-half wavelength over those from the 
upper surface, and the two, combined with the weaker waves from mul- 
tiple reflections, therefore interfere destructively. For the destruction 
to be complete, however, it is necessary that the fraction of the ampli- 
tude reflected at each of the two surfaces be exactly the same, since this 
specification is made in proving the relation of Eq. 14c. It will be true 
for a film in contact with a medium of higher index only if the index of 
the film obeys the relation 

n'= -\/n 

This can be proved from Eq. 286 of the chapter on reflection by substi- 
tuting n' for the refractive index of the upper surface and n/n' for that 
of the lower. Similar considerations will show that such a film will give 
zero reflection from the glass side as well as from the air side. Of course 
no light is destroyed by a nonreflecting film; there is merely a redistribu- 
tion such that a decrease of reflection carries with it a corresponding 
increase of transmission. 

The practical import.ancc of these films is that by their use one can 
greatly reduce the loss of light by reflection at the various surfaces of a 
system of lenses or prisms. Stray light reaching the image as a result 
of these reflections is also largely eliminated, with a resulting increase 
in contrast. Almost all optical parts of high quality are now '^coated” 
to reduce reflection. The coatings were first made by depositing several 
monomolccular layers of an organic substance on glass plates. More 
durable ones are now made by evaporating calcium or magnesium fluo- 
ride on the surface in vacuum, or by chemical treatment with acids which 
leave a thin layer of silica on the surface of the glass. Properly coated 
lenses have a purplish hue by reflected light. This is a consequence of 
the fact that the condition for destructive interference can be fulfilled 
for only one wavelength, which is usually chosen to be one near the 
middle of the visible spectrum. The reflection of red and violet light 
is then somewhat larger. Furthermore, coating materials of sufficient 
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durability have too high a refractive index to fulfill the conditicm stated 
above. Considerable improvement in these respects can be achieved by 
using two or more superimposed layers, and such films are capable of 
reducing the total reflected light to one-tenth of its value for the uncoated 
glass. This refers, of course, to light incident perpendicularly on the 
surface. At other angles, the path difference will change because of the 
factor cos in Eq. 14c. Since, however, the cosine does not change 
rapidly in the neighborhood of 0®, the reflection remains low over a fairly 
large range of angles about the normal. The multiple films may also 
be used, with suitable thicknesses, to accomplish the opposite purpose — 
namely, to increase the reflecting power. They may then be used, for 
example, to divide a light beam into two parts of a given intensity ratio. 
The division can thus be accomplished without the losses of energy by 



Vm. HZ'. Fabry-Perot interferometer EiEt set up to ehow the formation of circular 
interference fringes from multiple reflof’tion. 


absorption that are inherent in the transmission through, and reflection 
from, a thin metallic film. 

14.6. Fabry-Perot Interferometer. This instrument utilizes the fringes 
produced in the transmitted light after multiple reflection in the air film 
between two plane plates thinly silvered on the inner surfaces (Fig. 14/). 
Since the separation d between the reflecting surfaces is usually fairly 
large (from 0.1 to 10 cm) and observations are made near the normal 
direction, the fringes come under the designation of Haidinger fringes 
mentioned in Sec. 14.1. To observe the fringes, the light from a broad 
source ( 8182 ) of monochromatic light is allowed to traverse the inter- 
ferometer plates E 1 E 2 . Since any ray incident on the first silvered sur- 
face is broken by reflection into a scries of parallel transmitted rays, it is 
essential to use a lens L, which may be the lens of the eye, to bring these 
parallel rays together for interference. In Fig. 14/ a ray from the point 
Pi on the source is incident at the angle producing a series of parallel 
rays at the same angle, which are brought together at the point P 2 on 
the screen AB, It is to be noted that P 2 is not an image of Pi. The 
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condition for reinforcement of the traii-smitted rays is Riven by Eq. 146 
with n = Iffor air, and = 0, so that 

2d cos 0 = wX MAXIM \ (146) 

This condition will be fulfilled by all points on a circle through Po with 
its centin* at O, the intersection of the axis of the lens with the scix*on 
AB. When the angle 0 is decreased, the cosine will inen^ase until another 
maximum is reached for which n is greater by 1, 2, • • • , so that we 
have for the maxima a series of concentric rings on the screen with O 
as their center. Since Eq. i4o‘is the same as Eq. 13/ for the Michelson 
interfcroni(4.er, the spacing of the rings is the same as for the circular 
fringes in that instrument, and they will change in the same way with 
change in the distance d. In the actual interferometiT one plate is fixed, 
while the other may be moved toward or away from it on a carriage 
riding on accuratel^^^ machined ways by a slow-inotion s(*rew. 



Fig. 14./. LifcHt i)!ill».s for tlio fornnition *>f Hrow^tor’s (a) with two phatna of equal 

iliii'kiiosH; (h) with one phile twi(*c as tliick an the other. The itii;liii:itioiL of the two plates 
is exaKKeratoil. 

14.7. Brewster’s* Fringes. In a single Fabry-J’erot interferometer it 
is not practicable to observe white-light fringes, since the camdition of 
zero path dilTerenco otjcurs only when the two silvered surfaces are 
brought into direct contact. By the use of two interferometers in series, 
however, it is possible to obtain interference in white light, and the 
resulting fringes have had important applications, '^^fhe two plane- 
parallel “air plates'^ are adjusted to exactly the same thickness, or else 
one to some (\\act multiple of the other, and the two interferometers are 
inclined to each other at an angle of 1® or 2®. A ray that bisects the 
angle between the normals to the tAVo sets of plates can then be split 
into two, each of whi(!h after two or more reflections emerges, having 
traversed the same path. In Fig. 14./ these two paths are drawn as 

♦Sir David Browster (1781-1868). Professor of physios at St Audrew^s, and later 
principal of the University of Edinburgh. EduojiUMl for th(? church, ho became 
interested in liglit through ro])oatiiig Newton’s experiments on dilTraction. Tie made 
important disooveries in doubh? refraction and in spectrum analysis. Oddly enough, 
he opposed the wave theory of light in .*jpite of the gn*at advanees in this theory that 
were made during his Jifetime. 
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separate for the sake of clarity, though actually the two interfering 
beams are derived from the same incident ray, and arc superimposed 
when they leave the system. The reader is referred to Fig. 13 F, where 
the formation of Hrewster’s fringes by two thick glass plates in Jamin’s 
interferometer is illustrated. A ray incident at any other angle than 
that mentioned above will give a path difference between the two emerg- 
ing ones which increases with the angle, so that a system of straight 
fringes is produced. 

The usefulness of JJrcwstcr’s fringes lies chiefly in the fact that when 
they appear, the ratio of the two interferometer spacings is very exactly 
a whole number. Thus, in the redetermi nation of the length of the 




(a) . . 

Fig. \AK. Comparison of the types of fringes proclucoil with (a) the Michelson interfer- 
ometer and (&) the Fabry-Perot interferometer . 


standard meter in terms of the wavelength of the red cadmium line, a 
series of interferometers was made, each having twice the length of the 
preceding, and these were intercompared using Brewster's fringes. The 
number of wavelengths in the longest, which was approximately 1 m 
long, could be found in a few hours by this method. It should finally 
be emphasized that this type of fringe results from the interference of 
only two beams, and therefore cannot be made very narrow, as can the 
Plaidinger fringes. 

14.8. Sharpness of the Haidinger Fringes. If the plates of a Fabry- 
Perot interferometer are unsilvered, the fringes are broad like those in 
the Michelson instrument, and their visibility is low. Their intensity 
contour is that of the lower curve in Fig. 14D. But if the reflecting 
power of the surfaces is increased by lightly silvering them, a remarkable 
change in the fringes appears. This is best appreciated by comparing 
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Fig. 14K(a) and (6). The latter was taken with a Fabry-Perot interfei^ 
ometer whose plates had a reflecting power r* = 0.80. The intensity is 
now seen to be concentrated in sharp rings, with relatively broad regions 
of darkness between them. The intensity in these fringes is governed 
by Eq. 14/, and the origin of its sharp decrease on either side of a maxi- 
mum is best seen by examining this expression. When is large, 
approaching unity, the term (1 — r*)* will be small, and the second term 
in the denominator will increase very rapidly as 5/2 changes appreciably 
from its value mir for the maxima. In Fig. 14L the intensity contours 
are plotted from Eq. 14/ for r® = 0.04, 0.5, and 0.8. The curve labeled 
4 per cent is just that shown in Fig. 14D, while the two others illustrate 



Fio. 14L. IiitciiMity <;oiitoi]rH for Haidinger fringcB, showing how their sharpness depends 
upon the reflecting power. 


the narrowing of the fringes as the reflecting power is increased. The 
corresponding intensity contours for the Haidinger fringes formed by the 
reflected light, which in the absence of absorption are merely the com- 
plement of the transmitted ones, are obtained by inverting the figure or 
else by inverting the scale as shown at the right. 

When the surfaces are thinly silvered, as in the Fabry-Perot interfer- 
ometer, the relations are not exactly as shown in Fig. HL because of 
absorption by the metallic layer. In the first place, the maxima for the 
transmitted fringes will fall appreciably below the value 100 per cent 
indicated in the figure. Also, the absorption brings about phase changes 
in the process of reflection which are neither 0® nor 180®, as will be 
explained in Sec. 28.7. The result is that the transmitted and reflected 
fringes are no longer complementary. In fact, if the layer is not too 
thin, the maxima for the two sets will occur at exactly the same angles. 
In this case it is no longer legitimate to apply the law of conservation 
of energy as expressed in Eq. 14A, although the energies integrated over 
a complete fringe width will be nearly complementary. The reflected 
light for silvered surfaces of high reflecting power will always give fringes 
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in which the bright ones arc broad and the dark ones narrow, so they 
are of little practical use. 

To understand the narrowness of the transmitted fringes when the re- 
flecting power is high, we may use the graphical m(ithod of compounding 
amplitudes already discussed in Secs. 12.2 and 13.4. Referring back to 
Fig. 14(7 we notice that the amplitudes of the transmitted rays are given 
by atifj aU'r\ att'r\ • • • , or in general for the wtli ray by We 

thus have to find the resultant of an infinite number of amplitudes which 
decrease in magnitude more rapidly the smaller the fraction r. In Fig. 
l4M{a) the magni'udes of the amplitudes of the first 10 transmitted 


r:.0.7 

R 


6=2jim+fQ 





Fm. 14iU. Gruphicul cunipositioii of amplitudes for the first 10 rays of tho Fabry-Perot 
iuterferumotcr with two different reflecting powers. 


rays arc drawn to scale for the 50 per cent and 80 per cent cases in 
Fig. 14L, i.e.j essentially for r = 0.7 and 0.9. Starting at any principal 
maximum, with S = 2irm, these individual amplitudes will all be in phase 
with each other, so the vectors are all drawn parallel to give a resultant 
that has been made equal for the two cases. If we now go slightly to 
one side of the maximum, where the phase difference introduced between 
successive rays is ir/lO, each of the individual vectors must be drawn 
making an angle of t/10 with the preceding one, and the resultant found 
by joining the tail of the first to the head of the last. The result is 
shown in diagram (5). It will be seen that in the case r = 0.9, in which 
the individual amplitudes are much more nearly equal to each other, 
the resultant R is already considerably less than in the other case. In 
diagram (c), where the phase has changed by t/5, this effect is much 
more pronounced; the resultant has fallen to a considerably smaller value 
in the right-hand picture. Although a correct picture would include an 
infinite number of vectors, the later ones will have vanishing amplitudes, 
and we would reach a result similar to that found with the first 10. 
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14.9. Applications of the Fabry-Perot Interferometer and Etalons. 

'^riic great advantage of the Fabry-Perot instrument over Miehelson’s 
lies in the fact that it gives sharp fringes, so that if dilTorent wavelengths 
arc present in the light, they will produce ring systems which are clearly 
separated. With the diffuse fringes from the Michelson interferometer, 
this is never possible. The two principal uses to which the Fabry-lVrot 
interferometer has been put are (1) the accurate comparison of the wave- 
lengths of spectral lines, and (2) investigation of the contour of an indi- 
vidual line, including the possibility that it is compos(‘d of s('veral com- 
ponent lines very close together, and hence possc'sses hyperjine structure. 
The ratio of the wavelengths of two lines, such as the sodium 1) lines, 
is sometimes measured in the laboratory with the “sliding interferom- 
eter,” in which one mirror is movable. Starting with the two mirrors 
nearly in contact, the ring systems owing to the t wo wavelengths prac- 
tically coincide. As d is increased, they gradually separate, and the 
maximum discordance occiirs.when the rings of one set are halfway 
between those of the other set. Confining our attention to the rings at 
the center (cos B = 1), we may write from lOq. l b 

2<U = vix\ = (nil + arjX' (14p) 

where, of course, X > X'. From this, 

wt,(.X - X') = (X - X') 

A 

and 

_ XX' ^ 

^ ^ 4d[ idi 

if the diffenmee between X and X' is small. On displacing the mirror 
still farther, the rings will presently coincide and then separate out again. 
At the next discordance 



2d>2 = TWgX = (?n2 "t" li)X' 


(H7) 


Subtracting Eq. 14p from 1 mi. 14g, we obtain 

2(^2 — di) = (w?2 — mi)X = (w2 — m,)X' + X' 


whence, assuming X approximately equal to X', we find 


X - X' = 


X2 

2(d2 - di) 


(Hr) 


We can determine d 2 — di either directly from the scale or by counting 
the number of fringes of the known wavelength X between discordances. 
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For the most accurate work, the above method is replaced by one in 
which the fringe systems of the lines are photographed simultaneously 
with a fixed separation d of the plates. For this purpose the plates are 
held rigidly in place by quartz or invar spacers. A pair of Fabry-Perot 
plates thus mounted is called an etalon (Fig. 14iV). The etalon can be 
used to determine accurately the relative wavelengths of several spectral 
lines from a single photographic exposure. If it were mounted with a 
lens as in Fig. 14/, the light containing several wavelengths, the fringe 



Fig. HJV. Mechanical dctuilH of a Fabry-Perot etalon, showing adjustnient screws and 
springs. 



Fio. 140. Fabry-Perot etalon and prism arrangement for studying small differenoos in 
wavelength. ^ 

systems of the various wavelengths would be concentric with 0 and 
would be confused with each other. However, they can be separated 
by inserting a prism between the etalon and the lens L. The ..experi- 
mental arrangement is then similar to that shown in Fig. 140. A photo- 
graph of the visible spectrum of mercury taken in this way is shown in 
the upper part of !^g. 14P. It will be seen that the fringes of the green 
and yellow lines still overlap. To overcome this, it is merely necessary 
to use an illuminated slit {MN of Fig. 140) of the proper width as the 
source. When the interferometer is in a collimated beam of parallel 
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light, as it is here, each point on the extended source corresponds to a 
given point in the ring system. Therefore only vertical sections of the 
ring system are obtained, as shown in the lower part of Fig. 14P, and 
these no longer overlap. When the spectrum is very rich in lines, as in 
Fig. 14Q, the source slit must be made rather narrow. In this photo- 
graph only sections of the upper half of the fringe systems appear. 


A4358 A5461 677090 



BLUE GREEN YELLOW 


Fig. 14P. Intorforeiice riiiRs of the vittiblo mercury spectrum taken with Fabry-Perot 
otaloii as shown in Fig. 14N, 
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Fig. \AQ. Intcrforcncc patterns of the lanthanum spectrum taken with a Fabry-Perot 
ctalon. d =s 5 mm. {After Anderson.) 

Measurements of the radii of the rings in a photograph of this type 
permit veiy accurate comp, wavelengths. The determination 

of the correct values of w in \ nt systems and of the exact value 

of d is a rather involved proct shall not discuss here.* By 

this method the wavelengths of .^undred lines from the iron fire 

♦ See W. E. Williams J||^pplicatione of Ii. Irometry,” 1st ed., pp. 83-88, Methuen 

& Co., Ltd., London, ^ description vc this method. 
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have been measured relative to the red cadmium line with an accuracy 
of a few ten-thousandths of an angstrom unit. 

The second application of this instrument, the investigation of hyper- 
fine structure, has become of considerable importance in modern research. 
Occasionally it will be found that a line which appears sharp and single 
in an ordinary spectroscope will yield ring systems consisting of two or 
more sets. Examples are found in the lines marked X in the lanthanum 
spectrum (Fig. 14(^). Those marked A are sharp to a greater or less 
extent. These multiple ring systems arise from the fact that the line 
is actually a group of lines of wavelengths very close together, differing 
by perhaps a few hundredths of an angstrom. If d is sufficiently large, 
these will be separated, so that in each order m we obtain effectively a 
short spectrum very powerfully resolved. Any given fringe of a wave- 
length Xi is formed at such an angle that 

2d cos 01 = rj?Xi (l‘hs*) 

The next fringe farther out for this same wavelength has 

2d cos O 2 = (?/i - IjX, (140 

Suppose now that Xi has a (jomponent line X 2 which is very near Xi, so 
that W(^ may write X 2 = Xi — AX. Suppose also that AX is such that 
this component, in order falls on the order m — 1 of Xi. Then 

2d cos 02 = m(Xi — AX) (14?0 

E(iuating the right-hand members of Eqs. 14/ and 14?/., 

Xi = mA\ 


Substituting the value of m from Eq. 14.s* and solving for AX, 


AX 


2d cos 0} 2d 


(14r) 


if 0 is nearly zero. This is the wavelength interval in a giA'en order when 
the fringe of the same wavelength in the next higher order is reached. 
We see that it is constant, independent of m. Knowing d and X (approxi- 
mately), the wavelength difference of component lines lying in this small 
range may be evaluated. 

The frequency of spectrum lines is usually expressed in wave numbers^ 
i,c., the number of waves per centimeter path. For any given wave- 
length, this is just the reciprocal of X, measured in centimeters, 

1 
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To find the wave-number difference Av corresponding to the AX in Eq. 
l^Vj we may differentiate the above relation to obtain 



Substitution in Eq. I4u gives 

(14u;) 

Hence, if d is expressed in centimeters, l/2(/ gives the wave-numbei 
difference, which is seen to be independent of the order ^neglecting the 
variation of 0) and of wavelength as well. 

The smallest wavelength wliich can be resolved in this way obviously 
depends upon the width of the maxima of a given X, relative to the 
separation of successive orders. As the width decreases, two fringes may 
be closer together and still be seen as separate. We have seen, as in 
Fig. 14L, that the width becoipes rapidly smaller as the reflecting power 
of the plates is increased. This figure also shows that the maxima of 
intensity are not changed, so that by using a thicker silver film we 
obtain sharper fringes without loss of intensity at the maxima. How- 
ever, this increase in r(\solving power cannot be continued indefinitely 
by using thicker and thicker films, for then the intensity of the maxima 
eventually decreases considerably, owing to absorption of light in passing 
through the silver films. In Eq. 14/, from which this figure was drawn, 
absorption is ncgle(;tcd (see Sec. 14.8). Finally it should be noted that 
as AX varies as 1/d, by Va{. l lr, the smallest wavelength interval resolved 
is also inversely proportional to d, because the ratio of fringe? width to 
fringe separation is constant. Doubling the separation of the plates 
therefore doubles the resolving power of this instrument. 

The difficult adjustment of the Fabry-Perot interferometer lies in the 
attainment of aceairate parallelism of the silvered surfaces. 44iis opera- 
tion is usually accomplished by the use of screws and springs, which 
hold the plates against the spacer rings shown in Fig. 14 N. A brass 
ring .1 with three quartz or invar pins constitutes the spacer. A source 
of light such as a mercury arc is set up with a sheet of ground glass 0 
one side of the etalon, and then viewed from tlie opposite side as shown 
in ECGS. With the eye focused at infinity, a system of rings will be 
seen with the reflected image of the pupil of the eye as a center. As the 
eye is moved up and down or from side to side, the ring system will also 
move, keeping the eye pupil at the center. If the rings on moving up 
expand in size, the plates are farther apart at the top than at the bottom. 
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Tightening the top screw will then depress the corresponding separator 
pin enough to produce the required change in alignment. When properly 
adjusted the rings will remain the same size as the eye is moved to any 
point in the field of view. If the source is bright enough, this adjustment 
can also be made when the etalon is in the spectrograph, as shown in 
Fig. 140. 

Sometimes it is convenient to place the etalon in front of the slit of a 
spectrograph rather than in front of the prism. In such cases the light 
incident on the etalon need not he parallel. A lens must, however, follow 
the etalon and this must always be set with the slit at its focal plane. 
This lens then selects parallel rays from the etalon and focuses interfer- 
ence rings on the slit. Both these mcthocls arc used in practice. 


14.10. Interference Filter. Our discussion of the Fabry-Perot inter- 
ferometer has thus far been limited to the dependence of the intensity on 
plate separation and on angle for a singlo wavelength, or perhaps for two 
or more wavelengths close together. If the instrument is placed in a 
parallel beam of white light, interference will also occur for all the mono- 
chromatic components of such light, but this will not manifest itself 
until the transmitted beam is dispersed by an auxiliary spectroscope. 
One then observes a scries of bright fringes in the spectnim, each formed 
by a wavelength somewhat different from the next. The maxima will 
occur, according to Eq. 14o, at wavelengths given by 



2d cos 0 
m 


(14a:) 


where m is any whole number. If d is a separation of a few millimeters, 
there will be very many narrow fringes (more than 12,000 through the 
visible spectrum when d = 5 mm), and high dispersion is necessary in 
order to separate them. Such fringes have been used for example in the 
calibration of spectroscopes for the infrared and in accurate measure- 
ments of the wavelengths of the absorption lines in the solar spectmm. 
A very important use for them has recently been found in the case 
where d is made extremely small, so that only one or two maxima occur 
within the visible range of wavelengths. With white light incident, only 
one or two narrow bands of wavelength will then be transmitted, the rest 
of the light being reflected. The pair of semitransparent metallic films 
thus can act as a fdter passing nearly monochromatic light. The curves 
of transmitted energy against wavelength resemble those of Fig. 14L, 
since according to Eq. \Ag the phase difference 5 is inversely propor- 
tional to wavelength for a given separation d. 
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In order that the maxima shall be widely separated, it is necessary 
that m be a small number. This is attained only by having the reflecting 
surfaces very close together. If one wishes to have the maximum for 
m = 2 occur at a given wavelength X, the metal films w'ould have to be 
a distance of X apart. The maximum m = 1 will then appear at a wave- 
length of 2X. Such minute separations can be 
attained, however, with modern techniques of Evaporpted 
evaporation in vacuum. A semitransparent metal 
film is first evaporated on a plate of glass. Next, 
a thin layer of some dielectric material like quartz 
is evaporated on top of this, and then the dielectric 
layer is in turn coated with another similar film 
of metal. Finally another plate of glass is placed 
over the films for mechanical protection. The com- 
pleted filter then has the cross section shown 
schematically in Fig. 147J, where the thickness of the 
films is greatly exaggerated relative to that of the 
glass plates. Since the path difference is now in the 
dielectric of index n, the wavelengths of maximum Evaporwied layer 
transmission for normal incidence are given by of transparent material 

Fio. 14/i?. Cross seo- 
^ 2nd V tinii of interference 

X = — (14y) filter. 

If there are two maxima in the visible spectrum, one of them pan easily 
be eliminated by using colored glass for the protecting cover jdate. Inter- 
ference filters are now made which transmit a band of wavelengths of 
width (at half transmission) only 100 A, with the maximum lying at any 
desired waveh'ngth. The transinksion at the maximum can be as high 
as 35 per cent. It is very difficult to obtain combinations of colored 


L A 



D' 


Fic!. 14S. Multiple reflection between the surfaces of a Lummer-Gehreko plate. 

glass or gelatin filters wdiich will accomplish this purpose. Furthermore, 
since the interference filter absorbs a negligible amount of energy, there 
is no trouble with its overheating. 

14.11. Lummer-Gehreke Plate. Besides the Fabry-Perot interfer- 
ometer and the Michelson echelon (to be discussed in Sec. 17.17), another 
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instrument sometimes used for the detailed study of individual spectnim 
lines consists of an accurately plane-parallel plate of glass or quartz 10 
to 20 cm long, 1 or 2 cm wide, and a few millimeters thick. A prism is 
cemented on one end {P in Fig. 145) so that the light may enter the plate 
at the proper angle without excessive loss of intensity by reflection. This 
angle is such that the angle of incidence on the inner surface is slightly 
less than the critical angle of total reflection. Thus at each reflection 
a ray of light leaves the surface at a nearly grazing angle. These rays 
are parallel, and are brought to a focus by the lens on the screen AD, 
The fringes observed with the Lummer-Gehreke plate are Haidinger 
fringes observed at an angle 0 near 90°, instead of near 0° as in the Fabry- 
Perot instrument. High reflecting power with consequent sharpness of 


W 


CO 


I 



Fia. 147*. Interference frinRcs from a Lummer-Gchreke plate, (a) short exposure; (M long 


exposure. 


the fringes is attained by the fact that near the critical angle the reflection 
is very strong. On the screen one observes two sets of fringes, one from 
each side of the plate.* Figure 14r is a photograph of the fringes taken 
with the green line of mercury. Tf the line studied is not single but 
possesses hyperfine structure, it will be resolved in much the same way 
as described above for the Fabry-Perot interferometer. A Lummer- 
Gehreke plate of quartz has an advantage over the Fabry-Perot otalon 
in that it can be used successfully in the ultraviolet, where the reflecting 
power of metals is generally low. 


Problems 

1 . Newton’s rings are formed by placing the convcjx surface of a lens in contact with 
a plane glass surface. If the sixteenth bright ring of green light, X5431, is 12.20 iiim in 
diameter, what is the radius of curvature of the lens? Assume n * 1.000 for air. 

2. Solve Prob. 1 for the case where the twentieth bright ring has a diameter of 
18.45 mm. 

* The two fringe systems are not complementary but identical. This is to be 
expected when the source is effectively between the two surfaces (see the discussion in 
See. 14.8). 
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8 . If the radius of curvature of the upper glass surface in a N>wton*s-ring experi- 
mout is 3.5 m, what will be the diameter of tlie fifth and tenth bright rings for light of 
the red cadmium line, X6438? 

4. Solve Prob. 3 for the green cadmium line, X50S5. 

5. Two pieces of plane glass are placed togetluT with a piece of piipcr between the 
two at one edge. Find the angle in seconds of the wedge-shaped air film betw'een the 
plates if, on viewing the film with sodium light, X5893. there arc 18 fringes per centi- 
meter. Assume that the light is viewed normal to the surface. 

6. Solve Prob. 5 if light of the cadmium blue line, X4800, is used. 

7. An experiment on New’ton’s rings is performed wdth red light and the following 
measurements are made: 72 » 10 m, radius of 7nth dark ring » 3.0 mm, radius of 
(w + 4)th dark ring = 5.0 mm. Find the W'avelongth of the light used, and the ring 
number. 

8. The reflecting surfaces of a Fabry-Perot ct alon are separated by a distance of 
4.2 cm. Find the wavelength range AX between adjacent rings w’hen this instrument 
is used with light »)f wavelength (a) 4000 A, (6) 5341 A, (c) 5893 A, and (d) 6563 A, 

9. What spacings are required betw’een the two reflecting surfaces of a Fabry- 

Perot interferometer to make the available wavelength range AX = 0.0200 A for the 
wavelengths given in Prob. 8? • 

10. A sp(;ctrum line at X4750 is found to be a doublc^t with a separation of 0.043 A. 
What s(»parator in a Fabry-Perot ctalon will give a regular H(‘t of interference rings 
with each ring m of one component superimposed on the (m + l)st ring of the other 
component? 

11. If in taking the photograph in Fig. 14Q the Fabry-Perot separator used had a 

thickness of 3.2 cm, and the left-hand line marked .V had a wavelength of 4800 A, 
what w'ould be th<» difTen'ncc in wavelength between the first two strong components 
of the six-line pat tern ? ( N crrE : Use dividers and a scale, or a comparator, to measure 

the distances belw’cen components,) 

12. A Lumnier-( lehn-ke j)late 8 miri thick is to be used for studying the r^d cadmium 
line, X6438. If the imh'x of refraction is 1.562, And the order of interference occurring 
nearest to the faces of the plate. 

13. Find graphically the intensity due to the first five transmitted rays from a 
Fabry-Perot interferom(*tcT whcrii the phase difference betw'cen successive rays is 45®, 
and express the* result relative to that for zero phase difference. Assume a reflecting 
power of 0.81. 

14. Interference fringes an* produced in a thin wedge-shaped film of cellophane of 
index 1.4. If the angle of the film is 20 seconds of arc, and the distance between 
fringes is 0.25 cm, find the wavelength of the light. Assume perpendicular incidence. 

16. The reflecting power of the silvered surfaces of a Fabry-Perot etalon is 64 per 
cent. Find the minimum intensity, halfw'ay between the maxima of the transmitted 
fringes. 

16. The reflecting power of the silvered surfaces of a Fabry-Perot etalon is 85 per 
cent. Find the ratio of intensity between the maxima and minima of the transmitted 
fringes, assuming no absorption. 

17. An interference filter is to be designed using a dielectric of index 1.420 as the 
separator. It is desired that the filter have a maximum transmission at 6000 A, and a 
width at half-maximum of 200 A. The filter is to incorporate a yellow glass which will 
suppress the next maximum at 5000 A. Find (a) the necessary thickness of the dielec- 
tric, and (6) the required reflecting pow’er of either of the metal films. 

18. What are the wavelengths of the maxima in the light transmitted by a piece of 
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cellophane 0.0013 in. thick, and lightly silvered on both sides? Assume the index 
1.40 to be independent of wavelength. 

19. A strong line having X » 5543.02 A and its weak satellite line form systems of 
fringes which coincide for a particular scitting of a sliding Fabry-Perot interferometer. 
While the separation of the mirrors is slowly increased, 140,100 fringes of the strong 
line are counted as they appear at the center, and the two fringe systems then coincide 
again. What is the wavelength difTerence between the line and its satellite? 

20. Kq. 14r applies to the case whore X — X' is small. Derive a similar equation 
applicable for the general case where X — X^ need not be small. 

21. The surfaces of a prism of refractive index 1.52 are to be made “nonreflecting” 

by coating them with a thin layer of transparent material of refractive index 1.30. 
Take the elTective wavelength of the light (in vacuum) be 5500 A. (ri) Find the 
necessary thickness of the layer. (6) What is the phase diffc^rence between the light 
reflected from the up]3er and lower surfaces for violet light, X4000? (c) What is it 

for red light, X7000? 

22. Tn measuring the coefTicient bf thermal expansion of a rare material, the sample 
has two parallel faces about 1 cm apart, and rests upon one of these on a flat surface. 
A plane glass plate is then placed over it, supportcul by two f'opper blocks which arc 
also about 1 cm high but whieli leave a thin air fjjm between the lowc^r glass surface 
and the upper surface of the sample, interferfmee fringes are produced by reflecting 
sodium light, X5890, from this film, and these fringes are obsf^rved in a low-power 
microscope, which is first set on a dark fringe. On raising the ti'inperatiin* of the 
whole system by 100®(/, 20 dark fringe's (not including the first) are counted before 
the s 3 rstem comes to e<[uilibriuiii with a dark fringe on the cross hairs. Tf the coeffi- 
cient of expansion of copper is 14 X lO"® jicr degree centigrade, what is the coefficient 
of expansion of the sample? 



CHAPTER 15 

FRAUNHOFER DIFFRACTION BY A SINGLE OPENING 


Wlien a beam of light passes through a narrow slit, it spreads out to a 
certain extent into the region of the geometrical shadow. This effect, 
already noted and illustrated at the beginning of Chaps. 1 and 13, is one 
of the simplest examples of diffraction, Le., of the failure of light to travel 
in straight lines. It can be satisfactorily explained only by assuming a 
wave character for light, and in this chapter we shall investigate quanti- 
tatively the diffraction pattern, or distribution of intensity of the light 
behind the aperture, using the principles of wave motion already discussed. 

16.1. Fresnel and Fraunhpfer Diffraction. Diffraction phenomena 
are conveniently divided into two general classes, (1) those in which the 
source of light and the screen on which the pattern is observed are effec- 
tively at infinite distances from the aperture causing the diffraction, and 
(2) those in which either the source or the screen, or both, are at finite 



Fiq. ExpcriiiicMital arraiiKfinoiit for obtaining the clifTrnction pattern of a einglo slit. 

Fraunhofer diiTrartion. 

distances from tlie aperture. The phenomena coming under class (1) 
are called, for historical reasons, Fraunhofer diffraction, and those coming 
under class (2) Fresnel diffraction, Fraunhofer diffraction is much sim- 
pler to treat theoretically. It is easily observed in practice by rendering 
the light from a source parallel with a lens, and focusing it on a screen 
with another lens placed behind the aperture, an arrangement which 
effectively removes the source and screen to infinity. In the observation 
of Fresnel diffraction, on the other hand, no lenses are necessary, but 
here the wave fronts are divergent instead of plane, and the theoretical 
treatment is consequently more complex. Only Fraunhofer diffraction 
will be considered in this chapter. 
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16.2. Diffraction by a Single Slit. A slit is a rectangular aperture of 
length large compared to its breadth. C'onsidor a slit S to bo set up as 
in Fig. 16d, with its long dimension perpendicular to the plane of the 
page, and to be illuminated by parallel monochromatic light from the 
narrow slit S', at the principal focus of the lens The light focused 
by another lens L 2 on a screen or photographic plate P at its principal 
focus will form a diffraction pattern, as indicated schematically. Figure 
l5B{b) and (c) shows two actual photographs, taken with different expo- 
sure times, of such a pattern, using violet light of wavelength 4358 A. 
The distance S'Li was 25 cm, and L^P was 100 cm. The width of the 



slit S was 0.090 mm, and of S\ O.IO mm. If S' was widened to more 
than about 0.3 mm, the details of the pattern began to be lost. On the 
original plate, half width d of the central maximum was 4.84 mm. It is 
important to notice that the width of the central maxi mum is tivice as 
great as that of the fainter side maxima. That this elTect comes under 
the heading of diffraction as previously defined is clear when we note 
that the strip drawn in Fig. 155(a) is the width of the g(‘oinetrical 
image of the slit S', or practically that which would be obtained by 
removing the second slit and using the whole aperture of the lens. This 
pattern can easily be observed by ruling a singh' t ransi)arent line on a 
photographic plate and using it in front of the eye as explained in 
Sec. 13.2. 
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The origin of the single-slit diffraction pattern appears when we investi- 
gate the interference of the secondary wavelets which, by Huygens’ prin- 
ciple, can be thought of as sent out by every point on a wave front at 
the instant it occupies the plane of the slit. Figure 15C represents a 
section of a slit of width a, illuminated with parallel light from the left. 
Let d s be an^l^ent of width of the wave front in the pjaiie_pf t he slit , 
at a distance s from the center O which we shall call the origin. Each 
secondary wavelet can be regarded as a spherical wave spreading out to 
the right, and the parts of each wave traveling normal to the plane of 
the slit will reach the point 7^0. The parts travelling at the angle B will 
reach Pn. 

( 'onsidcMMiig first the wavelet emitted by the element ds situated at 
the origin, its amplitude will be directly proportional to the length ds. 



Fit*. \TtC. GcMiMiet iu*al (‘oii.strurtioii fc»r invostieatiiig the iiitt‘ri»ity in the dif- 

fruflidii pattern. 

and inversely proportional t.o the distance x. If dy r(‘pri\s(‘nts t.h(^ dis- 
placement ill the wave front, we may represiMit it by the* e(|ii:Ltion of a 
spherical wave (Kq. II//} in the form 

- ’ I” .in 3, - 0 (15.) 

Here r ds is the amplitude of the wave at unit, distance from the origin. 
The ])art of this wavelet reaching Pn trav(»rses an optical path x„, and 
produces a vibration at Pn given by 

d//o = ^ «in 27r (155) 

The pha.‘=!es of the contributions from the other wavelets will be different, 
since each travels a different distance to 7^». Fi/r t he element ds at a dis- 
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tance 8 below the origin, the wave travels an additional distance A = « sin 0^ 
and its contribution at Pn may be expressed as 




r (U . ft 
= — 

rda . _ ft 


Xn + A\ 

X / 

Xn 8 sin 9\ 

T ““x~ / 


(16c) 


We now wish to sum up the contributions of all elements ds from one 
edge of the slit to the other to get the resultant displacement at Pn- This 
sum is obtained by integrating the expression over the width of the slit, 
i.e,, between the limits s = —(a/2), and s = +(a/2). In doing so, we 
may drop the amplitude factor r/x, since it is practically the same for all 
wavelets, and we are interested only in relative intensities on the screen. 

Adopting the abbreviations 4) = 2Tr 

integral is 

y = sin (4> - lA) (Is (16d) 

(sin 4} cos 4/ — cos 4> sin ds 

- a/*2 

[s sin ^ . . . s cos ^ "j+a/a 

= - sin « + — ^ - cos (156) 



— and j/f = 2ir the 


The values of ^ for s = +fl/2and — a/2are (Trasin 0)/Xand (— xasin ^)/X, 
respectively. Making the required substitutions, one finds 


sin Uira sin 0)/X] 

^ = ^ ”(i a- siny )7x~ 


sin 2ir 



( 15 /) 


as the equation for the resultant vibration. This represents a new simple 
periodic motion, of phase dilTcring by — 27ra:„/X from that at the slit, and 
of amplitude R = (o sin where p = (ir/X)o sin 6, Since this 

expression for R differs by some arbitrary constant from the true ampli- 
tude because of the negle<;t of the factor r/x, it is more correct to write 


The significance of the constant Rq will appear below. The quantity p 
is a convenient variable, and signifies one-half the phase difference in 
radians between the contributions from opposite edges of the slit. It 
determines the intensity by the relation 

Intensity / = 72* = Ro^ "'^ 2 ^ (15A) 
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If the light, instead of being incident on the slit perpendicular to its 
plane, makes an angle i, a little consideration will show that it is merely 
necessary to replace the above expression for (i by the more general 
expression 




irfl(sin i + sill 6) 
X 


im 


16.3. Further Investigation of the Single-slit Diffraction Pattern. In 

Fig. 151>(a) graphs are shown of Eq. Ibg for the amplitude (dotted curve) 
and Eq. \bh for the inlensiiy, taking the constant lU in each case as 
unity. The intensity curve will be seen to have the form required by 
the experimental result in Fig. 15B. The maximum intensity of the 



Amplitude* and intensity rontours f<ir Fnr.in Iinfer dilTniftiori nf a Hirifdo slit, 
showing positiuns of inaxiiiia and ininitna. 


strong central l^aiid comes at the point Po of Fij;. \bCy wlua-e evidently 
all the secondary wavelets will arrive in phase l)(u*aus(' the jiath differ- 
ence A == 0. For this point = 0, and although tiie quotient (sin 
becomes indeterminate for jS = 0, it will be remembered that sin 0 
approaches 0 for small angles, and is equal to it when 0 vanishes. Hence 
for 0 = Oy (sin 0)/0 = 1. We now sec the significance of the constant 
Po. Since for 0 = Oy R = Po, it represents the amplitude when all the 
wavelets arrive in phase. Po“ is then the value of the maximum inten- 
sity, at the center of the pattern. From this principal maximym the 
intensity falls to zero at = ±ir, then passes through several secondary 
maximay with equally spaced points of zero intensity at = ±ir, ±2ir, 
±3ir, • • • , or in general 0 = mv. The secondary maxima do not fall 
halfway between these points, but are displaced toward the center of 
the pattern by an amount which decreases with increasing m. The 
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exact values of p for these maxima can bo found by differentiating Eq. 
ISh with res])ect to li and c(iuating to zero. This yields the condition 

tan jS = i3 (15i) 

The derivation of this condition is left as a problem for the student (see 
Prob. 12 at the end of this chapter). The values of fi satisfying this 
relation are easily found graphicallj’^ as the intersections of the curve 
y = tan P and the straight line y = p. In Fig. 15Z>(h) these points of 
intersection lie directly below the corresponding secondary maxima. 

The intensities of the secondary maxima may be calculated to a very 
close approximation by finding the values of (sin® P)/P“ at the halfway 
positions, f.c., where p = 3ir/2, 5ir/2, 7ir/2, • • • . This gives 4/(97r®), 

4/(25ir*), 4/(45)ir*), • • • , <»r • • • , of the intensity of 

the principal maximiiin. The greatest error in these values occurs for 

the first secondary maximum, which 
is given as 4.50 per cent of the 
central intensity, compared with its 
true value of 4.72 per cent. 

A very clear idea of the origin 
of the single-slit pattern is 
obtained by the following simple 
treatment. Consider the light 
from the slit of Fig. 15E coming 
to the point Pi on the screen, 
this point being just one wave- 
Fio. 16^. Anglo of the first iiiiiiiinnm of length farther from the upper edge 

the Binglc-alit difTruotioii pat torn. ” f , 

of the silt than from the lower. 
The secondary wavedet from the point in the slit adjacent to the upper 
edge will travel approximately X/2 farther than that from the point at 
the center, and so these two will produce vibrations with a phase differ- 
ence of TT and will give a resultant displacement of zero at Pi. Similarly 
the wavelet from the next point below the upper edge will cancel that 
from the next point below the cent^jr, and we may continue this pairing 
off to include all points in the wave front, so that the resultant effect 
at Pi is zero. At P3 the path difference is 2X, and if we divide the slit 
into four parts, the pairing of points again gives zero resultant, since 
the parts cancel in pairs. For the point Pt, on the other hand, the path 
difference is 3X/2, and we may divide the slit into thirds, two of which 
will cancel, leaving one third to account for the intensity at this point. 
The resultant amplitude at P2 is, of course, not even approximately 
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one-third that at Po, because the phases of the wavelets from the remain- 
ing third are not by any means equal. 

The above method, though instructive, is not rigorous if the screen 
is at a finite distance from the slit. As Fig. 15£ is dra\vn, the shorter 
broken line is drawn to cut off equal distances on the rays to Pi. It wll 
be seen from this that the path difference to Pi between the light coming 
from the upper edge and that from the center is slightly greater than 
X/2, and that between the center and lower edge sliglitly less than X/2. 
Hence the resultant intensity will not be zero at and P3, but it will 
be more nearly so the greater the distance between slit and screen, or 
the narrower the slit. This corresponds to the transition from Fresnel 
diffraction to Fraunhofer diffraction. Obviously, with the relative dimen- 
sions shown in the figure, the geometrical shadow of the slit would con- 
siderably widen the central maximum as drawn. When the screen is at 
infinity, the relations become simpler, for then the two angles di and 
in Fig. 15P become exactly equal (t.c., the two dashed lines are perpen- 
dicular to each other), and X = a sin Bi for the first minimum. In prac- 
tice Bi is usually a very small angle, so we may put the sine equal to 
the angle. Then 

= - (15*) 

CL 

a relation which shows at once how the dimensions of the pattern vary 
with X and a. Th(; linear width of the pattern on a screen will be pro- 
portional to the slit-screen distance, which is the focal length / of a lens 
placed close to the slit^ The linear distance d bet wenm successive minima 
corresponding to the angular separation Bi = X/a is thus 

d = (16/) 

a ' 

The width of the pattern increases in proportion to the wavelength, so 

that for red light it is roughly twice as wide as for violet light, the slit 
width, etc., being the same. If white light is used, the central maximum 
is white in the middle, but is reddish on its outer edge, shading into a 
purple and other impure colors farther out. 

The angular width of the pattern for a given 'wavelength is inversely 
proportional to the slit width a, so that as a is made larger, the pattern 
shrinks rapidly to a smaller scale. In photographing Fig. 15B, if the 
slit S had been 9 mm wide, the wrhole visible pattern (of five maxima) 
would be included in a width of 0.24 mm on the original plate instead of 
2.4 cm. This fact, that when the width of the aperture is large compared 
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to a wavelength the diffraction is practically negligible, led the early 
investigators to conclude that light travels in straight lines and that it 
could not be a wave motion. Sound waves, whose lengths are measured 
in feet, will evidently be diffracted through large angles in passing through 
an aperture of ordinary size, such as an open window. 

Finally, it should be emphasized that Eq. 15h for the intensity is not 
exact in two respects. In the first place, a more rigorous treatment* 
shows that the amplitude should be multiplied by a factor 1 + cos 0, 
hence the intensity by (1 + cos d)^. This is the so-called obliquity factor^ 
which is usually neglected in dealing with these problems, since ^ is a 
very small angle in most cases. In the second place, the equation 
<loes not hold when the slit width a becomes less than one wavelength. 
With a = X, sin = 1, so that the first minimum occurs at 90®, and no 
secondary maxima can occur. The light which would go into these 
cannot be destroyed, however, and the intensity formula should be modi- 
fied to account for it elsewhere. • 

15.4. Graphical Treatment of Amplitudes. The Vibration Curve. 
The addition of the amplitude contributions from all the secondary wave- 
lets originating in the slit may be carried out by a graphical method based 
on the vector addition of amplitudes discussed in Sec. 12.2. It will be 
worth while to consider this method in some detail, because it may be 
applied to advantage in other more complicated cases to be treated in 
later chapters, and because it gives a very clear physical picture of the 
origin of the diffraction pattern. Let us divide the width of the slit into a 
fairly large number of equal parts, say 10. The amplitude r contribut«d 
at a point on the screen by any one of these parts will be the same, since 
they are of ecpial width. The phases of these contributions will differ, 
however, for any point ex(!cpt that lying on the axis, i.e., on the normal 
to the slit at its center (Po, Fig. 15C). For a point off the axis, each of 
the 10 segments will contribute vibrations differing in phase, because the 
segments are at different average distances from the point. Further- 
more the difference in pluxse b between the contributions from adjacent 
segments will be constant, since each element is on the average the same 
amount farther away (or nearer) than its neighbor. 

Now, using the fact that the resultant amplitude and phase may be 
found by the vector addition of the individual amplitudes making angles 
with each other equal to the phase difference, a vector diagram like that 
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shown in Fig. 15F(b) may be drawn. Each of the 10 equal amplitudes 
r is inclined at an angle 5 with the preceding one, and their vector sum R 
is the resultant amplitude required (see also Fig. \2B). Now suppose 
that instead of dividing the slit into 10 elements, we had divided it into 
many thousand or, in the limit, an infinite number of equal elements. 
The vectors r would become shorter, but at the same time 5 would 
decrease in the same proportion, so that in the limit our vector diagram 
would approach the arc of a circle, shown as in (b^. The resultant 
amplitude R is still the same and equal to the length of the chord of this 
arc. Such a continuous curve, representing the addition of infinitesimal 
amplitudes, we shall refer to as a vibration cun^c. 



Fig. ISf'. Graphic'iil trout men t of uinplituilcu in uiuglc-Hlit ilifTraction. 

To show that this method is in agrec^meiit with our previous result, 
we note that the length of the arc is just the amplitude Ro obtained when 
all of the component vibrations are in phase, as in (a) of the figure. 
Introducing a phase difference between the components docs not alter 
their individual amplitudes or the algebraic, sum of these. Hence the 
ratio of the resultant amplitude R at any point in the screen to /2o, that 
on the axis, is the ratio of the chord to the arc of the circle. In terms of 
our chosen variable (Sec. 15.2), which represents (wa sin ^)/X, or half 
the phase difference from opposite edges of the slit, the angle subtended 
by the arc is just 2p, because the first and last vectors r will have a ph^ 
difference of 20. In Fig. 15F(6')i I'hc radius of the arc is called g, and 
a perpendicular has been dropped from the center on the chord R. From 
the geometry of the figure, we have 

R12 


sin 0 = 


72 — 2(7 sin 0 
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and hence 

R __ chord _ 2q sin jS _ sin 
lU ” urc ' “ 0<“2i5 jF 


in agreement with K(i. ISr/. 

As we go out from the center of the dilTraction pattern, the length of 
the arc remains constant and equal to Ao, but its curvature increases 
owing to the larger phase difTerence 5 introduced between the infinitesi- 
mal component vectors r. The vibration curve thus winds up on itself 
as is increased. The successive diagrams (a) to (i) in Fig. 15F are 
drawn for the indicated values of /3 at intervals of tt/A, and the corre- 
sponding points are similarly lettered on the intensity diagram. A study 
of these figures will bring out clearly the cause of the variations in inten- 
sity occurring in the single-slit pattern. 

16.6. Rectangular Aperture. In the preceding sections the intensity 
function for a slit was derived by summing the effects of the spherical 
wavelets originating from a linear section of the wave front by a plant* 
perpendicular to the length of the slit, i.e., by the plane of the page in 
Fig. 15C. Nothing was said about the contributions from parts of the 
wave front out of this plane. A more thorough mathematical investi- 
gation, involving a double integration over both dimensions of the wave 
front,* shows, however, that the above result is correct when the slit is 
very long compared to its width. The complete treatment gives, for a 
slit of width a and length /, the following expression for the intensity: 


T i. 0,0 «in= /i sin- y 

I = const • a-Z- - - - • 

P“ T' 


(15m) 


where p = (ira sin 0)/X, as before, and y = (irl sin i2)/\. The angles d 
and 12 arc measured from the normal to the aperture at its center, in 
planes through the normal parallel to the sides a and Z, respectively. 
The diffraction pattern given by Kq. \bm when a and Z are comparable 
with each other is illustrated in Fig. 15G. Hie dimensions of the aper- 
ture are shown by the white rectangle in the lower left-hand part of the 
figure. The intensity in the pattern is concentrated principally in tw’o 
directions coinciding with the sides of the aperture, and in each of these 
directions it corresponds to the simple pattern for a slit width equal to 
the width of the aperture in that direction. Owing to the inverse pro- 
portionality betweeii the slit width and the scale of the pattern, the 
fringes are more closely spaced in the direction of the longer dimension 
of the aperture. In addition to these patterns there are other faint 

♦See R. W. Wood, ‘4'hysical Optics,*’ 2d ed., pp. 195-202, The Macmillan Com- 
pany, New York, 1921. 
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maxima, as shown in the figure. This difTraetion pattern may easily be 
ol)served by illuminating a small rectangular aperture with monochro- 
matic light from a source which is effectively a pointy the disposition of 
the lenses and the distance of the source and screen being similar to those 
described for observation of the slit pattern (Sec. 15.2). The cross 
formed by the brightest spots in the photograph is the one always 
observed when a bright street liglit is seen througii a wet umbrella. 

Now for a slit having I very large, the factor (sin® y)/y‘ in Kq. 16m is 
zero for all values of 12 except extremely .small ones. This means that 
the diffraction patlern will be limited to a line on the screen perpcndicu- 


' <3 « «« « Oi m*ju> ^ ^ ^ 

I ' 


Fi(3. \50. DifTnictioii pattoni from a roftansular opeiiiiiK. C.l//rr .1. Kohler.) 

lar to the slit and will r(vs(Mnl)l(» a section of the c(*iil ral horizontal line of 
bright spots in Fig. 15^^ We do not ordinarily ohsc‘rv(^ such a line pat- 
tern in diffraction hy a slit, hecraiise its observat ion nuiuires the use of a 
point source. In Fig. 15.1 the primaiy source was a slit. N', with its long 
dimension perpendicular to the page. In this case, each point of the 
source slit forms a line pattern, but the.se fall adjacent to each other on 
the screen, adding up to give a pattern lik(^ Fig. 15/^. If we were to use 
a slit source with the rectangular apertures of Fig. ISC, the slit being 
parallel to the side I, the result would be the summation of a number of 
such patterns, one above the other, and would he identical with Fig. 15 jB. 

These consideiutions can easily be extended to cover the effect of 
widening the primary slit. With a slit of finite width, each line element 
parallel to the length of the slit forms a pattern like Fig. 15^. The 
I'esultant pattern is equivalent to a set of such patf erns displaced laterally 
with respect to each other. If the .slit is too wide, the single-slit pattern 
will therefore be lost. No great change will occur until the patterns 
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from the two edges of the slit are displaced about one-fourth of the dis- 
tance from the central maximum to the first minimum. This condition 
will hold when the width of the primary slit subtends an angle of i (X/a) 
at the first lens, as can be seen by reference to Fig. 15// below. 

16.6. Resolving Power with a Rectangular Aperture. By the resolv- 
ing power of any optical system we moan its ability to produce separate 
images of objects very close together. Using the laws of geometrical 
optics, a telescope or a microscope is designed to give an image of a 
point source which is as small as possible. However, in the final analysis, 
it is the diffraction pattern that sets a theoretical upper limit to the 
resolving power. We have seen that wlienever parallel light passes 
through any aperture, it cannot be focused to a point image, but instead 
gives a diffraction i)attern in which the central maximum has a certain 



I'kj. 16/7. DifTniction of two nlit Hoiirnos by a rontangiilar aperture. 

finite width, inversely proportional to the width of the aperture. The 
images of two objects will evidently not be resolved if their separation 
is much lt?ss than the width of the central diffraction maximum. The 
aperture here involved is usually that of the objective lens of the telescope 
or microscope and is therefore circular. Diffraction by a circular aper- 
ture will be considered below in Sec. 15.8, and here wc shall treat the 
somewhat simpler case of a rectangular aperture. 

Figure 15// shows two plano-convex lenses (equivalent to a single 
double-convex lens) limited by a rectangular aperture of vertical dimen- 
sion a. Two narrow slit sources Si and S 2 perpendicular to the plane 
of the figure form real images S[ and ^82 on a screen. Each image con- 
sists of a single-slit diffraction pattern for which the intensity distribution 
is plotted in a vertical direction. The angular separation a of the central 
maxima is equal to the angular separation of the sources, and with the 
value shown in the figure is adequate to give separate images. The 
condition illustrated is that in which each principal maximum falls 
exactly on the second minimum of the adjacent pattern. This is the 
smallest possible value of a which will give zero intensity between the 
two strong maxima in the resultant pattern. The angular separation 
from the center to the second minimum in either pattern then corresponds 
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to jS = 2ir (see Fig. 15D), or sin ^ ^ d = 2X/a = 2Bi* As a is made 
smaller than this, and the two images move closer together, the intensity 
between the maxima will rise, until finall 3 ’^ no minimum remains at the 
center. Figure 15/ illustrates this by showing the resultant curve (heavy 
line) for four different values of a. In each case the resultant pattern 
is obtained by merely adding the intensities due to the separate patterns 
(dotted and light curv^'es). 

Inspection of this figure shows that it would be impossible to resolve 
the two images if the maxima were much closer than a = Oi, correspond- 
ing to jS = IT. At this separation the maximum of one pattern falls 
exactly on the first minimum of the other, so that the intensities of the 



Fio. 15/. Diffraction images of two slit sources: (o) and (5) well resolved; (c) just resolved; 
(d) not resolved. 

maxima in the resultant pattern are equal to those of the separate 
maxima. To find the intensity at the center of the resultant minimum, 
we note that the curves cross at ^8 = ir/2 for either pattern and 


sin* P 


= 0.4063 

IT* 


the intensity of either relative to the maximum. The sum of the con- 
tributions at this point is therefore 0.8100, which shows that the intensity 
of the resultant pattern drops almost to four-fifths of its maximum value. 
This change of intensity is easily visible to the eye, and in fact a consid- 
erably smaller change could be seen, or at least detected with a sensitive 
intensity-measuring instrument such as a microphotometer. However, 
the depth of the minimum changes Ycry rapidly with separation in this 
region, and in view of the simplicity of the relations in this particular 
case, it was decided by Rayleigh to arbitrarily fix the separation 
a = = X/a as the criterion for resolution of two diffraction patterns. 


* The symbol ^ will be used here to denote “is approximately equal to.” 
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This quite arbitrary choice is known as “ Rayleigh \s criterion.” The 
angle B\ is sometimes called the “resolving power” of the aperture a, 
although the ability to resolve increases as B\ becomes smaller. A more 
appropriate designation for Bi is the minimum angle of resolution. 

16.7. Resolving Power of a Prism. An example of the use of this 
criterion for the resolving power of a rectangular aperture is found in 
the prism spectroscope, where the face of the prism limits the refracted 
beam to a rectangular section. Thus, in Fig. 15J, the minimum angle 
6D between two parallel b(}ams which give rise to images on the limit 
of resolution is such that bD = Bi = X/a, where a is the width of the 
emerging beam. The two beams giving these imag(\s differ in wave- 
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length by a small increment dX, which is negative because the smaller 
wavelengths are deviated through greater angles. The wavelength incre- 
ment is more useful than the increment of angle, and hence it is customary 
to define the chromatic resolving power R oi a spectroscope as the ratio 
X/ 5X. To evaluate this for the prism, we first note that, since any optical 
path between the two successive positions a' and a of the wavefront 
must be the same, we can write 

c + c' = (15n) 

Here n is the refractive index of the prism for the wavelength X, and h 
the length of the base of the prism. Now if the wavelength be decreased 
by 5X, the optical path through the base of the prism becomes (n + 5n)6, 
and the emergent wavefront must turn through an angle bD ~ X/a in 
order that the image it forms may be just resolved. Since, from the 
figure, bD = (5c) /a, this increases the length of the upper ray by 5c = X. 
It is immaterial whether we measure 5c along the rays X or X + 5X, 
because only a difference of the second order is involved. Then we have 


c + c^ + X = (n -|- brCfb 
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and, subtracting Kq. l5/i, 

\ = h 8n 

Th« desired result is now obtained by dividing bv and .sul).stituting 
th^ derivative dn^ d\ for the ratio of small increim iiia: 


X __ . dn 
d\ 


(16o) 


This simple relation is useful for cahuilating tin* resolving power of prisms 
and can be shown to hold for two or more prisms in taiulem if b is the 
sum of the prism bases. 

16.8. Circular Aperture. The diffraction pattern f(»rm(Ml by plane 
waves from a point source passing through a circular apiMtiire is of con- 


(n) 


ib) 


(c) 


Kio. IS/iC. Photographji of diffraction iniaeo» of point HourccH tiikuii willi a circular aper- 
ture. (a) One source, (b) two sourccH junt resolvod, (c) two sourced coiapintoly resolved. 

siderablc importance as applied to the resolving power of telescopes and 
other optical instruments, rnfortunately it is also a problem of con- 
siderable difficulty, since it requires a double integration over the surface 
of the aperture similar to that mentioned in See. J5.5 for a re(;tangular 
aperture. The problem was first solved by Airy* in 1835, and the solu- 
tion is obtained in terms of certain well-known series known as Bessel’s 
functions. The most convenient way to express the results for our pur- 
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pose will be to give the numerical data obtained from calculations on 
these series (see Table 151). 

The dilTraction pattern as illustrated in Fig. 15/iL(a) consists of a 
bright central disk, known as Airy's disky surrounded by a number of 
fainter rings. Neither the disk nor the rings are sharply limited but 
shade gradually off at the edges, being separated by circles of zero inten- 
sity. The intensity distribution is very much the same as that which 
would be obtained with the single-slit pattern illustrated in Fig. IbE 
by rotating it about an axis in the direction of the light and passing 
through the principal maximum. The dimensions of the pattern are, 
however, appreciably different from those in a single-slit pattern for a 
slit of width equal to the diameter of the circular aperture. For the 
single-slit pattern, the angular separation B of the minima from the 
center was found in Sec. 16.3 to be given by s\n 0 = $ = mX/o, where m 
is any whole number, starting with unity. The dark circles separating 
the bright ones in the pattern from a circular aperture may be expressed 
by a similar formula, if 0 is now the angular semidiameter of the circle, 
but in this case the numbers m are not integers. Their numerical values 
as calculated by Lommel* are given in Table 151. This table also 


Table 151 


ttinn 

« 

Circular aperture 

Single slit 

m 

I max 

/toUl 

m 


Central inaximiim 

0 

1 

1 

IM 

1 

First dark 

1.220 





Second bright 

1.638 

0.01745 

mmm 


0.0472 

Second dark 

2.233 





Third bright 

2.666 

0.00415 


1 2.459 

0.0168 

Third dark 

3.238 





Fourth bright 

3.694 

0.00165 


3.471 

0.0083 

Fourth dark 

4.241 





Fifth briglit 

4.722 

0.00078 


4.477 

0.0050 

Fifth dark 

5.243 






includes the values of m for the maxima of the bright rings, and data on 
their intensities. The column headed gives the relative intensities 
of the maxima, while that headed /totij is the total amount of light in the 
ring, relative to that of the central disk. For comparison, the values 
of m and 7nux for the straight bands of the single-slit pattern are also 
included. 

*E. V. Ijornmcl, Ahhandl. Bayer Akad, Wiss.^ 16, 531, 1886. 
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16.9. Resolving Power of a Telescope. To give an idea of the linear 
size of the above diffraction pattern, let us calculate the radius of the first 
dark ring in the image formed in the focal plane of an ordinary field glass. 
The diameter of the objective is 4 cm and its focal lengtJi 30 cm. White 
light has an effective wavelength of 5.G X cm, so that the angular 

radius of this ring is ^ = 1.220 * - — = 1.71 X 10’*^ rad. The lin- 

ear radius is this angle multiplied by th(‘ focal length and therefore 
amounts to 30 X 1.71 X 10"* = 0.000512 cm, or almost e.xactly 0.005 
mm. The central disk for this telescope is then 0.01 mm in diamctt*r 
when the object is a point source such as a star. 

Extending Rayleigirs criterion for the resolution of diffraction patterns 
(Sec. 15.0) to the circular aperture, two patterns are said to be resolved 
when the central maximum of one falls on the first dark ring of t he other. 
The resultant pattern in this condition is shown in Fig. 16/v(b). The 
minimum angle of resolution for,a tcdescope is therefore 

0 ^ = 1.220- (IS/J) 

Of 

where a is the diameter of the circular aperture which limits the beam 
forming the primary imag(', or usually that of the objective. For the 
example chosen above, the angle calculated is just this limiting angl(‘, 
so that the small(‘st angular separation of a double star which could be 
theoretic^ally resolved by this t(*lescope is 1.71 X I0“* rad, or 3.52 seconds 
of arc. Since the minimum angh* is inversely proport ional to a, we see 
that the aperture necessary t.o resolves two sourccjs I second apart is 3.52 
times as great as in the exampl(\ or that 

Minimum angle of resolution in seconds 0i = 

a being the aperture of the objective in centime^ters. For the largest 
refracting telescope in existence, that at the Yerkes Observatory, 
a = 40 in. and di = 0.14 sec. This may be compared with the minimum 
angle of resolution for the eye, the pupil of which has a diameter of about 
3 mm. We find di = 47 seconds of arc.* Actually the eye of the aver- 
age person is not able to resolve objects less than about 1 minute apart, 
and the limit is therefore effectively determined by optical defects in 
the eye or by the structure of the retina. 

* It might at first appear that the wavelength to be used in this calculation would 
be that in the vitreous humor of the eye. It is true that the dimensions of the diffrac- 
tion pattern are smaller on this account, but the separation of two images is also 
decreased in the same proportion by refraction of the rays as they enter the eye. 
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With a given ot)joctive in a telescope, the angular size of the image as 
seen by the eye is determined by the magnification of the eyepiece. 
However, increasing the size of the image by increasing the power of 
the eyepiece d(x;s not increase the amount of detail that can be seen, 
since it is impossible by magnification to bring out detail which is not 
originally present in the primary image. lOach point in an object becomes 
a small circular diffraction pattern or disk in the image, so that if an 
eyepiece of very high power is used, the image appears blurred and no 
greater detail is sc^en. Thus diffraction by the objective is the one factor 
that limits the resolving power of a telescope. 

The diffraction pattern of a circular aperture, as well as the resolving 
power of a teles(H)pc, can be demonstrated by an experimental arrange- 
ment similar to that shown in Fig. If)//. The point sources at S\ and 
*S 2 consists of a sodium or mercury arc and a scn'cii with several pinholes 
about 0.35 mm in diameter and spaced from 2 to 10 mm apart. These 
may be viewed witli one of three small holes 1, 2, and 4 mm in diameter, 
mounted in front of tiie obje(^tive lens to show how an increasing aper- 
ture affects the resolution. Under these circumstances the intensity will 
not be sufficient to show anything but the (jontral disks. In order to 
observe the subsidiary diffraction rings, the best source to use is the 
concentrated-arc lamp to be dc'scrilxjd in Sec. 21.2. 


The theoretical resolving power of a tcdescope will be realized only if 
the lenses are geoniet ricrally perfect and if the magnification is at least 
equal to the so-called “normaU' magnification (Sec. 7.14). To prove 
the latter statement., we note that two diffraction disks which are on 
the limit of resolution in the focal plane of the objective must subtend 
at the eye an angle of at h'ast. = 1.22 X/(/« in order to be resolved by 
the eye. TI<u*e (/« reprc'sents the diameter of the eye pupil. Now accord- 
ing to Eq. lOA; the magnification 


whore D is the diameter of the entrance pupil (objective) and d l.hat of 
the exit pupil. At the normal magnification, d is made equal to de, so 
that the normal magnification becomes 

D ^ V22\AJe ^ ^ 
de 1.2'2X/d 

Hence, if the diameter d of the exit pupil is made smaller than dr, that 
lof the eye pupil, wo have 0' < O'l and the images will cease to be resolved 
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by the eye even though they are resolved in the focal plane of the 
objective. 

16.10. Brightness and Illumination of Star Images. It was proved 
in Sec. 7.13 that regardless of the aperture of an instrument, for magni- 
fications up to the normal magnification the lirightnoss of the image of 
an extended object remains constant and at most equal to that of the 
object. If the object is a point source this is no longer true, but instead 
the brightness increases rapidly for larger apertures. This is because 
all the light collected by the objective is concentrated in a dilTruction 
pattern at its focal plane, and the area of this pattern varies inversely 
as the square of the diameter of the objective (Eq. 15p). Assuming 
normal magnification or greater, all light from the objective is admittcKl 
by the eye pupil, and the increase in brightness due to the telescopes 
thercfoie equals the ratio of the area of the olijective to that of the eyes 
pupil. If the magnification is less than the normal, the eye constitute.s 
the aperture stop and the exit pupil, and its image formed by the teU*- 
scope is the entrance pupil. The ratio of their areas is the square of 
the magnification of the telescope, which then gives the factor by which 
the brightness is increased. The ai’ea of the retina illuminated remains 
constant, since it is determined by the diffraction pattern produced by 
the pupil of the eye. 

The illumination of the image of a point source may be calculated by 
multiplying the illumination of the objective by the ratio of its area to 
that of the central disk of the diffraction pattern it produces, l)ecauso 
most of the light entering the objective goes into this disk. Thus the 
illumination will be proportional to the area of the objective. It is 
(diiefly for this reason that attempts arc constantly being made to 
increase the diameter of telescope objectives. The 200-in. mirror of 
the Mt. Palomar telescope should permit the photography of much fainter 
objects than has heretofore been possible. 

15.11. Resolving Power of a Microscope. In this case the same 

principles are applicable. The conditions are, however, different from 
those for a telescope, in which we Avere chiefly interested in the smallest 
permissible angular separation of two objects at a large, and usually 
unknown, distance. With a micrcMCope the object is very close to the 
objective, and the latter subtends a large angle 2i at the object plane, 
as shown in Fig. 15L. Here we wish primarily to know the smallest 
distance between two points O and O' in the object Avhich will produce 
images / and /' that are just resolved. Each image consists of a disk 
and a system of rings, as explained above, and the angular separation of 
two disks when they are on the limit of resolution is a = = 1.22X/o. 

When this condition holds, the wave from O' diffracted to I has zero 
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intensity (first dark ring), and the extreme rays O'BZ and O'A/ differ in 
path by 1.22X. From the insert in Fig. 15L, we see that the O'B is longer 
than OB or OA by s sin i, and O^A shorter by the same amount. The 
path difference of the extreme rays from O' is thus 2s sin i, and upon 
equating this to 1.22X, we obtain 


1 . 22 ^ 

2 sin i 


(15r) 


In this derivation, we have assumed that the points O and O' were self- 
luminous objects, such that the light given out by each has no constant 
phase relative to that from the other. Actually the objects used in 
microscopes are not self-luminous but arc illuminated with light from a 
condenser. In this case it is impossible to have the light scattered by 


A 
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two points on the object entirely independent in phase. This greatly 
complicates the problem, since the resolving power is found to depend 
somc^what on the mcxle of illumination of the object. Abbe investigated 
this problem in detail and concluded that a good working iiile for calcu- 
lating the resolving power was given by Eq. 15r, omitting the factor 
1.22. In microscopes of high magnifying power, the space between the 
object and the objective is filled with an oil. Beside deceasing the 
amount of light lost by reflection at the first lens surface, this increases 
the resolving power, because when refraction of the rays emerging from 
the cover glass is eliminated, the objective receives a wider cone of light 
from the condenser, hkpiation 15r must then be modified by substitu- 
tion of 2ns sin i for the optical path difference, where n is the refractive 
index of the oil. This gives 

X 

S == .V . : 

2a sin i 
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The product n sin % is characteristic of a particular objective, and was 
called by Abbe the numerical aperture.’* In practice the largest value 
of the numerical aperture obtainable is about l.G. With white light of 
effective wavelength 5.6 X 10“‘ cm, Eq. 15s gives s = 1.8 X 10"* cm. 
The use of ultraviolet light, with its smaller value of X, has recently iKM'n 
applied to still further increase the resolving power. This necessitates 
t he use of photography in examining the image. 

One of the most remarkable steps in the improvement of microscopic 
resolution has been the recent development of the electron microscope. 
As will be explained in Sec. 30.4, electrons behave like waves whose 
wavelength depends on the voltage through which they have been accel- 
erated. For voltages between 100 and 10,000 volts, X varies from 
1.22 X lO"** to 1.22 X 10“® cm, i.e., it lies in the region of a fraction of 
an angstrom unit. This is more than a thousand times smaller than for 
visible light. It is possible by means of electric and magnetic fiehls to 
focus the electrons emitted from, or transmitted through, the various 
parts of an obje<‘t, and in this way details not very much larger than the 
wavelength of the electrons can be photograph ( mI. ’^Fhe numerical aper- 
ture of ele(?trori microscopes is still much smaller than that of optical 
instruments, but further developments in this large and growing field of 
electron optics are to be anticipated.* 

16.12. Phase-contrast Microscope. This device is a modification of 
the ordinary mi(;roscope which is espcKdally useful for rendering visible 
transparent objects that would ordinarily show little contrast. I'lie 
parts of such objects wliich differ only in thickness or refractive index 
will influence the light traversing the microscope slide by altering its 
phase rather than its amplitude. Some success may be had in making 
these details visible by using variations of the ordinary mexh* r)f illumina- 
tion, as for example dark-field illumination, or even by slight shifts of 
the focus. The truest representation of these objects, however, is 
obtained with the phase-contrast method, which is essentially a method 
of converting variations of phase on the wave front leaving the object 
into variations of intensity in the plane of the image. Figure 1 5.1/ shows 
how this is done. In part (a) are shown the two essential additions to 
an ordinary microscope: the phase plate P and an annular diaphragm Z>. 
The latter is placed in the front focal plane of the substage condenser 
C, and an image of the light source is focused upon D by the concave 
mirror Af. The object on the slide 8 is therefore illuminated by a 
hollow cone of parallel light. If there were no diffraction by objects 
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on the slide, this light would be focused again the first three lenses 
of the objective O to form an image of D on the phase plate P. This 
may consist of a glass plate upon which is evaporated an annular layer 
of transparent material to such a thickness that it increases the optical 
path by one quarter of a wavelength of green light. The size of this 
retarding ring is such as to match the image of D. It also usually has 
deposited upon it a thin metallic film, to reduce its transmission. 

The object on the microscope slide always has some structure which 
will cause diffraction of the light passing through it. For simplicity let 
us suppose that in Fig. the slide produces a diffraction pattern 

like the Fraunhofer pattern of a single aperture, as indicated by the 



15.U. The phase-contrast microscope. 


broken curve below P, Its exact form is unimportant. The light of 
the central maximum will undergo a phase retardation of 7r/2 with respect 
to the diffracted light. The latter is, on the average, already one-ciuarter 
vibration behind that in the central maximum, as will be seen in the 
vector diagram (g) of Fig. 15F. Therefore, the phase plate brings the 
two into phase, with a resulting large increase in the intensity at the 
corresponding point of the final image. The diffracting object is then 
rendered visible by what is known as negative or bright contrast. For 
dark contrast, the phase plate is made so that the direct light is advanced 
in phase with respect to the diffracted light. The interference at the 
image is then destructive, and the object is dark. For the best results, 
the annular portion of the phase plate is made absorbing, since otherwise 
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the light of the central, maximum is too strong relative to the diffracted 
beams, and the destructive interference is not sufficiently oompletc. It 
is thus apparent that by introducing phase changes in tlie plane of the 
diffraction images, i.e., in the back focal plane of the objective, an object 
which influences the transmitted beam only through changing its optical 
path may be made visible, provided that such an object produces a 
diffraction pattern. Although the diffraction is not as pronounced, nor 
as easily observable, as that produced by amplitude changes, such a 
pattern always exists. The above discussion also emphasizes the fact, 
first pointed out by Abbe, that in the complete theory of the microscopic 
image it is necessary to consider two stages of diffraction, one at the 
plane of the object, and one at the objective lens. The discussion of the 
last section covered only the second of these, and thus its failure to 
yield a quantitatively correct result l^ecomes understandable. 

Problems 

• 

1. Parallel lifcht of wavolongth 6200 A is incident normally on a slit 0.5 mm wide. 
If a lens of 50 cm focal length is mounted just behind the slit and the light focused on 
a screen, what will be the distance in millimeters from the center of the diffraction 
[)attern to (a) the first minimum, (b) the 6rst secondary maximum, and (c) the second 
minimum? 

2. Using Kq. 155, plot the intensity curve for the single slit in IVob. 1. Carry as 
far as the third minimum on each side of the center. Indicate as closely as possible 
t he exact positions of the secondary maxima. 

3. If the parallel light in l^ob. 1 is produced by a slit at the foeus of a lens of focal 
length 25 cm, how wide can this first slit be made before the details of the pattern 
would begin to be lost? 

4. A single-slit diffraction pattern is formed with white light. Kin<i the wave- 
length of light for which the third ininimuiii coincides in position with the fourth 
minimum for blue light \4500. 

6. Parallel w'hitc light is incident on a single slit 0.8 mm w'ide. A lens with a focal 
length of 80 cm brings the diffraction patU*rn to a focus on- a screen. At a distance 
of 3 mm from the center of the pattern a small pinhole is made in the screen, and the 
transmitted light is examined with a spectroscope. What wavelengths arc missing 
from the visible spectrum? 

6 . The two headlights of an automobile are 4 ft apart and 20 miles away. They 
are observed with a telescope having an objective 2 in. in diamet'T. An adjustable 
slit is placed in front of the objective and oriented so that its witUh parallel to the 
line between the sources can be varied. The aperture is narrowed until the? two 
sources are barely resolved. Find its width under this condition, assuming the 
effective wavelength to be 5550 A. 

7. Find the angular separation in seconds of are of thc» closest double star which 
cun be resolved with a telescope the objective of which is 6 in. in diameter. 

8. The two headlights of a distant approaching automobile are 1 .5 ni apart. At 
what distance will they be resolved by the eye if the pupil is 5 mm in diameter and if 
the resolving power of the eye is limited by diffraction only? Assume a wavelength 
of 5550 A. 
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9 . Calculate the chromatic resolving power of a prism having a disp^^rsion dn/dX « 
— 1600 cm-' and a base of 5 cm. Will this he adequate to resolve the two spectrum 
lines 5329.05 and 5329.97 A 7 

10 . The refractive indices of crystalline quarts are given by nc * 1.54190, na 
1.54425, and njr — 1.54969. The wavelengths of the (- and F lines of the solar spec- 
trum an: 6563 and 4862 A respectively. C>alciilatc the length of base of a quartz prism 
which is just capable of resolving the so<litim 1) lines, 5890 and 5896 A. 

11 . The indices of refraction of calcite (ordinary ray) are nc 1.65438, no — 
1.65836, and nr ■“ 1.66785. Find the base of a calcite prism required for resolution 
of the Ha doublet of hydrogen, X6562.716 and X6562.852. 

12 . (*arry out the differentiation of Fq. 15/i, equate to zero, and show that Kq. 15j 
is the resultant condition for maxima. 

13 . Ultraviolet light of wavehuigth 2537 A has been used in photomicrography, 
employing quartz lenses. Assuming a numerical aperture of 0.85, what is the smallest 
distance apart of two points on the slide which can be resolved? 

14 . Violet light <if wavelength 4200 A is usc*d w'ith an oil-immersion microscope to 
resolve the lines of a diffraction grating. Find the numerical aperture required if the 
grating has 1(X),000 lines pi^r inch. 

16 . Show how 1 ^ 1 . 15d leads to l<k|. 15/. Show the steps of substituting limits and 
the simplification that follows. 

16 . The paper (‘one of a radio loudsix^aker has a ciri'ular aperture of 12 in. Assum- 
ing it emits sound anves as in Fraunhofer diffraction, plot a graph showing the angle 
Bx (where the sound dro|)8 to the Hrst zero minimum) as a function of frequency from 
1(KX) vib/sec to 10, (KK) vib/scc. Assume the velocity of sound to be 1100 ft/sec. 

17 . Plot a graph showing the relative intensity at an angle of 30" from the forward 
direction in Prob. Hi, as a function of the frequency from zero to 1000 vib/sec. 

18 . The parabolic reflector of a radar source, X =* 3 cm, has an aperture of 50 cm. 
Plot a ]Milar graph show'ing the intensity ns a function of the angle as far as the second 
zero ininiirrum. Assume Fraunhofer diffraction. 

19 . (liven that R = R^ (sin /J)//S1, where fi ^ (ir a sin B)/\, prove that $ — X/o 
represents one-half the width of the central maximum. 

80 . The Fraunhofer diffraction of a singh; slit, reproduced twice the original size in 
Fig. 15/?(r), was formed on the photographic plate in the focal plane of a lens of 1.0 m 
focal length. If the width of the slit was 0.095 mm, what w'as the wavelength of the 
light? 

21 . A small radio antenna is placed at the focus of a paraboloid of revolution, the 
linear diameter of the aperture being 2 m. The antenna radiates energy at 10 cm 
wavelength. Plot a polar diagram showing the intensity ns radius vector against the 
angle measured from the axis of the paralndoid, for distaiu’cs great enough to allow* 
Fraunhofer diffraction considerations to be valid. What is the half-angular breadth 
of the central beam? 



CHAPTER 16 

THE DOUBLE SLIT 

The interference of light from two narrow slits close l.og('ther was first 
demonstrated by Young, and it has already been dis(‘ussed in Sec. 13.2 
as a simple example of the interference of two beams of light. In our 
discussion of the experiment, the slits were assunn^d to have widths not 
much greater than a wavelength of light, so that the (‘entral maximum 


(a) 


C6) 




Ftg. 16il. DifTr.artioii pfittoniH from (a) a hIiikIc imrrf»w hIiI, {h) iwo narrou nliln, Cr) two 
wider slits, {d) one wider slit. 


in the diffraction pattern from each slit separately was wide enough to 
occupy a large angle behind the screen (sec Eig. 13/1;. It is important 
to understand the modifications of the interference pattern which occur 
when the width of the individual slits is made greater, until it bec^omes 
comparable with the distance between them. This corresponds more 
nearly to the actual conditions under which the experiment is usually 

303 




THE 1X)UBLB SLIT 


304 


IChap. 16 


performed. In thiH chapter we shall discuss in detail the case of Fraun- 
hofer diffraction l)y a cloii))Ic slit. 

16.1. Qualitative Aspects of the Pattern. In Fig. 16A(6) and (c) 
photographs are shown of the patterns obtained from two different double 
slits in which the widths of the individual slits w’ere equal in each pair, 
but where the two pairs were different. Referring to Fig. IGR, which 
shows the experimental arrangement for photographing th(\se ])atterns, 
the slit width a of each slit was greater for Fig. 16A(c) than for Fig. 
16A(6), but the distance })etween centers d ^ h + ox the separation 
of the slits, was the same in the two cases. In the central part of Fig. 
16A(6) are seen a number of interference maxima of approximately uni- 
form intensity, resembling the interference fringes described in Chap. 13 
and shown in Fig. 13 D. The intensities of these maxima are not actually 



Fia. ICB. •AppaniiiiN for oliNorvinfs Fruiiiiliofcr diffructioii from a doublo slit. Drawn for 
the case 2a » h, that ih, d = 3a. 


constant, however, but fall off slowly to zero on eitiher side and then 
reappear with low intensity two or three times before becoming too 
faint to observe without difficulty. The same changes are seen to occur 
much more rapidly in.Fig. 16A (c), which was taken with greater slit widths. 

16.2. Derivation of t)ie Equation for the Intensity. Following the 
same procedure as that used for the single slit in Sec. 15.2, it is merely 
necessary to change the limits of integration in Eq. 16d to include the 
two portions of the wave front transmitted by the double slit. Thus if 
we have, as in Fig. 16^, two equal slits of width a separated by an opaque 
space of width 5, the origin may be chosen as the center of one of the 
slits, and the integration is to extend from s == —(a/2) to +(a/2), and 
from d — (a/2) to d + (a/2), where d = a + 5. We therefore have 


j tnn (* - da = p 


. ^ , 8 c;os 4/ 

sin ^ H — cos 0 


n+a/z 


+ 


[ 8 sin ^ 
- 


j- 


«/2 


. . , « cos ^ . 

sin ^ H cos ^ 


1d+a/2 

J<l-a/2 
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Substituting in the limits and combining terms, there results 
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y = 2 o-^ cos 


where, as before, 
and where 


? = 


ra sin 9 


•jr = ^ (o + ft) sin 8 = ^ d sin 8 
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The intensity is proportional to the square of the amplitude in Eq. 16a, 
so that, replacing a by / 2 o as before, we have 

I = 47 ^ 0 ® 7 (16c) 

P 

The factor (sin* in this equation is just that derived for the single 
slit of width a in the previous chapter (ICq. 15/t;. The second factor 
cos* 7 is characteristic of the interference 
pattern produced by two beams of equal 
intensity and phase difference 5, as shown in 
Eq. 13o of Sec. 13.3. There the resultant 
intensity was found to be proportional to 
cos* (5/^), so that the expressions correspond 
if we put 7 = 5/2. The resultant intensity 
will be zero when either of the two factors 
is zero. For the first factor this will occur 
when = T, 2ir, 3ir, • • • , and for the second 
factor when 7 = ir/2, 3ir/2, 6ir/2, • • • . 

That the two variables and 7 arc not 
independent will be seen from Fig. 1 G 6 \ 

The difference in path from the two edges of a given slit to the screen is, as 
indicated, a sin $. The corresponding phase difference is, by Eq. 11 {, 
(2ir/X)a sin 0, which equals 2/3. The path difference from any two 
corresponding points in the two slits is, as is illustrated for the two 
points at the lower edges of the slits, d sin 6, and the phase difference 
5 = (2ir/X) d sin 5 = 27 . Therefore, in terms of the dimensions of the slits, 



Fiq. lGf^ Mhdwirii; path (lifTor> 
eiiooa of parallel raya Icavirifc a 
double slit. 


S _ y _ d 
2fi ~ ^ ~ a 


(16d) 


16.3. Comparison of the Single-slit and Donble-slit Patterns. It is 
instructive to compare the double-slit pattern with that given by a single 
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nlit of width nqual to that of either of the two slits. This amounts to 
comparing the efTcet obtained with the two slits in the arrangement 
shown in Fig. Hi/i with that obtained when one of the slits is entirely 
liloeked off with an opaque screen. If this is done, the ^corresponding 
single-slit dilTraction patterns are observed, and they are related to the 
doubl(!-slit patterns as shown in Fig. 16i4(a) and (d). It will be seen 
that th(c intcensities of the interference fringes in the double-slit pattern 
correspond to the intensity of the single-slit pattern at any point. If 
one or other of the two slits is covered, we obtain exactly the same single- 
slit patt('rri in the same position, while if both slits are uncovered the 
pattern, instead of being a single-slit one with twice the intensity, breaks 
up into t.h(c narrow maxima and minima called interference fringes. The 
intensity at the maximum of these fringes is four times the intensity of 
<Mtiher singl(c-slit pattern at that point, while it is zero at the minima 
(see Sec. 13.1). 

16.4. Distinction between Interference and Diffraction. One is quite 
justific^d in explaining the above results by saying that the light from 
the two slit s iindcM-goes interference to produce fringes of the type obtaincMl 
with two beams, l)ut that the intensities of these fringes are limited by 
the amount of light arriving at the given point on the screen by virtue 
of the diffraction occurring at each slit. The relative intensities in the 
result.ant iiattern as given by Eq. 16c are just those obtained by multi- 
plying the intiuisity function for the interference pattern from two 
infinitely narrow slil.s of separation d (Eq. 13o) by the intensity function 
for diffraction from a single slit of width a (Eq. 15/i). Thus, the result 
may be n*gard('d as due to the joint action of interference between the 
rays coming from corresponding points in the two slits and of diffraction, 
w*hich determines the amount of light emerging from either slit at a given 
angle, ihit diffractio^i is merely the result of the interference of all the 
secondary wavelets originating from the different elements of the wave 
front. Hence it is proper to say that the whole pattern is an interfer- 
ence pattern. It is just as correct to refer to it as a diffraction pattern, 
sin(H% as we saw from the derivation of the intensity function in Sec. 
16.2, it is obtained by directly summing f.he effects of all of the elements 
of the exposed part of the wave front. However, if we reserve the term 
interference for those cases in which a modification of amplitude is pro- 
duced by the superposition of a finite (usually small) number of beams, 
and diffraction for those in which the amplitude is determined by an 
integration over the inhnitesimal elements of the wave front, the double- 
slit pattern can be said to be due to a combination of interference and 
diffraction. Interference of the beams from the two slits produces the 
narrow maxima and minima given by the cos* y factor, and diffraction. 
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represented by (sin* ^)//3*, governs the intensities of those interference 
fringes. The student should not be misled by this statement into think- 
ing that diffraction is anything other than a rather complicated case of 
interference. 

16.6. Positions of the Maxima and Minima. Missing Orders. As 

shown in Sec. 16.2, the intensity will be zero wherever 7 = »'/2, 3 ir/ 2 , 
5t/ 2, • • • and also when = t, 2t, • • • . The first of these two 

sets are the minima for the interference pattern, and since by definition 
7 = (ir/X)d sin 5, they occur at angles B su(‘h that 

, . ^ X 3X 5X / , X 

d sin ^ • • • = I m + 1 X minima (lOe) 

m being any whole number starting with zero. 'Fhe second series of min- 
ima are those for the diffraction pattern, and these, since = (ir/Xja sin B, 
occur w’hcrc 

a am B = X, 2X, Sx, • • • = pX minima (16/) 

the smallest value of p being 1 . The exact positions of the maxima are 
not given by any simple relation, but their approximate positions may 
be found by neglecting the variation of the factor (sin* a justified 

assumption only when the slits are very narrow* and when the maxima 
near the center of the pattern are considered [Fig. 16.1 (/>)). The pcKsi- 
tiona of the maxima will then be determined solely by the cos* 7 factor, 
which has maxima for 7 = 0, tt, 2t, • • • , f.c., for 


d sin 0 = 0, X, 2X, 3X, • • • = m\ m.axima (Ifi//) 

'^riie whole number m represents physically the number of wavelengths 
in the path difference from corresponding points in the two slits (s(hj 
F ig. 16C) and represents the order of interferen(;e. * 

Figure liSD(a) is a plot of the factor cos* 7 , and here the values of the 
order, of the half-phase difference 7 = 5/2, and of the path difference 
are indicated for the various maxima. These are all of equal intensity 
and equidistant on a scale of d sin B, or practically on a scale of By since 
when B is small sin B = B and the maxima occur at angles ^ = 0, X/d, 
2X/d, • • • . With a finite slit width a the variation of the factor 
(sin* must be taken into account. This factor alone gives just the 
single-slit pattern discussed in the last chapter, and is plotted in 
Fig. 16D(fe). The complete double-slit pattern as given by Eq. 16c is 
the product of these two factors, and therefore is obtained by multiplying 
the ordinates of curve (a) by those of curve (h) and the (constant 4/ifo®. 
This is shown in Fig. 16D(c). The result will depend on the relative 
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scale of the abscissas and 7, which in the figure are chosen so that for 
a given abscissa 7 = 3/9. But the relation between and 7 for a given 
angle $ is determined, according to Eq. 16d, by the ratio of the slit 
width to the slit separation. Hence if d = 3a, the two curves (a) 
and (b) are plotted to the same scale of 0. For the particular case of 
two slits of width a separated by an opaque space of width b = 2a, the 
curve (c), which is the product of (a) and (fe), then gives the resultant 
patticrn. The positions of the maxima in this curve are slightly different 
from those* in curve (a) for all except the central maximum (m = 0), 
because when the ordinates near one of the maxima of curve (a) are 



multiplied by a factor which is decreasing or increasing, the ordinates 
on one side of the maximum are changed by a different amount from 
those of the other, and this displaces the resultant maximum slightly 
in the direction in which the factor is increasing. Hence the positions 
of the maxima in curve (c) are not exactly those given by Eq. 16(7, hut 
in most cases will be very close to them. 

Let us now return to the explanation of the differences in the two pat- 
terns (6) and (c) of Fig. 16A, taken with the same slit separation d but 
different slit widths a. Pattern (c) was taken for the case d = 3a, and 
is seen to agree with the description given above. For pattern (6), the 
slit separation d was the same, giving the same spacing for the interfer- 
ence fringes, but the slit width a was smaller, having d » 6a. In 
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Fig. 13D, d = 14o. This greatly increases the scale for the single-slit 
pattern relative to the interference pattern, so that many interference 
maxima now fall within the central maximum of the diffraction pattern. 
Hence the effect of decreasing a, keeping d unchanged, is merely to 
broaden out the single-slit pattern, which acts as an envelope of the 
interference pattern as indicated by the dotted curve of Fig. 16D(c). 
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If the slit-width a is kept constant and the separation of the slits d 
is varied, the scale of the interference pattern varies, but that of the 
diffraction pattern remains the same. A series of photographs taken to 
illustrate this is shown in Fig. 1C}E, For each pattern three different 
exposures are shown, to bring out the details of the faint and the strong 
parts of the piittcM*n. Th<', maxima of the curves arc labeled by the 
order m, and underneath the upper one is a given scale of angular posi- 
tions 0. A study of these figures shows that certain orders are missing, 
or at least redu(?ed to two maxima of very low intensity. These so-called 
missing orders occur where the condition for a maximum of the inter- 
ference, Kq. !()(/, and for a minimum of the diffraction, Kq. IG/, are both 
fulfilled for the same value of d, that is for 


d sin d = m\ 
a sin d = p\ 

so that , 

d m 
a p 


(lG/0 


Since m and p are both integers, d/a must be in the ratio of f.wo integers 
in order to have missing orders. This ratio determines the orders which 
are missing, in such a way that when d/a == 2, orders 2, 4, 0, • • • are 
missing; when d/a = 3, orders 3, 6, 9, • • • are missing; etc. When 
d/a = 1 the two slits exactly join, and all orders should be missing. 
However, 'the two faint maxima into which each order is split then 
correspond exactly to the subsidiary maxima of a single-slit pattern 
of width 2a. 

Our physical picture of the cause of missing orders is as follows. Con- 
sidering for example the missing order m = +3 in Fig. l()Z>(r), this point 
on the screen is just ‘three wavelengths farther from the center of one 
slit than from the center of the other. Hence we might expect the waves 
from the two slits to arrive in phase and to produce a maximum. How- 
ever, this point is at the same time one wavelength farther from the 
edge of one slit than from the other edge of that slit. Addition of Ihe 
secondary wavelets from one slit gives zero intensity under these condi- 
tions. The same holds true for either slit, so that, although w'o may add 
the contributions from the two slits, both contributions arc zero and 
must therefore give zero resultant. 

16.6. Vibration Curve. The same method as that applied in Sec. 1 5.4 
for finding the resultant amplitude graphically in the case of the single 
slit is applicable to the present problem. For illustration we take a 
double slit in which the width of each slit equals that of the opaque 
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space l)etwcen the two, so that d = 2a. A photograph of this pattern 
appears in Fig. 16A' at the top. A vector diagram of the amplitude 
contributions from one slit gives the arc of a circle, as before, the differ- 
ence between the slopes of the tangc'iits to the arc at the two ends being 
the phase difference 2p between the contributions from the two edges 
of the slit. Such an arc must now be drawn for each of the two slits, 
and the two arcs must be related in such a way that the phases (slopes 
of the tangents) differ for corresponding points on the two slits by 2y, or S. 
In the present case, since d = 2a, we must hav(^ y = 2(3 or 6 = 4fi. Thus 
in Fig. \(iSF(b) showing the vibration curve for = ir/8, both arcs sul)- 
tend an angle of ir/A ( = 2(i), the phase differen(‘e for the two edges of 
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Fin. ICF. Illii.st rating liow tlic* IntciiHity c-iirvo for a double slit is obtained by tho sraphieal 
addition of aniplitudes. 


each slit, and (be arcs are separated by 7r/4 so thafr corresponding points 
on the two arcs differ by ir/2( = b). Now the n\sult.ant contributions 
from the t wo slits are represented in amplitude and phase by the chords 
of these two arcs, that is by K\ and Diagrams («; to {i) give the 
construction for the points similarly lalwled on the intensity curve. 'J^he 
intensity, it will be remembered, is found as the square of the resultant 
amplitude R, which is the vector sum of R\ and 7^2. 

In the example chosen, the slits are relatively wide compared with 
their separation, and as the phase diffei-ence incieases the curvature of 
the individual arcs of the vibration curve inci-eases rapidly, so that the 
vectors R\ and R 2 , decrease rapidly in length. For narroAver slits we 
obtain a greater number of interference fringes within the central diffrac- 
tion maximum, because the lengths of the arcs ai’e smaller relative to 
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the radius of curvature of the circle. Ri and R% then decrease in length 
more slowly with increasing fi, and the intensities of the maxima do not 
fall off so rapidly. In the limit where the slit width a approaches zero, 
Ri and R 2 remain constant, eij^pt for the obliquity factor mentioned 
in Sec. 15.3, and the variation 5f the resultant intensity is merely due 
to the change in phase angle between them. 

16.7. White-light Fringes. If white light is used instead of mono- 
chromatic light, the central fringe is white, and a few colored fringes are 
seen on either side. These are identical with the white-liglit fringes 
obtained with the Michelson interferometer (Sec. 13.13), c.xccpt that 
in the latter case the central fringe may be black. 



16.8. Effect of Finite Width of Source Slit. A simplification which 
was made in the above treatment, and which never holds exactly in 
practice, is the assumption that the source slit {S' of Fig. USB) is of 
negligible width. This is necessary in order that the lens shall furnish 
a single train of plane waves falling on the double slit. Otherwise there 
will be different sets of waves approaching at slightly different angles, 
these originating from different points in the source slit. They will 
produce sets of fringes which ^re slightly shifted with respect to each 
other, as illustrated in Fig. 16G(a). In the figure the interference maxima 
are for simplicity drawn with uniform intensity, neglecting the effects 
of diffraction. Let P and P' be two narrow lines acting as sources, e.g.^ 
the two edges of a slit of width PP', If the positions of the central 
maxima of the interference patterns produced by these are Q and Q', 
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the fringe displacement QQ' will subtend the same angle a at the double 
slit as do the source slits. If this angle is a small fraction of the An gular 
separation Bi of the successive fringes in either pattern, the resultant 
intensity distribution will still resemble a true cos^ 7 curve, although the 
intensity will not fall quite to zero at tht minima. The relative positions 
of the two patterns, and the sum of the two, in this state are illustrated 
in Fig. 160, curves (6). Curves (c) and (d) show the effect of increasing 
the separation PP\ For (d) the fringes are completely out of step, and 
the resultant intensity shows no fluctuations whatever. At a point such 
as Q the maximum of one pattern then coincides with the next minimum 
of the other, so that the path difference P'AQ — PAQ = X/2. In other 
words, P' is just a half wavelength farther from A than is P. If the 
intensity of one set of fringes is given by 4i2- cos* (5/2) or 2/if*(l + cos 5), 
that of the other is 

2P-11 + cos (5 + ir)I = 2/2*(l - cos 5) 

Hie sum is therefore constant and ecpial to 47?*, so that the fringes 
entirely disappear. The condition for this disappearance of fringes is 
a = 61/2 = X/2d. If PP' is still further increased the fringes will reap- 
pear, becoming sharp again when a = 61 , then disappearing again when 
a = 35i/2, etc In general, the condition for disappearance is 

X 3X 5X DISAPPKAHANCK OF FlUNOES ’N\*ITH 

a = j’ *> • • • (l^v 

2d 2d 2d uoiJHLK sourcjk 

where a is the angle subtended by the two sources at the double slit. 

Next let us consider the effect when the source, instead of consisting 
of two separate sources, consists of a uniformly bright strip of width 
PP'. Each line element of this strip will produce its own set of inter- 
ference fringes, and the resultant pattern will be the sum of a large 
number of these, displaced by infinitesimal amounts with respect to each . 
other. Figure 16(7(e) illustrates this for a = X/2d, f.e., for a slit of width 
such that the extreme points acting alone would give complete disappear- 
ance of fringes as in (d). The resultant curve now shows strong fluctua- 
tions, and the slit must be still further widened to make the intensity 
uniform. The first complete disappearance will come when the range 
covered by the component fringes extends over a whole fringe width, 
instead of one-half, as above. This case is shown in Fig. 166r(/), for a 
slit of width subtending an angle a » X/d. Widening the slit still further 
will cause the fringes to reappear, although they never become perfectly 
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distinct a|i;ain, with zero intensity between frinKos. At a = 2X/d they 
again disappear completelyi and the general condition is 

X 2X 3X DISAPPEARANCE OF FRINGES WITH SLIT 

a = -.1 ~7> —T) • • • (IG/^ 

d (I d SOURCE 

It is of pract.ical importance, in observing double-slit fringes experi- 
mentally, to know how wide the source slit may be made in order to 
obtain intense fringes Avithoui seriously impairing the definition of the 
fringes. The exact value will depend on our criterion for clear fringe's, 
but a gooel working rule is to permit a maximum discordance of the 
fringes of about one-quarter of that for the first disappearance. If /' 
is the focal length of the first lens, this corrcjsponds to a maximum per- 
missible width of the source slit 

rp> = /'« = -^ (lofc) 

16.9. Michelson’s Stellar Interferometer. As was shown in Sec. 15.0, 
the smallest angular separation that two point sources may have in order 
to produce images which are recognizable as separate, in the focal plane 
of a telescope, is a =.f?i = t.22X/a. In this equation (Ecj. 15p) a is 
the diameter of the objective of the telescope. Suppose that the objec- 
tive is covered by a scre<m pierced with two parallel slits of separation 
almost equal to the diameter of the objective. A separation of d = o/l .22 
would be a convenient value. If the telescope is now pointed at a double 
star and the slits are turned so as to be perpendicular to the line joining 
the two stars, interfei*ence fringes due to the double slit will in geiK'ral 
be observed. However, according to l^q. lOf, if the angular separation 
of the two stars happens to be a = X/2d, the condition for the first di.s- 
appcarance, no fringes Avill be seen. Those from one star completely 
mask those from the cfliher. Hence one could infer from the nonappear- 
ance of the fringes that the star wjis double with an angular separation 
X/2d or some multiple of this. (The multiples could be ruled out by 
direct observation without the double slit.) Hut this separation is only 
half as great i\s the minimum angle of resolution of the whole objective 
1.22X/a, or X/d. In this connection it is instructive to compare, as in 
Fig. 10//, the dimensions of the diffraction pattern due to a rectangular 
apcM-ture of width a with the interference pattern due to two narrow 
slits whose separation d is equal to a. The central maximum is only 
half as wide in the second case. Hence it is sometimes said that the 
resolving power of a telescope may be increased twofold by placing a 
double slit over the objective. This statement needs two important 
qualifications, however. In the first place the stars are not ''resolved 
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in the sense of producing separate images, but their existence is merely 
inferred from the behavior of the fringes. In the second place, a partial 
blurring of the fringes, without complete disappearance, can be observed 
for separations much less than X/2d, showing the existence of two stars, 
and from this point of view the minimum resolvable separation is con- 
siderably smaller than that indicated by the above statement. In 
practice it is about one-tenth of this. 

The actual meiisiirement of the separation of a given close double star 
is made by having the slit separation d adjustable. The separation is 
increased until the fringes first disappear; then, by measuring d, the 
angular separation is obtained as a = X/2d. The effective wavelength 
X of the starliglit must, of course, be also estimated or measured. Sep- 
arations of double stars arc not often determined by this method, because 



Fic. Ifi//. Krtiiinhofor pattt*rii from (a) a r(M*taiiKular aperture, ami {b) 
reparation ctpial to the width of the afiertiire in (a). 


floiilile rlit of 


Ihe advantage ovtu* the diret^t methml is not. very great, and other 
powerful means are availabh^ which surpass the interferometric methcxl in 
sensitivity (Sec. 1 1.0). On the other hand, the method of double-slit 
int(‘rference is the only one available for a direct measurement of diam- 
eter of the disk of a single star, and in 1920 this method was successfully 
applied by Micludson for this purpose?. 

From the discussion of the preceding section, it will be seen that if a 
source suvh as a star disk subtends a finite angle, disappearance of the 
fringes woidd be exp<*cted from this cause when the separation of the 
double slit on a telescope is made great enough. Michelson first demon- 
strated the practicability of this method by measuring the diameters of 
Jupiter's moons, which subtend an angle of about one second. The values 
of d for the first disappearance are only a few centimeters in this casc^, 
and the mc^asurement could be made by a double slit of variable separa- 
tion over the objective of a telescope. Owing to the fact that the source 
is a circular disk instead of a rectangle, a correction must be applied to 
the equation a = \/d for a slit source. This correction may be found 
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by the same method that is used in finding the resolving power of a 
circular aperture, and gives the same factor. It is found that a = 1.22X/d 
gives the first disappearance for a disk source. Estimating the angular 
diameters of the nearer fixed stars of known distance by assuming they 
are of the same size as the sun, one obtains angles less than 0.01 second. 
The separations of the double slit required to detect a disk of this size 
are from 20 to 40 ft. Clearly no telescope in existence could be used 
in the way descril)cd above for the measurement of star diameters. 
Another drawback would be that the fringes would be so fine that it 
would be difficult to separate them. 

To overcome these difficulties Michelson devised his stellar interferom- 
eter^ the principle of which is illustrated in Fig. 16/. Two plane mirrors 



Flu. 10/. Scliciiiatiu lirraiiffoiiiont of Michelson ’s stellar interferometer for fimlinK stellar 
diameters. 

M\ and 6 in. in diameter were mounted on a long girder in front of 
the objective of the telescope. (In Michelson’s experiment this was the 
100-in. reflector at the Mt. Wilson Observatory.) These mirrors reflect 
the light to two other mirrors ilfj and il/4 (which were 45 in. apart), and 
these send two beams through the apertures of a double slit and into the 
telescope. Interference fringes are observed in the eyepiece, their angu- 
lar separation being \/d as for the double slit used in the ordinary way. 
Starting with M\ and fairly close to the fixed mirrors in front of the 
telescope, they are moved out symmetrically, increasing their separa- 
tion D, If at a certain value of D the fringes disappear, the angular 
diameter of the star a =» 1.22X/i>. The arrangement thus magnifies the 
effective resolving power of the telescope in the ratio D/d. 

To prove this let us consider that for a given adjustment a point on 
one edge of the star disk is equidistant from Mi and M 2 . The rays 
drawn as solid lines in Fig. 16/ will be reflected to the double slit and 
will reach Si and S 2 exactly in phase. Thus a fringe system will be 
produced with its central maximum on the axis of the telescope at F. 
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Suppose now that the distance between Mi and Mt is such that a point 
on the opposite edge of the star disk is one wavelength farther from Mi 
than from il/ 2 . The rays from this point (broken lines) now make an 
angle a — \/D with the previous set, and produce vibrations at Mi and 
M 2 which differ in phase by 2 t. Because of the extreme smallness of 
the angle a, there will be enough diffraction at the mirrors Mi and M 2 
so that we can select a pair of rays (not ol^eying the ordinary law of 
reflection) which reach the centers of aSi and S 2 by paths identical with 
those traversed by the first pair of rays. Hence these will produce 
vibrations at corresponding points in the two slits which differ in phase 
by 2ir, and the resulting fringe system will Im^ shifted one whole fringe 
from the previous set. The broken lines in the telescope represent the 
c.ourse of the light producing the central maximum F* of this second set, 
displaced one fringe width f\/d from that of the first set. The broken 
lines here make an angle 0\ = X/d with the solid lines, as compared to 
the angle a = \/D which thcyjnake before reaching the mirrors. Inter- 
mediate points on the star disk will give interference fringes whose central 
maxima lie between F and F\ The net effc^ct of all points would be to 
produce complete disappearance of the fringes if the star were a slit 
source. For a circular disk, disappearance will not be quite (complete, 
but the mirrors would have to be mov^ed out until a = 1.22X/Z>. 

With a larger instrument at the Mt. Wilson Observatory, one star 
whose diameter was mc^asured by this mef.hod, Betelgeusc (or Orionis), 
gave fringes that disappeared with the separation of the outer mirrors 
of 10 ft. 1 in., or 121 in. Putting this value of D in the equation and 
assuming X = 5700 A, we have 


ft 


1.22X 

D 


1.22 X 5700 X 
121 X 2.54 


= 22.7 X 10”* rad = 0.047 sec 


Combining this with the distance of Hetelg<;uso known from its parallax, 
the linear diameter of the star is found to be 240 million miles. This is 
278 times the diameter of the sun, so that Betelgeusc would occupy a 
space slightly less than the orbit of the planet Mars. Measurement's 
have been made for several other bright stars. The smallest star meas- 
ured, Arcturus, required the enormous mirror distance Z> = 24 ft, giv- 
ing an angular diameter of 0.02 second and an actual diameter 27 times 
as great as the sun. 

16.10. Wide-angle Interference. Nothing has been said thus far as 
to whether there is any limit to the angle between the two interfering 
rays as they leave the source. Consider for example the double-slit 
arrangement shown in Fig. 16«/(a). The source S could be a narrow 
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Hlit, but to ensure that there is no constant phase relation between the 
liglit leaving various points on it, we shall assume that it is a self-luminous 
object. It is found experimentally that the angle ^ may be made fairly 
large without spoiling the interference fringes, provided the width of the 
source is made correspondingly small. Just how small it must be is 
s(!en from the fact that the path difTercnce from the extreme edges of 
the source to any given point on the screen such as P must lx; less than 
X/4 (see Sec. 16.8). Now if we call s the width of the source, the 
discussion given in Sec. 16.8 shows that this path difference will be 
2s sin 0/2. Hence, for a divergence of 60®, s cannot exccsed one-quarter 
of a wavelength, or 1.3 X 10“* cm for green light. If the width is made 
greater than this the fringes disappear completely when the path differ- 
ence is '^'appear, and then disap^x^ar again at 2X, etc., just as in 



Fiu. Ui./. Two mot hod.-i of iiivcHtiffiitifig witlc-HUKlo iritorforoiu>e. 


Michelson’s stellar interferometer. Hy using as a sources an extremely 
thin filament, Sehr6ding<T could still detect some interference at an 
angular divergence 4> as large :is 57®. 

An equivalent experiment whiedi permitted using even larger angles of 
divergence (up to 180®) was pei*fe>rmed by Selenyi in 191 1. '^Fhe essential 
part of his apparatus, shown in Fig. 16,/ (6), was a film of a fluorescent 
liquid only jjV X thick contained between a thin sheet of mica anti a planej 
glass surface. When film is strongly illuminated it becomes a sc'cond- 
ary source of light having a somewhat longer wavelength than the 
incident light (see Sec. 22.5, ahead). Interference may then be observed 
in a given direction between the light that comes directly from the film 
and that which is reflecited from the outer surface of the mica. Inter- 
esting conclusions about the characteristics of the radiating atoms, in 
particular whether they radiate as dipoles, quadrupoles, etc., can be 
drawn from data on the variation of the visibility of the fringes (sec 
footnote, page 242) Avith angle. 


Problems 

1. Make a sketch of a curve similar to that given in Fig. 16/>(r) for a double slit, 
■where cl » Aa. Only a skc?tch is wanted, indic*ating clearly the ininiina and central 
maximum. 
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5. Repeat Prob. 1 for the case d « 6a. 

8 . The interference pattern from a double slit having a ■■ 0.20 mm and 
h » 0.80 mm is focused on a screen by means of a lens of 1 in focal length. Make a 
sketch as in Fig. 16 D{c) of the first 12 orders on one side giving as abscissas the dis- 
tances in millimeters on the screen as measured from the principal maximum. Assume 
X - 4000 A. 

4. Solve Prob. 3 for the case where a * 0.15 mm, 6 « 0.45 mm, / ■* 1.5 m, and 
X - 6000 A. 

6. Two parallel slits whose centers are 1 mm apart are each 0.25 mm wide, (o) 
What orders m are “missing orders”? (h) Draw the amplitude vector diagrams 
(“vibration curv'es”) and resultant aniplitiides for a point where the phase difference 
from the two slits 5 = x/6. What is the value of (i for this pf>int? 

6 . Solve Prob. 5 for the case wlierc d « 2.0 mm, a » 0.4 mm, and 6 2x/3. 

7 . The first application of the principle of Miidielson’s stellar intt'rfcrometer was 
in the measurement of the diameters of Jupitc*r’s satellites. The second satellite has 
a diameter of 1980 miles, and at the time of measurement was 4.829 X 10" niilc*s from 
the earth. At what separation of the two ap(*rtiv‘<*s over the telescope objective would 
the fringes first disappc*ar? Assume X » 5500 A. 

8 . ('alculate the relative intensity of the second-order maximum for the example 
shown in Fig. 16/>(c). Use Kq. 16c and detemiine cuiough values in^ar m » 2 to find 
the maximum to within 0.5 per cent. 

9 . Solve IVob. 8 for the fourth order, m « 4. 

10. Parallel white light is incident on two very narrow, parallel slits for which 
d ^ 2 mm. A lens of focal length 2 m is used to focus the* intcTfcnuicc fringes on a 
screen. If a small hole is made in this screen 2 niiri from the central white fringe and 
the light passing through is examined by a spectroscopic what wavelengths between 
4000 A and 8000 A will be missing? 

11. Solve Prob. 10 if the hole is made at 3 mm from the central white fringe. 

12 . rwo vertical radio anteiinfis 9 m apart are connei'ted to the same source of 
power and are emitting waves with a frequency of 100 megacyclc»s/see. I’lot a pi>lar 
graph of the energy radiated in a horizontal plane. 

13. As in Young’s original experiment (si*e See. 13.2), interference may be produced 
with two circidar openings. Tf the hole diameters an* bcith 0.2.'> nun and the distance 
betw-een their centers is 1 .0 mm, what wdll be the fringe separation if the light is focused 
on a distant screen by a lens of 2 m focal length? Assunm X »» .5000 A. 

14. Plot a graph similar to Fig. 16D for the double opening as specified in Prob. 13. 

16. A double slit with a * 0.2 mm and d = 0.5 mm is mounted between two lenses as 

shown in Fig. 16(7. If the focal length of the 'first lens is 1 m, how wide a source slit 
will just wash out the interference fringes as in diagram (/)? Assume X ■■ 50(X) 

16. Given d — a for a double slit. Beginning w’ith I « 4/fo* ‘‘***^* show 

that the resulting intensity at the screen is the diffraction pattern givcui b^’’ a .single 
slit of wddth 2a. 



CFlAPrER 17 

THE DIFFRACTION GRATING 

Any arrangement whi<ili is equivalent in its action to a number of 
parallel equidistant slits of the same width is called a diffraction grating. 
Since the grating is a very powerful instrument for the study of spectra, 
we shall treat in considerable detail the intensity pattern which it pro- 
duces. We shall find that the pattern is quite complex in general but 



(e) 3 alito (/) 20 slita 


Fiu. i7A. Fraunhofer diffraction pattcrna for gratings containing 1, 2, 3, 6, 0, and 20 
equidistant slits. 

that it has a number of features in common with that of the double slit 
treated in the last chapter. In fact, the latter may be considered as an 
elementary grating of only two slits. It is, however, of no use as a 
spectroscope, since in a practical grating many thousands of very fine 
slits are usually required. The reason for this becomes apparent when 
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we examine the difference between the patt^^rn due to two «lits and that 
due to many slits. 

17.1. Effect of Increasing the Number of Slits. When the intensity 
pattern due to one, two, three, and more slits of the same width is photo- 
graphed, a series of pictures like those shown in Fig. 17.4(a) to (/) is 
obtained. The arrangement of light, soun^e, slit, lenses, and recording 
plate used in taking these pictures was similar to that described in pre- 
vious (chapters, and the light used was the blue line from a mercury arc. 
These patterns therefore are produced by Fraunhofer diffraction. In 
fact, it was because of Fraunhofer’s original investigations of the diffrac- 
tion of parallel light by gratings in 1819 that his name became associated 
with this type of diffraction. Fraunhofer’s first gratings were made by 
winding fine wires around two parallel screw’s. 1^11080 used in preparing 
Fig. 17 A were made by cutting narrow transparent, lines in the gelatine 
emulsion on a photographic plate, iis described in Sec. 13.2. 



t 

The most striking modification in the pattern as the number of slits is 
increased consists of a narrowing of the interference maxima. For two 
slits these are diffuse, having an intensity which was shown in the last 
e.hapter to vary essentially as the squares of the cosine. With more slits 
the sharpness of these principal maxima increases rapidly, and in pattern 
(/) of the figure, with 20 slits, they have l)ecome narrow lines. This is 
by far the most important change introduced by increasing the number 
of slits. Another change which may be seen in patterns (c), (d), and (e) 
is the appearance of weak secondary maxima between the principal 
maxima, their number increasing with the number of slits. For three 
slits only one secondary maximum is present, its intensity being 11.1 
per cent of the principal maximum. Figure 17.8 shows an intensity 
curve for this case, plotted according to the theoretical equation 176 
given in the next section. Here the individual slits were assumed very 
narrow. Actually the intensities of all maxima are governed by the 
pattern of a single slit of width equal to that of any one of the slits used. 
The wddth of the intensity envelopes would be identical in the various 
patterns of Fig. 17A if the slits had been of the same wddth in all cases. 
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In fact there were slight dilTerences in the slit widths used for some of 
the patterns. 

17.2. General Equation for the Intensity. The rccpiired extension of 
the method used in Secs. 15.2 and 16.2 to derive the intensity function 
for the single; and double slit, respectively, here consists of increasing, the 
limits of int(;gration to cover more than two slits. If N is the number 
of slits, the integral now becomes a series of N terms, each of which must 
be integrated within limits determined by the dimensions and position 
of the corresponding slit. Following our previous notation, we let a be 
the width of any slit, and d the constant separation between the centers 
of adjacent slits. The integral then becomes 
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Substituting the limits, each term* will be found to contain the common 
factor (a sin fi)/(ij and the remaining fac;tors can be grouped in a series 
whose sum is 


sin Ny 
sin y 


sin 2ir 
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/V — 1 d sin 
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• Kn(‘h lorin, roprmMiiing tho conirihution of tho kill slit wIhto A: * 0, 1, 2, 3, • • • , 
AT — 1, has tho form 


whero /} = (irfi sin 0)/\ and 5 = (2ini sin 0)/\. Tho sum of tho sorios is obtained from 
the trigonoinctrio formula 
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In finding the intensity we are interested only in the resultant amplitude 
of this expression, the square of which gives the intensity. Taking out 
the amplitude and squaring, the following expression is obtained 


. „ ^ sin* sin* Ny 

i = /to* — * — • — 4 — 

/f* Sin* 7 


(176) 


Here P and y have the same significance as in the previous chapter, 
i.e.j — (ira sin 6)/\ is one-half the phase difTerence from opposite edges 
of any one slit, and y = 5/2 = {rd sin 0)/\ is one-half the phase differ- 
ence from corr(\sponding points in any two adjacent slits. 

Equation 176 should hold for any nuinher of slits. If we put AT = 1 , 
it becomes I = Rq* (sin* /3)//3*, which is identical with Eq. 156 for the 
single slit. For N = 2 , we have 


, 2.sm-p sin- 

Jtn -j--— * ' • o 

Sili'* y 


= /e«® 


I- f 

sin* (2 sin y cos 7 )* 
/f* sin* 7 


= 4K«*-~^co8*7 

P 


agreeing with Eq. IGc for the double slit. 

17.3. Principal Maxima. The factor (sin* in Eq. 176 gives the 
intensity distribution in the diffraction l)y a single slit, and has been 
discussed before (Secs. 15.2 and 1G.3). The new factor (sin* Ni)/{isin* 7 ) 
may be said to give the interference 'pattern for N slits. For 7 = 0, ir, 
2t, • • • , it po.s,sesses maximum values equal to A^*. Although the 
quotient liecomes indeterminate at these' values, it may be evaluated by 
noting that as the angle 7 approaches some integral multiple of t (and 
therefore Ny some other integral multiple) we havd 

sin* Ny __ A^* 7 * __ 
sin* 7 7 * 

These maxima correspond in position to those of the double slit, neg- 
lecting the influence of the single-slit diffraction envelope, since we have 
for the above values of 7 

d sin ^ = 0, X, 2X, 3X, • • • = mX principal maxima (17c) 

This is the same as Eq. 16p for the maxima of the double-slit pattern. 
Multiplying the intensities of these maxima by the factor (sin* 
we find that their relative values are the same as those of the double 
slit, but that they are more intense in the ratio of the square of the 
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number of slits. Hence with regard to these principal maxima, we con- 
clude that for a given slit separation d their relative intensities and posi- 
tions are not changed* by increasing the number of slits, and are the 
same for N slits as for the two slits. The relation between p and y in 
terms of slit width and slit separation, Eq. 16d, is also not changed, so 
that the conditions for missing orders (Eq. 16h) are applicable in the 
same form here. 

17.4. Minima and Secondary Maxima. To find the minima of the 
function (sin* Ny)/{s\n^ 7 ), wc note that the numerator becomes zero 
more often than the denominator, and this occurs at the values Ny = 0 , 
Wf 2r, - - * or, in general, pw. In the special cases when p = 0, iV, 
2N, • • • I 7 will be 0, X, 2x, • • • , so for these values the denominator 
will also vanish, and we have the principal maxima described above. 
The other values of p give zero intensity, since for these the denominator 
does not vanish at the same time. Hence the condition for a minimum 
is 7 = pr/Nj excluding those values of •p for which p = mN, m being 
the order. These values of 7 correspond to path differences 


, . ^ X 2X 3X 
d sin B = 

N N N 


{N - 1)X (iV + 1)X 
'■'TV ' TV ' 

^+2)X 

A' 


MINIMA (17d) 


omitting the values 0, TVX/TV, 2TVX/TV, • • • , for which d sin 9 =: mX 
and which according to Eq. 17c represent principal maxima. Between 
two adjacent principal maxima there will hence be TV — 1 points of zero 
intensity. The two minima on either side of a principal maximum are 
separated by twice the distance of the others. 

Between the other minima the intensity rises again, but the secondary 
maxima thus produced arc of much smaller intensity than the principal 
maxima. Figure 17C shows a plot for six slits of the quantities sin* Ny 
and sin* 7 , and also of their quotient, which gives the intensity distri- 
bution in the interference pattern. The intensity of the principal max- 
ima is TV* or 36, so that the lower figure is drawn to a smaller scale. The 
intensities of the secondary maxima are also shown. These secondary 
maxima are not of equal intensity but fall off as we go out on either side 
of each principal maximum. Nor are they in general equally spaced, 
the lack of equality being due to the fact that the maxima are not quite 
symmetrical. This lack of symmetry is greatest for the secondary max- 
ima immediately adjacent to the principal maxima, and is such that the 

* There is a slight difference in the positions of the maxima in regions where (sin* p)/ 
p* is changing rapidly, due to the effect mentioned in Sec. 16.5. 
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secondary maxima are sliglilly shifted toward the adjacent principal 
maximum. 

These features of the secondary maxima show a strong resemblance 
to those of the secondary maxima in the single-slit pattern. Comparison 
of the central part of the intensity pattern in Fig. \7C{d) with Fig. 15Z) 
for the single slit will emphasize this resemblance. As the number of 
slits is increased, the numbt'r of secondary maxima is also in(*n^ased, 



Fid. 17C. Fraunhnfor diffraction by a gratiiiK of six Hlits, and details of the iiitonsity 
pattern. 



Fid. 17/>. Intensity pattern for a diffraction grating of 20 slits. 


since it is equal to N — 2. At the same time the resemblance of any 
principal maximum and its adjacent secondary maxima to the single-slit 
pattern increases. In Fig. 17D is shown the interference curve for 
N = 20, corresponding to the last photograph shown in Fig. 17A. In 
this case there are 18 secondary maxima between each pair of principal 
maxima, but only those fairly close to the principal maxima appear with 
an appreciable intensity. The agreement with the single-slit pattern is 
here practically complete, and the intensities of the secondary maxima 
going out from each principal maxima are very close to the values 
1/22.2, 1/G1.7, 1/121, • • • , given in Sec. 15.3. 



326 


THE DIFFRACTION ORATING 


[Chap. 17 


The reason for tliis correspondence will be considered in detail in 
Sec. 17.10, but it is worth pointing out here that one may understand 
it, at least for the minima adjacent to the central maximum (m = 0), 
by the following considerations. Suppose the number of slits included 
within a given total width of grating, such as that illustrated in Fig. 
17C(a), be increased until N is very large. The slits then become very 
close together, and secondary wavelets are given out from each small 
element of the surface in practically the same manner as from an unob- 
structed aperture of width eiiiial to that of the whole grating. Thus we 
should expect the patf.orn of the central maximum to approach that of 
a single aperture of this width as N approaches infinity. This is in fact 
the case, as will be seen when we examine the dimensions of the pattern 
in Sec. 17.8. 

Kven when the number of slits is small, the secondary maxima can be 
considen^d as those of a single aperture of width ecpial to that of the 
grating, ''fhe chief difference is that ii\ this case instead of having a 
single priTicipal maximum we now have several (the various orders m). 
Themfore the secondary maxima are somewhat more intense due to 
overlapjring by thos(^ from adja(^(uit orders. That this statc^mc'iit is more 
than (]ualitatively true, and that the intensities of the secondary maxima 
are just those calculated by summing the contributions from all orders, 
can be proven! by a more (U^taihnl mathemati(*al analysis of the problem. 
When N is small, this luis a considerable effect, but as N increases, the 
intensities of the overlapping maxima soon become so small as to be 
negligible. With N = 20 (Fig. 17Z>) the intensity of the ninth secondary 
maximum, halfway between two orders, is only 1 /N^ or tJo of the prin- 
cipal maxima, and therefore is too weak to be experimentally olwserved. 
Kven the first and second maxima are so faint relative to the principal 
maxima and so close to it that they are difficult to detect when N is large. 
In Fig. 17 A they are ‘not to he seen for ^ = 20. It should be borne in 
mind that the curves of Figs. 17C(d) and 17Z> are not yet complete 
representations of theory. They have still to be multiplied by the term 
(sin* for single-slit diffraction (Eq. 17b). 

17.6. Formation of Spectra by a Grating, 'ilie secondary maxima 
discussed above are of little importance in the production of spectra by 
a many-lined grating. The principal maxima treated in Sec. 17.3 are 
called spectrum lines because when the primary source of light is a narrow 
slit they Inscome sharp, bright lines on the screen. These lines will be 
parallel to the rulings of the grating if the slit also has this direction. 
For monochromatic light of wavelength X, the angles B at which these 
lines are formed are given by hki. 17c, which is the ordinary grating 
equation d sin 9 = mX commonly given in elementary textbooks. A 



Sec. 17.51 FOR^fATIO\ OF SPECTRA BY A GRATING 327 

more general equation includes the possibility of light incident on the 
grating at any angle i. The equation then becomes 

d(sin i + sin 6 ) = m\ grating jxjuation (17e) 

since, as will be seen from Fig. 17E, this is the path difference for light 
passing through adjacent slits. The figure shows the path of the light 
forming the maxima of order m = 0 (called the central image)^ and also 
m = 4 in light of a particular wavelength Xi. For the central image, 
Eq. 17c shows that sin B — — sin t, or (9 = — f. The negative sign 
comes from the fact that we have chosen to call i and B positive when 
measured on the same side of the normal; f.c., our convention of signs is 

n-0 

Tl-1 
=2 
):3 

1=4 


Fig. vie . IlluHtratini; tho pfiHitioiis and iiiteimiUos of tlio pririripal riiaxiina from a 
ffratiiiK* whore light cuiitaining two waveleiigtliH in i irleiit at an angle % and diffracted at 
x'nrious angles 6 . 

such that whenever the rays used cross over the lincj normal to the grating, 
B is taken as negative. I'hosc; inUnisity maxiiifa which are shaded 
show the various orders of the wavelength Xi. In the case of the 
fourth order, for example, the path differences indicated are such that 
d(sin i + sin B) = 4Xi. The intensities of the principal maxima are lim- 
ited by tho diffraction pattern (sin^ corresponding to a single slit 

(broken line) and decreases to zero at the first minimum, which here 
coincides with the fifth order. The missing order depends on the ratio 
of slit separation to slit width exactly as in the double-slit case, h]q. 16A, so 
that here we must have d = 5a, and the orders m = 5, 10, 15, • • • are 
missing orders. 

Now if the source gives light of another wavelength X 2 somewhat 
greater than Xi, the maxima of corresponding order m for this wavelength 
will, according to Eq. 176, occur at larger angles B. Since the spectrum 




328 


THE DIFFRACTION GRATING 


[Chap. 17 


lines are narrow, these maxima will in general be entirely separate in each 
order from those of Xi, and we have two lines forming a line spectrum in 
each order. These spectra arc indicated by brackets in the figure. Both 
the wavelengths will coincide, however, for the central image, because 
for this the path difference is zero for any wavelength. A similar set of 
spectra o(;curs on the other side of the central image, the shorter wave- 
length line in each order lying on the side toward the central image. 
Figure \7F shows actual photographs of grating spectra corresponding 
to the diagram of Fig. HE. Spectrum (a) represents the spectrum in 
violet light of wavelength 4000 A and (b) that in green light, X5000, 
while (c) shows the result when these* two are present at the same time. 

-4 -3 -2 -1 Cl. 1 2 3 4 

(a> 


<b) 



(c) 


-4 -3 -2 -1 GI. 1 2 3 4 

Fid. 17F. Griitiiig 8iMi«tra of two wavclongtliH (a) Xi => 4000 A; ijh) Xs = 5000 A; (e) 
Xi and Xz togotlior. 

If the 8our(;o gives white light, the central image will be white, but for 
the other orders each will be spread out into continuous spectra composed 
of an infinite number of adjacent images of the slit in light of the different 
wavelengths present. At any given point in such a continuous spectrum, 
the light will be very nearly monochromatic because of the narrowness 
of the slit images formed by the grating and lens. The result is in this 
respect fundamentally different from that with the double slit, where the 
images were broad and the spectral colors were not separated. 

17.6. Dispersion. The separation of any two colors, such as Xi and Xi 
in Figs. YJE and 17F, increases with the order number. To express this 
separation the quantity frequently used is called the angular dispersion^ 
which is defined as the rate of change of angle with change of wavelength. 
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An expression for dispersion is obtained by differentiating Eq. 17e with 
respect to X, remembering that i is a constant independent of wavelength. 
'i"his gives 


do _ m 
d\ d cos B 


( 17 /) 


The equation shows in the first place that for a given small wavelength 
difference c/X, the angular separation dO is directly proportional to the 
order m. Hence the second-order specitrum is twice as wide as the first 
order, the third three times as wide as the first, etc. In the second place, 
dB is inversely proportional to the slit separation d, which is usually 
referred to as the grating space. The smaller t he grat ing space, the mort* 
widely spread will be the spectra. In the third place, the occurrence of 
cos B in the denominator means that in a given order m the dispersion 
will be smallest on the normal, where 0 = 0, and will increase slowly as 
we go out on either side of this^ If 0 does not become large, cos B will 
not differ much from unity, and this factor will be of little importance. 
If we neglect its influence, the different spectral lines in one order will 
differ in angle by amounts whi(;h are directly proportional to their differ- 
ence in wavelength. Such a spectrum is called a normal spectrum^ and 
one of the chief advantag<;s of gratings over prism instruments is this 
simple linear scale for wavelengths in their spectra. 

Frequent/l}'^ we are more interested in the linear separation of two 
spcctmm lines on the screen or photographic plate' than in their angular 
separation. The linear disper.^ion is obtained by multiplying Eq. 17/ 
by the focal length / of the lens forming the spectrum. Calling I the 
distance along the screen, we luive 


^ ^ w/_ 

dX d cos B 


im 


Here the screen is assumed to be curved into the arc of a circle of radius/ 
with the lens at the center of curvature. 

17.7. Overlapping of Orders. If the range of wavelengths is large, for 
instance if we observe the \vhole visible spectnim lying roughly between 
wavelengths 40(X) A and 8000 A, considerable overlapping occurs in the 
higher orders. Suppose for example that one observed in the third 
order a certain red line of wavelength 7600 A. The angle of diffraction 
for this line is given by solving for B the expression 


d(sin i + sin 0) = 3 X 7.6 X 10”* 
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Blit at the same angle d there may occur a yellow line in the fourth order, 
of wavelength 5700 A, since 

4 X 5.7 X 10-« = 3 X 7.6 X 10-» 

Similarly the blue of wavelength 4560 A will occur in the fifth order at 
this same place. The general condition for the various wavelengths that 
can occur at a given angle 6 is then 

d(sin t + sin d) = Xi = 2 X 2 = 8 X 3 = 4 X 4 (17&) 

etc., whore Xi, X 2 , • • • are the w^avelcngths in the first, second, etc., 
orders. For visible light tlierc is no overlapping of the first and second 
orders, since with Xi = 8000 A and X 2 = 4000 A, the red end of the first 



Fia. 170 . Illustrating tho angular separation of two spectrum lines just resolved a 
diffraotion grating. 

order just joins the violet end of the second. When photographic obser- 
vations arc made, however, these orders may extend down to 2000 A in 
the ultraviolet, and there is overlapping of the first two orders. This 
difficulty may usually be eliminated by the use of suitable filters or 
absorbing screens to cut out of the incident light the overlapping wave- 
lengths which arc not desired. As an example, a piece of red glass 
transmitting only wavelengths longer than 6000 A could be used in the 
above case to study the red line X7600 and lines in its vicinity without 
overlapping by higher orders of shorter wavelengths. 

17.8. Width of the Principal Maxima. It was shown at the beginning 
of Sec. 17.4 that the first minima on either side of any principal maximum 
occur where Ny = mNir ± ir, or where 7 = mx ± {t/N). Where 
7 = mir, wo have the principal maxima, owing to the fact that the phase 
difference 5 or 27 in the light from corresponding points of adjacent 
slits is given by 27rrn, or a whole number of complete vibrations. How- 
ever, if wo change the angle enough to cause a change of 2ir/N in the 
phase ditYercnce, reinforcement no longer occurs, but the light from the 
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various slits now interferes to produce zero intensity (Sec. 17.4). A 
phase difference of 2r/N between the maximum and the first minimum 
means a path difference of \/N. 

'J'o see why this path difference causes zero intensity, consider Fig 
nr; (a), in which the rays leaving the grating at the angle B form a 
principal maximum of order m. For these, the path difference of the 
rays from two adjacent slits is mX, so that all the waves arrive in phase. 
The path difference of the extreme rays is then Nm\ since N is always 
a very large number in any practical ease.* Now let us change the 
angle of diffraction by a small amount 60, such that the extreme path 
difference increases by one wavelength and becomes JVmX + X (ra 3 rB 
shown by broken lines). This should correspond to the condition for 
zero intensity, because as is required the path difference for two adjacent 
slits has been increased by \/N, It will be seen that the ray from the 
top of the grating is now of opposite phase from that at the center, and 
the effects of these two will cancel. Similarly, the ray from the next 
slit below the center will annul that from the next slit below the top, etc. 
The cancellation if continued will yield zero intensity from the whole 
grating, in entire analogy to the similar process considered in Sec. 15.3 
for the single-slit pattern. 

Thus the first zero occurs at the small angle 60 on each side of any 
principal maximum. From the figure, it is seen that 


A i\d cos 0 


ANGULAR HALF WIDTH OF FRINCIPAL 
MAXIMUM 


(17t) 


It is instructive to note that this is just 1/Nth ef the separation of adjaenU 
orders. The latter is obtained by differentiating Eq. 17e with respect to 
m, regarding X as constant and m for the moment as a continuous variable. 
One finds 

^ ^ X ^ A0 
dm d cos 0 Am 


For Am » the separation of orders AO is therefore N times the half 
width of a spectral line. 

17.9. Resolving Power. The resolving power of a grating is defined 
just as for a prism (Sec. 15.7) by the ratio X/6X, where 6X is the smallest 
wavelength difference that produces resolved images. If the Rayleigh 
criterion for the resolution is used, the images must be separated by the 
angle 60, given by Eq. I7i. This means that the light of wavelength 
X + 6X must form its principal maximum of order m at the same angle 

* This approximation is not an essential part of the argument, since the result to bo 
obtained is shown by Eq. 176 to be strictly accurate. 
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at which the first minimum for the wavelength X occurs in the same 
order. Hence we may equate the extreme path differences in the two 
cases, and obtain 

mN\ + X = mN{\ + 5X) 
from which it iininc<liiitcly follows that 

R = = mN (17j) 


That the resolving power is proportional to the order m is to be under- 
stood from the fact that the width of a principal maximum, by Kq. 
17t, depends on the width A of the emergent beam and does not change 
much with order, wher(;as the separation of two maxima of different 
wavelengths increases with the dispersion, which, by Eq. 17/, increases 
nearly in proportion to the order. In a given order the resolving power, 
by Eq. I7j, is proportional to the total numl)er of slits iV, but it is inde- 
pendent of their spacing d. However, at given angles of incidence and 
diffraction it is indcipeiulent of N also, as can be seen by substituting in 
Eq. 17/ the value of m from 17c: 


II — i + sin 6 ) ^ __ 
X 


/i(sin i + sin 0) 
X 


Here B = Nd is the total breadth of the grating. At a given i and 0, 
the resolving power is therefore independent of the number of lines ruled 
in the breadth B. A grating with fewer lines gives a higher order at 
these given angles, however, with the consequent overlapping, and would 
be of little use in practice. Nevertheless, as we shall see, this same 
principle is used in the echelon grating described in Sec. 17.17. It is 
worth noting that the^ maximum theoretical resolving power of a grating 
is obtained, acccu-ding to Kq, 17A", w’^hen i = 6 — 90°, f.c., when the light 
is both incident and diffracted at grazing angles. '^Fhcn K = 2B/\ or 
twice the breadth of the grating measured in wavehmgths. Actually, 
the intensity of the spectrum, because of the obliquity factor (Sec. 15.3), 
would become impractically small for the ideal grating described above, 
when used under these extreme conditions. 

17.10. Vibration Curve. Let us now apply the method of compound- 
ing the amplitudes vectorially which was used in Sec. 16.6 for two slits 
and in Sec. 15.4 for one slit. The vibration curve for the contributions 
from the various infinitesimal elements of a single slit again forms an 
arc of a circle, but there are now several of these arcs in the curve, 
corresponding to the several slits of the grating. In Fig. 177/ the 
diagrams corresponding to the various points (a) to (/) of the intensity 
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plot for six slits are shown. For the central maximum the light from 
all slits, and from all parts of each slit, is in phase, giving a resultant 
amplitude R which is N times as great as that from one slit, as shown in 
(a) of the figure. Halfway to the first minimum the condition is as 
shown in (6). For this point y = x/ri, so that the phase difference 
from corresponding points in adjacent slits h equals x/6 (cf. Fig. 17C). 
This is also the angle between successive vectors in the series of six 
resultants R\ to Rty which are the chords of the six small equal arcs. 
Just as for the double slit, the final resultant is obtained by compounding 
these vectorially, and the intensity is measured by /^*, the square of 
this resultant amplitude. For the points (d), (e), and (/) the arcs them- 



R=o R=0 


Fk'i. 17//. Illustrating how the intensity curve for u KrutiiiR of scvonil slits is ohtniriod by 
the graphical addition of amplitudes. 

selves have not been drawn, but only their resultants. Of course, these 
individual resultants become slightly smaller in magnitude as P incresises, 
because it is the arc, not the chord, which is constant in length. Their 
difference is here small, even for point (/). 

The derivation of the general intensity function for the grating, Eq. 
176, can be very simply done by a geometrical method. In Fig. 17/ 
the six amplitude vectors of Fig. 17// (6) are shown on a larger scale. 
All these have the same magnitude, given by 

Rn = ^^Ro (170 

since this represents the chord of an arc of length Ro subtending the 
angle 2p (sec Fig. 15F). Each vector is inclined to the next by the 
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ungle 5 « 27 , and thus the six form part of a regular polygon. In the 
figure broken lines are drawn from the ends of each vector to the center O 
of this polygon. These lines also make the constant angle 27 with each 
other. Therefore the total angle subtended at the center is 


0 = Nb = N X 2y 


We wish the relation between the resultant amplitude R and the indi- 
vidual ones Rn, which are given by Eq. 17Z. By dividing the triangle 
OA H int(j two halves with a line from 0 perpendic- 
ular to it is seen that 

R = 2r sin ^ 

where r represents OA or OB, Similarly, from the 
i.riangle OAC as split by a line perpendicular to Ii\y 
we obtain 

Rn = R\ =* 2 r sin 7 

Dividing this equation into the previous one, we 
find 



Rn 


^ 

2 r sin “ 


sin Ny 


2r sin 7 sin 7 


li'iG. 17 /. Oeometriral 
dorivatiori of the in- 
ieiiMity function for a 
fcrating. 

When we then substitute the value of Rn from Eq. 
17Z, there results, for the amplitude, 


.. sin sin Ny 

It, = Hq — . 

sin 7 


The square of this, whi'ch gives the intensity, is seen to be identical with 
Eq. 176. 

The vibration curve gives a rapid and accurate met.hod of finding the 
intensity pattern for any number of slits, and by carrying it out for 
different numbers of slits, many of the features of the intensity pattern 
became understandable. For instance, there is the important question 
of the narrowness of the principal maxima. The adjacent minimum on 
one side is reached when the vectors first form a closed polygon, as in 
(c) of Fig. 17H. It is evident that this will occur for smaller values of 
5 the larger the number of slits, and this means that the maxima will 
become sharper. Also one can sec at once from the diagram that for 
this minimum B 2rir/N^ or 7 = ir/AT, the condition stated at the begin- 
ning of Sec. 17.8. Furthermore, as the number of slits becomes large, 
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the polygon of vectors will rapidly approach the arc of a circle, and the 
analogy with the pattern due to a single aperture of width equal to that 
of the grating is thereby seen to be justified. Comparison of Fig. 17 H 
with Fig. 15F for the single slit will show that for large N the diagrams 
for the grating will become identical with those for one slit if we replace 
N5/2 or Ny by Since Ny is half the phase difference from extreme 
slits of the grating and fi half the phase difference between extreme points 
in an open aperture, the analogies drawn in Sec. 17.4 are seen to be 
justified by this correspondence. 

Finally we note that if the diagrams in Fig. 17// are carried further, 
the first-order principal maximum occurs wdieii the arc representing each 
interval d forms one complete circle. The chords under these conditions 
are all parallel and in the same direction as in (a), but smaller in magni- 
tude. The second principal maximum occurs when each arc forms two 
turns of a circle when the resultant chords again line up. Those maxima 
have no analogue in the patteigi for a single slit. A study of tlie varia- 
tions of these diagrams makes clear the origin of the changes in intensity 
of the maxima and the reason for missing orders. 

17.11. Production of Ruled Gratings. Until now wc have considered 
the characteristics of an idealized grating consisting of identical and 
equally spaced slits separated by opaque strips. Actual gratings used 
in the study of spectra are made by niling fine grooves with a diamond 
point either on a plane glass surface to produce a transmission grating or 
more often on a polished metal mirror to produce a reflection grating. 
The transmission grating gives something like our idealized picture, 
since the grooves scatter the light and are cff(‘ctively opaciue, while the 
undisturbed parts of the surface transmit regularly and act like slits. 
Tlie same is true of the reflection grating, except that here the unruled 
portions reflect regularly, and the grating ecpiation 176 holds equally 
well for this case with the same convention of signs for % and 

Figure \7J shows microphotographs of the ruled surfaces of two differ- 
ent reflection gratings. The grating shown in (a) was ruled lightly, and 
th(' grooves are too shallow to obtain maximum brightness. That shown 
in (b), was a high-quality grating having 15,000 lines per inch. One 
or two vertical cross-rulings have been made to show more clearly the 
contour of the ruled surface. 

Until recently, most gratings were ruled on speculum metal, a very 
hard alloy of copper and tin. Modem practice, however, is to rule on 
an evaporated layer of the softer metal aluminum. Not only does this 
give greater reflection in the ultraviolet, but it causes less wear on the 
diamond ruling point. The chief requirement for a good grating is that 
the lines shall be as nearly equally spaced as possible over the whole 
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ruled surface, which in different gratings varies from 1 to 10 in. in width. 
This is a difficult requirement to fulfill, and there are very few places 
in the world where ruling machines of precision adequate for the produc- 
tion of fine gratings have been constructed. After each groove has been 
ruled, the machine lifts the diamond point and movers the grating forward 
by a small rotation of the screw which drives the carriage carrying it. 
To have the spacing of rulings constant, the screw must be of very 
constant pitch, and it was not until the manufacture of a nearly perfect 
screw had been achieved by Howland,* in 1882, that the problem of 
successfully ruling large gratings was accomplished. 

In ruled gratings only the first few orders are usually employed because 
the overlapping of orders becomes serious above m = 4 or 5. Hence in 



(a) (h) 


Fui. \7J, Mi<'niplu}t(iKr:i|ih.s of tlio riiiiiiKs on rrflortioii Kratiiigs. (a) Liglit ruling. (6) 
HiMivy ruling. (After liahrork.) 

order to obtain adeciuate dispersion in the low orders the grating space d 
must be made small, according to Hq. 17/. Also, to obtain high resolv- 
ing power at the same time Kq, 17/ shows that N must be made as large 
as possible. In most' gratings used in spectroscopy the lines are ruled 
about 15,()(K) to the inch (14,438 was the number given by Howland’s 
machine giving a grating space rf = 1.693 X 10”^ cm). This is about 
equal to three w^avelengths of yellow light, and according to Pai. Me the 
angle of diffraction 6 with normal incidence {i = 0) for X5644 in the third 
order is 90°. This means that it is impossible to observe wavelengths 
longer than this in the third order. In the second order, the limit w'ill 
be, according to Eq. 17A, f X 5044 = 8400 A, in the infrared. The 
first order will extend to 3 X 5044, or 10,932 A. Therefore the whole 

*H. A. Howland (1848-1901). Professor of physics at the Johns Hopkins Uni- 
versity, Daltiinore. He is famous for his demonstration of the magnetic effect of a 
charge in motion, for his measurements of the mechanical equivalent of heat, and for 
his invention of the concave grating (Sec. 17.15). 
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visible spectrum can l)e observed in the first two orders, but only the 
violet to the yellow in the third. At the same time the dispersion will 
l>e large. The violet of the first order will, by Eq. 17e, occur at an angle 
0 such that 

1.693 X 10-' sin d = 1 X 4 X 10-‘ 

Thi.s gives d = 13®40'. The angle for red light of wavelength 8 X lO”* 
will be 28® 12', and the visible sp<M*trum will be spread out lK*tween these 
angles. The length of' the visible spectrum on the photographic plate 
will be the ditTerence in angle, expressed in radians, multiplied by the 
foeal length / of the lens which forms the spectrum. With / = 2 m, 
the first order will be 50.6 cm long, the second order 101.2 cm long, etc. 

It is not the large dispersion obtainable that constitutes the chief 
advantage of the grating, but the narrowness of the spectrum lines, 
i.e., its great resolving power. A gniting ruled 15,000 lines per 
inch for 6 in. has by Kq. 17 j a resolving power in the first onler of 
li = X/6X = 6 X 15,0(K) = 00,000. In the green region, X = 5400, this 
means that the smallest wav('l<»ngth interval n^solved will be 6\ = 0.06 A. 
'I'liis is only toi> of the ditTerence between the pair of yellow lines in 
the spectrum of sodium, which can barely be separated with a small 
prism spectroscope. A glass prism with a resolving power comparable 
to this would he impractically large, since according to Eq. 15o the length 
of the base h would need to he 90,(MX)/ (r/n/riX). For flint glass dn/d\ 
is about 1200, so (hat b = 75 cm. Gratings arc now ruled with as many 
as 30,000 lines to the inch for 0 in., and, although their maximum theoreti- 
cal resolving power is no greater than 15,0(K)-line gratings of the same 
width (Sc*c. 17.9), they give double the resolving powc^r in a given order. 

It was first shown by Thorp that fairly good transmission gratings 
could be made by taking a cast of the ruled surfa(;e with some transpar- 
ent material. Such casts are called replica gratings, and may give satis- 
factory performance where the higluvst resolving power is not needed. 
Collodion or cellulose acetate, prop(jrly diluted, is poured on the grating 
surface and dries to a tliin, tough film which can easily lx? detached from 
the master grating under water. It can then be mounted on a plane 
glass plate or concave mirror. Some distortion and shrinkage is involved 
in this proc(*ss, so that the replica seldom functions as well as the master. 
With modern improvements in the techniques of plastics, however, it 
seems probable that replicas of high quality will eventually be made. 

17.12. Control of the Intensity Distribution among Orders. The rela- 
tive intensities of the different orders for a ruled grating do not conform 
to the term (sin®/9)//3* derived for the ideal case (Eq. 176). Obviously 
the light reflected from (or refracted by) the sides of the grooves will 
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produce important modifications. In general there will be no mbwing 
orders. The positions of the spectral lines are uninfluenced, however, 
ond remain unchanged for any grating of the same grating space d. In 
fact, the only essential requirement for a grating is that it impress on 
the diffracted wave some periodic variation of either amplitude or phiise. 
The relative intensity of different orders is then determined by the 
angular distribution the light diffracted by a single element, of width 
d, on the grating surface. In the ideal grating this corresponds to the 
diffraction from a single slit. In ruled gratings it will in general be a 
complex factor, which in the early days of grating manufacture was con- 
sidered to be largely uncontrollable. More recently. It. W. Wood has 
been able to produce gratings which concentrate as much as 90 per cent 
of the light in a single order on one side. Thus one of the chief di.sad- 
vantages of gratings as compared to prisms — the presence of multiple 
spectra, none of which is very intense — ^is overcome. 



(a) (b) 


Fio. 17 K. Groove forms for coiiccnirnf ion of HkIiI in n .siiifcle onlor (a) hy refloftion, (h) by 
transmissiuii. 

Wood’s first exporiments were done with gratings for tlie infrarrd, 
which have a large grating space so that tho form of tho grooves could 
be easily governed. These so-called ‘‘echelelte^’ gratings had grooves 
with one optically fiat side inclined at such an angle as to reflect the 
major portion of the infrared radiation toward the order that was to be 
bright [Fig. ITK^a)]. Of course the light from any one such face is 
diffracted through an appreciable angle, measured by the ratio of the 
wavelength to the width a of the face. When used with visible light, 
these gratings have interesting properties,* since one wliich has its 
blaze” in the first order for an infrared wavelength of 6 g will accord- 
ing to Eq. nh give it in the eleventh order for the wavelength 5(XK) A. 
Subsequent experience has shown that concentration of visible or ultra- 
violet light in a low order is also possible when the ruling is done on a 
soft metal like aluminum with a diamond point properly shaped and 


Sec. 17.14] 


MEASUREMENT OF WAVELENGTH 


339 


oriented. A blase can also be obtained with a transmission grating, in 
which case the individual rulings act like very small prisms to refract 
the light in the desired direction [Fig. 17/iC(b)]. The only successful 
gratings of this type have been replicas, which can be stripped from a 
master grating ruled at the proper angle to give the required deviation 
by the prismatic grooves of the replica. 

17.13. Ghosts. In an actual grating the ruled lines will always 

deviate to some extent from the ideal of equal spacing. This gives rise 
to various effects, according to the nature of the niling error. Three 
types may be distinguished. (1) The error is perfectly random in mag- 
nitude and direction. In this casc^ the grating will give a continuous 
spread of light underlying the principal maxima, even when monochro- 
matic light is used. (2) The error contmuously increases in one direction. 
This can be shown to give the grating “focal properties.” Parallel light 
after diffraction is no long^'r parallel, but slightly divcrgc'iit or convergent. 
(3) 'I'he error is periodic a(*ros8 the surface of the grating. This is the 
most common type, since it frequently arises from defects in the driving 
mechanism of the ruling ma(‘hine. It giv<\s rise to “ghosts,” or false 
lines, accompanying every principal maximum of the ideal grating. When 
there is only one perio<l involved in the error, these lines are symmetrical 
in spacing and intensity about the principal maxima. Such ghosts are 
called Rowland ghmts, and may easily be seen in Fig. More 

troublesome, though of less frecpieiit occurrence, are the Lyman* ghosts. 
These appear when the error involves two periods that are incommen- 
surate with (^ach other, or else when there is a single error of very shoii; 
period. Lyman ghosts may occur very far from the principal maximum 
of the same wavelength. 

17.14. Measurement of Wavelength with the Grating. Small gratings 
1 or 2 in. wide are usually mounted on the prism tt^able of a small spec- 
trometc'r with <?ollimator and telescope. Jiy measuring the angles of 
incidence and diffraction for a given spc^ctrum line its wavelength may 
be calculated from the grating formula, Kq. \7e. For this the grating 
space d needs to be known, and this is usually furnished with the grating. 
The first accurate wavehmgths were determined by this method, the 
grating space being determined by counting the lines in a given distance 
with a traveling microscope. Once the absolute wavelength of a single 
line is known, others may be measured relative to it by using the over- 
lapping of orders. For instance according to TCq. 17A a sodium line of 
wavelength 5890 A in the third order will coincide with another line of 

* Theodore Lyman (1874- ). For many years director of the Physical Labora- 

tories at Harvard University. Pioneer in the investigation of the far ultraviolet 
spectrum. 
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X s= -J X 6890 = 4417 A in the fourth order. Of course no two lines 
will exactly coincide in this way, but they may fall close enough together 
so that the small difference can he accurately corrected for. This methexi 
of comparing wavelengths is not accurate with the arrangement descriljed 
above, because the telescope lens is never perfectly achromatic and the 
t wo lines will not be fcxiused in exactly the same plane. To avoid this 
difhculty Rowland invented the concave grating^ in which the focusing 
is done by a concave mirror, upon which the grating itself is ruled. 

17.16. Concave Grating. Tf the grating, instead of ])cing rulcxl on a 
plane surface, is ruhnl on a concave spherical mirror of metal, it will 
diffract and focus the light at the same time, thus doing away with the 
necessity of using lenses. lh»si<le the fact that this eliminates the chro- 



matic aberration mentioned above, it has the great advantage that the 
grating may be used for regions of the spectrum which are not trans- 
mitted by gloss lenses, such as the ultraviolet. A mathematical treat- 
ment of the action of the concave grating would be out of place here, 
hut we may mention one of the more important results. It is found 
that if R is the radius of curvature of the spherical surface of the grating, 
a circle of diameter R (t.c., radius r = R/2) may be drawn tangent to 
the grating at its midpoint which defines the locus of points where the 
spectrum is in focus, provided the source slit also lies on this circle. 
This circle is called the Rowland circle^ and in practically all mountings 
for concave gratings use is made of this condition for focus. 

17.16. Mountings for Gratings. !tlgurc 17L shows a diagram of a 
common form of mounting used for large concave gratings, called the 
Paschen mounting. The slit is set up on the Rowland circle, and the 
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light from this strikes the grating, which diffracts it into the spectra of 
various orders. These spectra will be in focus on the circle, and the 
photographic plates arc mounted in a plate holder which l)ends them to 
coincide with this curve. Several orders of a spectrum can be photo- 
graphed at the same time in this mounting. The ranges covered by the? 
visible spectrum in the first three orders are indicated in Fig. IIL for 
the value of the grating space mentioned above. In a given order, 
Eq. 17/ shows that the flispersion is a minimum on the normal to the 
grating {B = 0), and increases on both sides of this point. It is prac- 
tically constant, however, for a considerable region near the normal, 
because here the cosine is varying slowly. 

A common value for It is 21 ft, and a concave grating with this radius 
of curvature is called a 21-// ijniling. With a grating having 15,00t) 



Fill. \7M. (n) llowlaiul iiiouiitiiif; fijr .1 roiirave roflortion gralinK. (/») Kaule iiiouiif ins for 

a concave Kruting. (c) Lit trow iiiouiitini^ for a plane reflection grat inc- 
lines to the inch, this giv(»s an ov(*r-all length of the second order sp(M!- 
truin, red to violet, of about twelve feet. A gotxl grating having 6 in. 
of niled space will produce lines sharp enough so tliat they may be s<M*n 
as separate wlum only about 0.023 mm apart, which in the green means 
a wavelength dilVertuice of 0.03 A (cf. Sec. 17.9J. 

Two other common mountings for concave gratings are the liowlaiul 
mounting and the Ecujlc mounting, illustratcHl in Fig. 17M. In the 
Rowland mounting the grating O and plate holder are fixed to opposite 
ends of a rigid beam of length R, The two ends of this beam rest on 
swi\’el trucks which arc free to move along two tracks at right angles to 
each other. The slit S is mounted just above the inters(;ction of the 
two tracks. With this arrangement, the portion of the spcctrur.i reach- 
ing the plate may be varied by sliding thci beam one way or the other, 
thus varying the angle of incidence ^. It will be seen that this effectively 
moves S around on the Rowland circle. For any setting the spectrum 
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"Will be m iocuB on P, and it will be nearly a normal spectrum (see Sec. 
17.61) because the angle of diffraction 6^0. The track SP is usually 
graduated in wavelengths sinCe, as may easily be shown from the grating 
equation, the wavelength in a given order arriving at P is proportional 
to the distance SP. 

In the Eagle mounting the part of the spectnim is observed which is 
diffracted back at angles nearly equal to the angle of incidence. The slit 
is placed just below the plate holder. To observe different portions of 
the spectrum, the grating is turned about an axis perpendicular to the 
figure. It must then be moved along horizontal ways until P and S 
again lie on the Rowland circle, for the spectrum to be in focus. This 
mounting has the advantage of c;ompactness, and it can easily be mounted 
in a small space where the temperature may be kept constant. Varia- 
tions of temperature displace the spectrum lines owing to the change of 
grating space which results from the expansion or contraction of the 
grating. With a grating of speculum \p(ital it can be shown that a 
change of temperature of 0.1®(/ shifts a line of wavelength 5000 A in any 
order by 0.013 A. The I'^iglc^ mounting is commonly used in vaciivm 
spectrographs for the investigation of ultraviolet spectra in the region 
below 2000 A. Since air absorbs these wavelengths, the air must be 
pumped out of the spectrograph, and this compact mounting is con- 
venient for the purpose. The Paschen mounting is also frequently used 
in vacuum spectrographs with the light incident on the grating at a 
practically grazing angle. The Littrow mounting, also shown in Fig. 
V7M, is the only common method of mounting large plane reflection 
gratings. In principle it is vc^y much like the .k]agle mounting, the 
main difference being that a largo achromatic Ions renders the incid(»nt 
light parallel and focuses thc^ diffracted light on P, so that it acts as both 
collimator and telescope lenses at once. 

One important drawback of the concave grating as used in the mount- 
ings described above is the presence of strong astigmatism. Tt is least 
in the Eagle mounting. This defect of the image always occurs when 
a concave mirror is used off axis. Here it has the conseciucnce that each 
point on the slit is imaged as two lines, one located on the Rowland circle 
perpendicular to its plane, the other in this plane and at some distance 
behind the circle. If the slit is accurately perpendicular to the plane, 
the sharpness of the spectrum lines is not seriously impainul by astig- 
matism. Because of the increased length of the lines, however, some 
loss of intensity is involved. More serious is the fact that it is impossil.de 
to study the spectrum of different parts of a source, or to separate Fabry- 
Perot rings, by projecting an image on the slit of the spectrograph. For 
this purpose, a stigmatic mounting is required. The commonest of these 
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is the Wadsworth mounting, in which the concave grating is illuminated 
by parallel light. The light from the slit is rendered parallel by a large 
concave mirror, and the sp^ectrum is focused at a distance of about one- 
half the radius of curvature of the grating. 

17.17. Echelon Grating. According to lOq. 17j the resolving power of 
a grating is the product of the order m and the total number of lines N. 
In a ruled grating, high resolving power is obtained for small values of 
m by increasing N as much as possible. Michelson devis(*d a type of 
grating which gives a very liigh resolving power with a fairly small value 
of N (20 to 40) by virtue of the larger value of the order number m. 'riiis 
instrument is called an echelon” because of its resemblance to a flight 



Fig. 17.V. Diagrams of rcflcH;tion and transmission et'holons used to obtain high resolving 
powor. 

of steps. The cchelette grating mi'iilioTied in Sec. 17.12 is intermediate 
between the ordinary grating and tlie ('cbclon. The simi)lc‘st type is the 
reflection echelon, which wiis conceived by Michelson, but wliich be(*ause 
of technical difficulties was not successfully constnlcted until much later. 
Jt consists, as shown in Fig. 17iV(a), of a number of rcctaiigular plates 
of exactly equal thickness d, which are stacked together with a constant 
offset a. The plates are of quartz, and are worked into “optical con- 
tact” to insure perfect equality of the distance d between the front sur- 
faces. Thc‘se surfaces are made highly reflecting by a thin metallic 
coating. The offset a is usually 1 mm, so that when parallel light strikes 
the front surface of any plate it is diffracted only through very small 
angles. 

Let us calculate the path difference between two rays diffracted 
at a small angle 0 from corresponding points of two successive steps. 
Referring to the detailed sketch of Fig. 17iV’(6), the two rays will 
have equal paths from the dotted line to the focus of the lens, but 
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in machine this line the upper one has traveled a distance d + d cos B 
while the other has traveled a sin B. The path difference is therefore 
d(l + cos ^) — a sin ^ ^ 2d — aB^ since ^ is a very small angle. For 
the principal maxima this must be a whole number of wavelengths, so 
that the grating eciuation in this case becomes 


2d — = m\ (17m) 

The thickness d is ustially 1 cm, so the order m which is observed on 
the normal {B = 0) will be m = 2d/X = 2/0.(KKX)5, or 40,000 for green 
light. With 40 plates, the resolving power is then 

i2 = miV = 40,(KK) X 40 = 1.0 X 10* 

This is far greater than that reached with any mled grating, and is 
rivalled only by the Fabry-Perot etalon and the Luminer-Gehrcke plate 
described in Chap. 14. By differentiating Kq. 17m with resptjct to X 
and with respect to m, equations for the dispe^rsion and angular sepam- 
tion of orders can be obtained. The latter quantity {dB for m = 1) 
equals X/a, a very small angle. It is just equal to the half width of ihe 
diffraction pattern due to a single facje of width a. Then^fore only l.wo 
orders are observ^ed with any intensity, since their intensities are limited 
by the diffraction pattern, as shown in Fig. l7N{d). 

The successive orders are so closer together in the echelon spectrum 
that it is of no valiu' for examining an extemded spectrum. In one order 
a range of only a fra<!tion of an angstrom unit is available without overlap 
by the next order. Because of its high resolving power it is useful for 
the examination of the very fine splitting of lines callc^d hypcrfinc struc- 
ture (Sec. 14.9) or of the splitting of lines when the source is placed in a 
magnetic field tZeeman effect). For this purpose it is ne(*essaiy to 
isolate the line in question with an auxiliary prism or suitable filter to 
prevent it from being ovcrlappe<l by other lines in the spectrum. Othc*r- 
wise the echelon is used with slit and lens in much the same way as an 
ordinary plane grating in the Littrow mounting. 

The transmission echelon, whicdi wfis constructed by Xlichelson in 1898, 
bears the same relation to the reflection echelon as an ordinary trans- 
mission grating docs to a reflection grating. It is made of glass plates, 
and is used in the manner shown in Fig.. 17iV'(c). The light emerging 
from successive steps has a path difference on the normal of nd d, the 
first term being the optical path of a ray through d cm of glass and the 
second the path of an adjacent ray through d cm of air. The funda- 
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mental equation for the transmission echelon is then 

(a — l)d + = ?nX (17n) 

Since n = 1.5, the order numlw and resolvinR power are only al)out a 
quarter us great as in the previous ease. Otherwise the instrument is 
very similar to the reflection echelon. 

Problems 

1. Employing - the method used in Sec. 15.3 in connection with the single-Hlit 
diffraction pattern, inve.stigiitc the location of the secondary maxima in the multiple- 
slit pattern for the case A' ■■ 6. Exact results are not recpiinul. 

2. Make a sketch of the Fraunhofer pattern obtained with eight equally spaciMl 
slits. lict the opaque intervals between slits be twice the width of each slit, i.e., 
b — 2a, OT d — 3a. 

3. Make a .sketch as in Proh. 2, for 10 .slits. 

4 . lict light of two wavehuigths XtOOO and X4100 fall on a diffraction grating hav- 
ing 5000 lines per centimeter. If a 2-ni lens is used to focus the spfM'trum on a scriMMi, 
find the di.stan(*c between these two lines in centimeters on the scri'cn (o) in the first 
order, (6) in the third order. .Vssuine the focal plane to be curved and of radius 2 m. 

6. f^lve Prob. 1 for Xfi5(X) and XfUKM) if tin* grating has 8000 lines per centimeter. 

6. If th<* grating in Prob. 4 is 8 cm wi«le, what is the smallest wavelength interval 
re.solvcd in the tliird order at X50()0? 

7. A green spectrum line of wavelength X5300 is observed ns a clr>sf‘ doublet. 
What is the wavehuigth seimration betweem the.se two line's if they are just resolved in 
the* thinl order of a 50,0tK)-line grating? 

8 . The' soelium yellow line X5SU3 is a doublet, 0 .\ widf*. \Miat is the niinirniim 
number of lines a grat iiig can have to re.soive t his doubh't in the .second-order spect rum ? 

9. Plot the function .sin* .V7again.st 7 f<»r .V —4 between 7 =0and7 *■ 2. Then 
plot sin* 7 on the same sc:de, and by dividing the ordimitc's of the first curve by those 
of tlie .second, olitain the intensity curve for a grating of five very narrow slits. (Notk: 
The resultant curve lias maxima of inten.sity A'* at 7 = 0, v and 2ir.) Measure the 
intensities of the seeond.iry ni:ixiiiia between each princijial maximum. 

10. Iti the adjiistment of a ])lane grating muunti'd as sliown in Fig. 17Af(r), the 
incident light from the slit S makes an angle of 30° with tlie grating normal. Find 
th(' wavelength of the first-order light falling on the center of the plate holder directly 
above tlii' slit, .and calculate the dispersion. Assume a grating spai;e of d = 0.00025 
cm and a lens of focal length 5 in. 

11. C‘alculaU; the resolving power of a reflection echelon having 20 steps, each 2 cm 
thick. .Assume a wavelength of 40(K) A and ^ 0 (.see Sea*. 17.17). 

12. Find the theoretical resolving power of a trnnsmissirm echelon of 30 steps, eacli 
1 cm thi(‘k. Assume an index 7( » 1,50 and a wavt'lenglh of 5000 A. (dn/d\ » 
-000 per cm.) 

13. Show^ that, w-hcii the limits are substituted in any one term of Eq. 17a, the 
result simplifies to the fir.st expression given in the footnote at the bottom of page 322. 

14 . lYove that in the Rowland mounting the distance SP (Fig. 17.U) is proportional 
to the wavelength focused at P in the first order. 

16. Tf the grating in Prob. 4 contains a total of 50,000 lines, calcidatc the total width 
of a spectrum line at X5000 in the first -ordcir s|K'ctrum. 
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16. Five vertical radar antennas (Hertzian dipoles) are mounted in a straight hori- 
zontal line and 6 cm apart. These antennas, oscillating in synchronism, emit 3-om 
waves. Plot a ]K)lar diagram of the intensity emitted in all directions in a horizontal 
plane. Assume PVaunhufcr difTracstion. 

17. Find the angular width of the principal maximum of zero order in Prob. 16. 

18. As with a prism, the deviation of the light by a diffraction grating depends upon 
the; angle of incidence. Derive the condition for minimum deviation by a grating. 

19. Parallel light of wavelength 5500 A is incident upon a plane diffraction grating 
having 10,000 lines per centimeter, the angle of incidence being 5^ Calculate the 
deviations for the first orders, as measured from the direction of the zero order. 



CHAPTER 18 
FRESNEL DIFFRACTION 

The difTraction efTeots obtained when either the source of light or the 
observing screen, or both, are at a finite distance from the diffracting 
aperture or obstacle come under the classification of Frestirl diffraction. 
These effects are the simplest to observe experimentally, the only appara- 
tus required being a small source of light, the diffracting obatael(^, and 
a screen for observation. In the Fraunhofer effects dis(;usse(l in the 
preceding chapters, lenses were recpiired to render the light parallel, and 
to focus it on the screen. Now, however, we are dealing with the more 
gc'iieral case of divergent liglit which is not altered by any bmses. Since 
Fresnel diffraction is the easiest to obsc^rve, it was liistorically the first 
type to be investigated, although its explanation requires much more 
difficult mathematical theory than that necessary in treating the plane 
waves of Fraunhofer diffraction, [n this chapter we consider only some 
of the simpler cases of Fresnel diffraction, which are amenable to explana- 
tion by fairly direct mathematical and graphical metliods. 

18.1. Shadows. One of the greatest difficulties in the early develop- 
ment of the wave theory of light lay in the explanation of the observed 
fact that light appears to travel in straight liiuss. Tims if we place an 
opafjue object in the path of the light from a jxiint source, it casts a 
shadow' having a fairly sharp outline of the same shape as the object. 
It is true, hov\'(»ver, that the edge of this shadow is not absolutely sharp 
and that when examined closely it shows a systcMu of dark and light bands 
in the immediate neighborhood of the edge. In the days of the corpuscu- 
lar theory of light, attempts were made by Grimaldi and Newton to 
account for such small effects as due to the deflection of the light cor- 
puscles in passing close to the edge of the obstacle. The correct explana- 
tion in terms of the wave theory we owe to the brilliant work of Fnjsnel. 
In 1816 he showed not only that the approximately mctilinear propaga- 
tion of light could be interpreted on the assumption that light is a wave 
motion, but also that in this way the diffraction fringes could in many 
cases be accounted for in detail. 

To bring out the difficulty encountered in explaining shadows by the 
wave picture, let us consider first the passage of divergent light through 
an opening in a screen. In Fig. ISA the light originates from a small 
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pinhole S, and a certain portion MN of the divergent wave front is 
allowed to pass the opening. According to Huygens’ principle, we may 
regard each point on tluj wave front as a source of secondary wavelets. 
The envelope of these at a later instant gives a divergent wave with S 
as its center and included between the lines RA and SB. This wave as 

it advances will produce strong 
illumination in the region AB of 
the screen. But also part of each 
wavelet will travel into the space 
behind LM and NO, and hence might 
be expected to produce some light in 
the regions of the geometrical shadow 
outside of A and B. Common experi- 
ence shows that there is actually no 
illumination on these parts of the 
screen, except in the immediate 
vicinity of A and B. According to 
Fresnel, this is to be explained l)y the 
fact that in the regions well beyond 
the limits of the geometrical shadow 
the secondary wavelets arrive with 
phase relations such that they interfere destructively and produce prac- 
tically compl(»tc darkness. 

In two respects the simple conc(*plion of the secondary wavelets as 
uniform spherical wave's is inade(j[uat.e. In the first place, there c'xists 
another envelope of the wavc'k'ts shown in Fig. 18.1, which would pro- 
duce a convergent wave traveling back 
toward S. This back wave d(H's not exist, iis 
can be shown both experimentally and 
theon^tically. The vi()rations of the? particles 
in the wave front MN do not st*t up a wave 
in the backward din;ction but merely act 
to annul the motions wliich are already 
possessed by the particles immediately pre- 
ceding tliem.* The basis of the second 
modification has already been referred to in 
Sec. 15.3 as the oblinuity factor. Theory shows tliat the amplitude of 
the secondary wavelet is not the same in all forward directions. Refer- 
ring to Fig. 18ii, the amplitude of the wavelet in any direction OC varies 



Fi«. 18 B. The ohIi*|uity factor 
for HiiyKPiis' soctmclary wave- 
letH. 



Flu. 18 A. HuyKotiH’ principle applied 
to fMH'oiidary wuveletH from a narrow 
opening. 
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in proportion to (1 + cos 6). With a value of 4 in the forward direction, 
the intensity drops to 1 at the tangent line PQ, and to zero in the back- 
ward direction. Thus the picture of a secondary wavelet shown in this 
figure is more correct, since it now takes account of this variation of 
amplitude with angle as well as of the abscMiee of a wave directly backward. 

18.2. Fresnel’s Half -period Zones. As an example of Fresnel’s 
approach to diffraction problems, wc first consider his method of finding 
the effect that a slightly divergent spherical wave will produce at a point 
ahead of the wave. In Fig. 18(7 let ABCl) n»present a spherical wave 
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front of monochromatic liglit traveling toward the right. Every point 
on this sphere may be thought of as the origin of secondary wavelets, 
and we wish to find the resultant effect of these at a point P. To do 
this, we divide the wave front into zones by the following construction: 
Around the point 0,[] which is the foot of the perpendicular from P, we 
describe a series of circles whose distances from 0, measured along the 
are, are Si, « 2 , « 3 , • • • , Sn and are such that each circle is a half wave- 
length farther from P. If the distance OP = 6, the circles will be at 
distances b + X/2, h + 2X/2, b + 3X/2, • • • , 6 + nX/2 from P. 

The areas of the zones, i.c., of the rings between successive circles, are 
practically equal. In proving this, we refer to Fig. 18Z), where the wave 
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apreading out from a source S is shown with radius a. The area A of 
the segment of the sphere intercepted by the cone of half angle ^ may 
be obtained by integrating the areas of elementary rings of width ad^. 
These are 

dA = a X 2ira sin ^ = 2ira^ sin 0 d0 


so that 


A = sin 4>d4> = 2ira- [— cos 0]o^ 


or 


A = 27rrt® (1 “* cos 0) 


(18a) 


Now the angles 0,* for the borders of the zones are determined by the 
requirement stated above, namely that 


dn = 


J _L 

6+ jj- 


(1M>) 


SO it is necf'ssary, in finding the areas of^ the zones, to evaluate cos 0 in 
terms of d. In the triangle SBPy the law of cosinc's gives 


cos 0 = 


?L±. ( q + 

2a(a + h) 


Substituting this value in I0(|. 18a, and putting in also dn from Eq. 185 
we hnd, for the area of the first n zones, 


A = 2?ra- — 
= 27ra-* 


27ra;'’ 




a + b \ 


(a b - (l> + ” 2 -) ] 
2a(a + h) 

2a* + 2ah — bn\ 


4 ) 


To obtain the area An oi the ath zone, we must then subtract the area 
of n — I zon(\s, whie-h is obtained by replacing n by n — 1 in the above 
expression for A. This yields 


If h is large compared to the wavehmgth X, as it will always be in eases 
we are to consider, the term in X* may be neglected. We then have 


( 18 d) 

This area is independent of n, and hence all zones will have approximately 
the same area. More accurately, the areas will increase slowly with n, 
according to Eq. 18c. 
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By Huygens' principle we now regard every point on the wave as 
sending out secondary wavelets in the same phase. These will reach P 
with different phases, since each travels a different dist ance. The phases 
of the wavelets from a given zone will not differ by more than ir, and 
since each zone is on the average X/2 farther from P, it is clear that the 
successive zones will produce resultants at I* which differ by r. This 
statement will be examined in more detail in Sec. 18.6. The difference 
of half a period in the vibrations from successive zones is the origin of 
the name half-period zones. If we represent by Bn the resultant ampli- 
tude of the light from the 7ith zone, the successive values of Bn ^vill have 
alternating signs, because changing the pluvsc by t means reversing the 
direction of the amplitude vector. Calling the resultant amplitude due 
to the whole wave B, it may be then written as the sum of the series 

B = Bi - 7^2 + Ba - B4 + • - • + (18c) 

There are three factors whicji ck'termine the magnitudes of the suc- 
cessive terms in this series: h'irst, because the area of each zone determines 
the number of wavelets it contributes, 
the terms should be approximately equal 
but should increase slowly; second, 
since the amplitude decrease's inverndy 
with the average distance of a zone 
the magnitudes of the terms are reduml 
by an amount whicdi increas('s with n; 
and third, because of the increasing of hhIukIoIii if- 

oblKpiity, their magnitudes should 

decrease. Thus we may expr<;ss the ain]>litudo duo lo the ?tth zone as 
Un = roust. X (1 + cos 6i) (IS/) 

Mn • 

where 9 is the angle at which the light reaching P leaves a zone. It 
appears in the form shown because of the obliquity factor mentioned in 
the preceding section. 

It will be shown that the second factor mentioned above just annuls 
the first. From Eq. 18c the exact area of the 7/th zone is 

while the mean distance dn of this zone from P can be seen from Fig. 

18£ to be 
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The ratio AJdn is thus a constant, inciepcnrlent of n. Therefore we have 
left only the effect of the obliquity factor 1 + cos 8, which causes the 
successive terms in Eq. 18e to decrease very slowly. The decrease is 
least slow at First, because of the rapid change of B with n, but the ampli- 
tudes soon become more nearly equal. 

With this knowledge of the variation in magnitude of the terms, we 
may evaluate the sum of the series by grouping its terms in the following 
two ways.. Supposing n to be odd, 



Now since the amplitudes 7?i, 7^2, • • • do not decrease at a uniform 
rate, eacdi amplitude is smaller than the arithmetic mean of the preced- 
ing and following ones. Therefore the quantities in parentheses in the 
above equations are all positive, and the following ineciualities must hold: 

' 2 ' + Y < ~ ^2' “ 


Now the amplitudes For any two adjacent zones are very nearly equal, so 
that we may equate Hi to liiy and Kn-i to Rn- This gives 


2 ' 2 ” 2 2 


(18/0 


If ?i is taken to be even, the same result is obtained. We conclude that 
the resultant amplitude at P due to n zones is half the sura of the ampli- 
tudes contributed by the first and last zones. If we allow’ n to become 
large enough so that the whole spherical wave is divided into zones, B 
approaches 180® for the last zone. Therefore the obliquity factor causes 
Rn to become negligible, and the amplitude due to the whole wave is just 
half that due to the first zone acting alone. 

A very clear explanation of this result can be obtained by a simple 
graphical construction, representing the amplitudes by vectors as in 
Fig. ISF, AB is the resultant amplitude from the first zone (assumed 
positive), CD the smaller negative amplitude from the second, EF the 
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still smaller positive amplitude from the third, etc. In Fig. 18F(a) these 
are drawn separate to show their magnitudes and relative positions when 
added, while in (b) their true positions are shown along the same line. 
The resultant of the first two zones is the small vector AD; of the first 
three, the large vector AF; of the first four, the small vector All; etc. It 
will be clear from the diagram (c) that as n becomes very large R == Ri/2, 



Fia. 18 F. 


Amplitude* liacrains for h:ilf-]>oriotl zonoa. 


18.3. Diffraction by a Circular Aperture. I^ot us (\\amino the e(To(‘t 
upon the iiilonsity at P (Fig. 18^0 of blocking off the wave l)y a scn»en 
pierced by a small circular aperture as sliown in Fig. ISO'. If the hole 
has a radius r equal to the distance Si to the outer edge* of Ihe first half- 
period zone,* the amplitude will be AB of Fig. ISF, and this is twice the 
amplitude due to the unscreened wav'^e. Thus the intensity at P is four 
times as great as if the screen were absemt. Increasing the radius of the 
hole until it includes the first two 
zones, the amplitude is AD, or prac- 
tically zero. The intensity has now 
fallen to almost zero by increasing 
the size of the hole. A further increase 
of r will cause the intensity to pass 
through maxima and minima each time 
the number of zones included becomes 
odd or oven. 

The same effect is produced by mov- 
ing the point of observation/^ con- 
tinuously toward or away from the aperture along the perpendicular. 
This varies the size of the zones, so that if P is originally at a position 
such that Pr — PO of Fig. 18(/ is X/2 (one zone included), moving P 
toward the screen will increase this path difference to 2X/2 (two zones), 


B 






c' 

Fifj. \%G, Oeoiriolry for lifcht pa^ iii^ 
through a cirimlar opcMiiiig. 


* Wc are horo assuming that the radius of curvaturo of the wave striking the screen 
is large, so tliat distances measured along the chord may be taken as o(|ual to those 
measured along the arc. 
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3X/2 (three zones), etc. We thus have maxima and minima along the 
axis of the aperture. 

The above considerations give no information about the intensity at 
points off the axis. A mathematical investigation, which we shall not 
discuss bocsiuse of its complexity, shows that P is surrounded ))y a system 
of circular difTraction fringes. Several photographs of these fringes are 
illustratfMl in Fig. 18//. These were taken by placing a photographic 
plate some distan(;e behind circular holes of various sizes, illuminated by 



Ftc. is//, Difrrartic)ii of hy a Hitiiill circular opeuiiiK. {Onuinnl pholooraiiha by 
IJuJford.) 



(a) (6) (c) 

Fig. 187. DifTraction by a circular ubatucle. (a) and (f>) Point source, (c) A negative of 
Woodrow ^^’il.son its a source. {After H afford.) 

monochromatic light from a distant point source. Starting at the 
upper left of the figures, the holes were of such sizes as to expose one, 
two, three, etc., zones. The alternation of the center of the pattern from 
bright to dark illustrates the result obtained above. The large pattern 
on the right was produced by an aperture containing 71 zones. 

18.4. Diffraction by a Circular Obstacle. When the hole is replaced 
by a circular disk, Fresnel’s method leads to the surprising conclusion 
that there should be a bright spot in the center of the shadow. For a 
treatment of this case, it is convenient to start constructing the zones at 
the edge of the disk. If, in Fig. 18G, Pr = d, the outer edge of the first 
zone will be d + (X/2) from P, of the second d + (2X/2), etc. The sum 
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of the series representing the amplitudes from the zones in this case is, 
as before, half the amplitude from the first zone, so the intensity at P is 
practically equal to that produced by the unobstructed wave. This 
holds only for a point on the axis, however, and oil the a.\is the intensity 
is small, showing faint concentric rings. In Fig. 18/ (a) and (6), which 
show photographs of the bright spot, these rings are unduly strengthened 
relative to the spot by overexposure. In (c) the source, instead of being 
a point, was a photographic negative of a portrait of Woodrow Wilson 
on a transparent plate, illuminated from behind. The disk acts like a 
rather crude lens in forming an image, since for every point in the object 
there is a corresponding bright spot in the image. 

The complete investigation of diffraction i>y a circular obstacle shows 
that, besides the spot and faint rings in the shadow, there are bright cir- 
cular fringes bordering th(‘ outside of the shadow. Thesi' are simila** in 
origin to the diffraction fringes from a straight edge to be investigated in 
Sec. 18.10. 

The bright, spot in the center of the shadow of a l-cent piece may 
easily be seen by examining t he region of th(‘ shadow produccnl by an arc 
light several meters away, preferably using a magnifying glass. 

18.6. Zone Plate. This is a special scn'cn designed to hIo(;k off the 
light from every other half-period zone, llie result is to remov'^e either 
all the positive terms in Kq. 18f? or all the n(*gative terms. In cither case 



(«) (b) 


f'lQ. IHJ. Zone plates. 

the amplitude at P (Fig. 18(7) wdll be increased to many times its value 
in the above cases. A zone plate can easily be made in practice by draw- 
ing concentric circles on wdiitc paper, with radii proportional to the square 
roots of whole numbers (see Fig. 18/). Every other zone is then black- 
ened, and the result is photographed on a reduced scale. The negative, 
when held in the light from a distant point source, produces a large 
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intensity at a point on its axis at a distance corresponding to the size of 
the zones and the wavelength of the light used. The relation between 
these quantities is easily obtained if we assume the source at infinity, 
giving a plane wave and plane zones. In Fig. 18C we then have a series 
of right triangles and may write, for any one of them, 

1’ + - (i. + f )■ 

This yields, for the exact radii of the zones, 

8n = ^ 

or practically, since we assume X small compared to 6, 

8n = \^nb\ 

This justifies the statement made aboue that the radii should be propor- 
tional to ^/n. 

The bright spot produced by a zone plate is so intense that the plate 
acts much like a lens. Thus suppose that the first 10 odd zones are 
exposed, as in the zone plate of Fig. 18*/ (a). This leaves the amplitudes 
RijRzyRBf • • • , 7019 [see Fig. l8F(a)], the sum of which is nearly 10 times 
fti. I'he whole wave front gives i/2i, so that using only 10 exposed zones, 
we obtain an amplitude at P which is 20 times as great as when the plate 
is removed. The intensity is therefore 400 times as great. If the odd 
zones are covered, the amplitudes 7?2, Ra, 72e, • • • will give the same 
cflFect. The object and image distances obey the ordinary lens formula, 
the focal length being the image distance for the object at infinity, 
namely. 



There are fainter foci for such a zone plate at distances b/3, b/5, b/7, 
' • • , owing to single zones acting in groups of 3, 5, 7, * * * . 

18.6. Vibration Curve for Circular Division of the Wave Front. Our 
consideration of the vibration curve in the Fraunhofer diffraction by a 
single slit (Sec. 15.4) was based upon the division of the plane wave front 
into infinitesimal elements of area which were actually strips of infinitesi- 
mal width parallel to the length of the diffracting slit. The vectors 
representing the contributions to the amplitude from these elements were 
found to give an arc of a circle. This so-called 8trip division of the wave 
front is appropriate when the source of light is a narrow slit and the 
diffracting aperture rectangular. The strip division of a divergent wave 
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front from such a source will be discussed below (Sec. 18.7). The method 
of division of the spherical wave front appropriate to the above problem 
of diffraction by circular apertures and obstacles consists of dividing the 
wave into infinitesimal circular zones. 

liCt us consider first the amplitude diagram when the first half-period 
zone is divided into eight subzones, each constructed in a manner similar 
to that used for the half-period zones themselves. We make these sub- 
zones by drawing circles on the wave front (Fig. ISC') which are distant 


j,lXj,2X j , 3 X 
^ + 82’^ + 82'^ + 82’ 



from P. The light arriving at P from various points in the first subzone 
will not vary in phase by more than ir/8. The resultant of these may be 



represented by the vector si in Fig. IHK(a). To this is now added 82 , 
th(* resultant amplitude due to the second subzone, then S 3 due to the 
third subzone, etc. The magnitudes of these vectors will decrease very 
slowly as a result of the obli(iuity factor. The phase difference S between 
each successive one will be constant and equal to ir/8. Addition of all 
eight subzones yields the vector AB ns the resultant amplitude from the 
first half-period zone. Continuing this process of subzoning to the 
second half-period zone, we find CD as the resultant for this zone, and 
AD as that for the sum of the first two zones. These vectors correspond 
to those of Fig. 18F. Succeeding half-period zones give the rest of the 
figure, as shown. 

The transition to the vibration curve of Fig. lSK(b) results from 
increasing indefinitely the number of subzones in a given half-period 
zone. The curve is now a vibration spiral^ eventually approaching Z as 
an infinite number of turns are included. Any one turn is very nearly 
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a circle, but does not quite close because of the slow decrease in the 
magnitudes of the individual amplitudes. The significance of the series 
of decreasing amplitudes, alternating in sign, used in Sec. 18.2 for tlie 
half-period zones, becomes clearer when we keep in mind the curve of 
Fig. 18K{b), It has the additional advantage of allowing us to determine 
directly the resultant amplitude due to any fractional number of zones. 
It should be mentioned in passing that the resultant amplitude AZy 
which is just half the amplitude due to the first half-period zone, turns out 
to be from this treatment, 90° m phase behind the light from the center of 
the zone system. This cannot be true, since it is impossible to alter the 
rc\siiltant phase of a wave merely by the artifice of dividing it into zones 
and then recombining the effects of thcise. The discrepancy is a defect 
of Fresners theory resulting from the approximations made therein, and 
does not occur in the more general mathematical treatment given by 
KirchholT.* 

18.7. Cylindrical Wave Fronts. The tv^ave front from a point source is 
spherical, becoming plane at an infinite distance from the source. In 
the case of light spreading out from a slit, the envelope of the secondary 
wavelets is cylindrical, with the slit as the axis of the cylinder. The 

Fresnel diffraction phenomena pro- 
duced when such a wave front 
passes through an aperture having 
straight edges parallel to the slit, 
or by an obstacle having such edges, 
will now be investigated in some 
detail. 

18.8. Fresnel’s Integrals. Let us 

investigate the effect of the cylin- 
drical wave AB (Fig. 1 8L) along a line 
through P and parallel to the slit S. 
Since the cross section of this system, as shown in the figure, is the same 
in any plane perpendicular to jS, it will be sufficient to consider points S 
and P and the circular section AB of the wave in the plane of the figure. 
The secondary wavelets from the various elements ds of the wave front 
will arrive at P in different phases, having traveled different- distances 
MP. It is required to find the resultant amplitude at P due to the wave- 
lets from the whole wave front. Let the vibration of all points in the 
wave front iljB be represented by 



Fio. 18L. Geometry of optical path for 
the derivation of the FresAel iiiteKruls. 
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dy = sin 2 t 



taking the amplitude as proportional to ds/b and the phase as retarded by 
(2T/X)b. From an element ds at a distance s above li/o (measured along 
the wave front) we have 


We are here neglecting the obliquity fa(‘lor, and this will be justified 
later. Since A is different for every point on the wave front, it is 
convenient to separate this factor using the formula 

•j 

sin (A — = sin A cos B — cos A sin B (18f) 

This gives 

cos 2ir Y ds — 

To sum up the contributions from all elements of the wave front between 
Mo and J/, we integrate this expression between the limits zero and 
assuming that d is essentially a constant: 


r 

“i «os 
a 




sin 2ir ^ (f« 


dy = ^ sin 2ir { > 


ft-0 


-^cos2v(^-^)|^ sin^Ada. (ISj) 

Now since the sum of any number of cosine functions of the same fre- 
quency is another cosine function, and similarly for the sines, we may let 


cos ” Ads = R cos $ 
A 


and 


if 

djo 

r f . 2s 

dh “"T 


Ads = R mi $ 


where R and 0 remain to be evaluated. Eq. 18j then becomes 


(18)k) 

(18Z) 
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and, again applying Eq. 18«, 

y = «sin2,(|-5_^) 

Tills roprosonts a vibration having the same period as the wave, but a 
difTcrent amplitude and phase constant. '^l"he phase constant is of little 
interest, but we wish to know the magnitude of the new amplitude li, 
the square of which gives the intensity. This can be found by squaring 
Kqs. 18/: and 18Z and adding, ''rhere results 

/iiJ*(cos* d + sin® ~ ^ cos — Af/«J ^ f ^ ^ (18m) 

Now it remains to find A in terms of s. This can be done from the 
geometry of Fig. 18L. Apyilying the law of cosin«\s to the triangle SPM, 
we may write 

(P = (a 4- ZO*** ~ 2a(a + h) cos <t> 

= lki“(l — cos <t>) 4“ 2tt6(l — cos tjji) 4" (18a) 

Using the n^latioii 1 — cos <^ = 2 sin® {<t>/2), this may be written 
d* = la* sin* ^ + 4ab sin* | + 6* 

Further simplification is possible if we assume the angle 4> small enough 
so that we may put sin 0 = 0, There results 

(P = a®0® 4- ah4>'^ 4- 

4''his equation contains a relation Iwtween A and &*, since d = 6 4“ A and 

0 = a /a. Squaring this value of d, we find 

c/2 = [,2 2bA 4- A® 

1 lere we may drop the last term, since A is negligible compared to h. 'The 
two expressions for d® are then equat.ed, and s/a substituted for 0, giving 

b* + 2bA = (a* + ab) + 6* 

and finally 

* 

This is the required function of s to be substituted in Eq. 18m. How- 

ever, it is more convenient to express the intensity in terms of another 
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I abX 

® \ 2(;a + bj 

Then, from ISo and ISp, 

27 r _ ‘Jtt a + b ab\ _ irr 
T \ '2al)~ 2{a + h) ~ 2 

and, dillVrcntiatins I’aj. iSp, 

I ali\ 

- V2„r+ b) •” 

Substitulins these values in K([. ISm, 


(18p) 

( 18 g) 


= 


7*“ abX 
</- 2(a -)- b) 



Hence the* iiileiisily hecome's 


/ = <‘onsf.. X (x- + 2/‘^) 
where x and y are the integrals, 



(I8.s) 

(ISO 

(18//) 


They an* known as FrcsutTs integrals. The integration of these quan- 
tities gives inlinite stnies which may be evaluated in several ways. 
Although th(? actual evaluation is too complicated to be given here,* we 
have included a table of their numerical values (Table 181). We shall 
describe below (Sec. J8.14) the use of this table in the computation of 
diffraction patterns. 

18.9. Vibration Curve for Strip Division. Cornu’s Spiral. Figure 
ISM is a curve in whi/di the two Fresnel integrals are plotted against each 
other, with x as abscissas and y as ordinates. This curve is kno^vn as 
Cornu's^ sph'al and, as we shall show, constitutes the vibration curve for 
a cylindrical wave front. Let us deduce this vibration curve by a graph- 

*For the inrthods of ovaluntinf; Frcsner.s intcKrals, see R. W. Wood, "PhyKical 
Optira,” 2d cd., p. 217, Tlio Macinillan Coniimny, Now York. 1921. 

t A. Cornu (1841-1902). Proffs.sor of experimental physics at the £cole Poly- 
technique, Paris. 
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Cornu’s spiral, a plot of the Fresnel integrals. 



Fio. 18 ^. Illustrating strip division of cylindrical wave front. 

ical method similar to that used in Sec. 18.6 for the circular division of the 
wave front. 

The appropriate method of constructing half-period elements on a 
cylindrical wave front consists of dividing the wave front into strips, the 
edges of which are each successively one-half wavelength farther from 
the point P (Fig. ISiV). Thus the points ilfo, Mi, M 2 , • • • on the 
circular section of the cylindrical wave are at distances b, b + (^/2)i 
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Table 181. — Table of Fresnel Integrals 


V 

X 

// 

1 • 

X 

y 

0 (K) 

0 0000 

0 0000 

i 4.50 

' 0 5261 

0.4342 

0 10 

0 1000 

0.0005 

j 4 («) 

'< 0.5073 

0.5162 

0.20 

0 1000 

0 0042 

f 4.70 

0 4014 

0 5672 

0.30 

0.2004 

0.0141 

i 4.80 

0 4338 

a 4<)(>3 

0 10 

0 3075 

0.0334 

j 4.00 

0 .5(M)2 

0.4350 

O./iO 

0.4023 

0 0647 

1 5 (M) 

0.5637 

0.49!»2 

0 00 

0.5811 

0.1105 

! 5 . 05 

0.5l.->0 

0.5142 

0 70 

0 0507 

0.1721 

i .'i.lO 

0 . lOitK 

0..'i(i24 

0.80 

0 7230 

0.2403 

5.15 

0.4553 

0.5127 

0 00 

0 7018 

0.3308 

,5 20 

0 4380 

0.4060 

1 .00 

0 779‘t 

0.4383 

5.25 

0 4610 

0 4536 

l.io 

0 7038 

0.5365 

5.30 

0.5078 

0.4405 

1 20 

0 7151 

j 0.6234 

5.35 

0.5100 

0 4662 

1.30 

0 0380 

1 0 6863 

;i 5.40 

0.5573 

0.51 10 

1 10 

0 5431 

0.7J35 

j .'5.4.5 

0 5260 

0 5510 

1 50 

0 1153 

0.(i!l75 

5.50 

0.4784 

0.5537 

1.00 

0 3055 

0 6380 

1 5 . 55 

0.4450 

0 5181 

1.70 

0.3238 

0 5402 

I 5.60 

0. 1517 

0.47(M) 

1 .80 

0.3336 

0.1508 

j 5.65 

0 1026 

0.4141 

1.00 

0.3014 

0 3731 

1 5.70 

0 5385 

0 . 1505 

2 00 

0.4882 

0. 34.34 ! 

j 5.75 

0.5551 

0 5010 

2.10 

0.5815 

0.3713 1 

5 80 i 

0 5208 

0.5161 

2.20 

0.0303 

0.4557 1 

5.85 

0.4810 

0.5513 

2 30 

0.0200 

0 5531 i 

1 5.00 

0 1 186 

0 5163 

2.10 

0 5550 

0 6107 1 

! 5.05 

0.1566 

0.4688 

2 50 

0.157-1 

0.6102 i 

1 6.00 

0.1005 

0.4470 

2 00 

0.3800 

0 5500 

i 6.05 

0 5124 

0.1680 

2 70 

0.3025 

: 0.4520 ; 

6 10 

0.5105 

0 5165 

2. SO 

0 1675 : 

0 3015 ] 

6.15 

0.5116 

0.5106 

2.00 

0 5620 1 

0.4101 

6.20 

0.1676 

0.5308 

3.00 

0 0058 

0 4063 

6.25 

0.4403 

0 -1054 

3 10 

0 5010 

0 5818 

6.30 

0.1760 

0 1555 

3 20 

0. 1661 

0.5033 j 

6 . 35 

0.5240 

0 1560 

3 30 

0. 1058 

0.5102 

6.40 

0.5406 

0 4065 

3. 10 

0 1385 

0 4206 ‘ 

6.45 

0.5202 

0.5308 

3 50 

0.5320 

0.4152 

6.50 

0.4816 

0.5154 

3 00 

0 5880 

0.4023 

6.55 

0 4520 

0.5078 

3 70 

0.5120 

0.5750 

6.60 

0 4600 

0.4631 

3.80 

0.4481 

0 . 5656 

6.65 

0.5161 

0.4540 

3.00 

0.4223 

0.4752 

6.70 

0 5167 

0.4915 

4 (K) 

0.4084 

0 1204 

6.75 

0.5302 

0.5362 

4.10 

0.5738 

0.4758 

6.80 

0.4831 

0.5436 

4.20 

0.5418 

0.5633 

6.85 

0.4539 

0.5060 

4.30 

0.4404 

0.5540 

6.90 

0.4732 

0.4624 

4.40 

0.4383 

0.4622 1 

6.95 

0.5207 

0.4591 
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b + (2X/2), • • • from P. Mo is on the straight lino *SP. The half- 
period strips now stretch along the wave front, perpendicular to the plane 
of the figure, and have widths MoM\, M 1 M 2 J • • • . Their appear- 
ance when viewed from the point P is shown in Fig. 180. We may call 
this process strip division of the wave front. 

In the Fresnel zones obtained by circular division, the areas of the 

zones were very la^arly (‘(pial. In 
the prescuit case of strip division this 
is by no means tlie case, 'riie areas 
of the half-period strips are propor- 
tional to their widths, and these 
decrease rapidly as we go out along 
the wave front from Mq. 

The amplitude diagram of Fig. 
lHP(u) is obtained by dividing the 
strips into substrips in a manner 
analogous that described in Sec. 

1 8.6 for (iircular zones. J )i viding th(j 
first half-period strij) above 3/,) into 
nine parts, we find that the nine amplitude v(‘ctors from the substrips o.\ tend 
from A to B, giv^ng a resultant Ki = AB for the first half-period strip. 
The second half-period strij) similarly gives those between B and (\ with 
a resultant li^ = BC, Since the amplitiules now decrease rai)idly, owing 
to the decn^asing area, /ij is considerably smaller than Pi, and their 
dilTcn-ence in phase is appreciably greater than tt. A reptjtition of this 





Fio. 180 . Fr(»Hin*l h:iir-|irrioi] htripa for a 
cylindrical wave front. 



process of subdivision for the succeeding strips above Mq gives the more 
complete diagram of Fig. 18P(fc). Here the vectors arc spiraling in 
toward Z, so that the resultant for all half-period strips in the upper half 
of the wave becomes AZ. 

If now each half-period strip is divided into substrips of infinitesimal 
width, the diagram of Fig. 18P{b) becomes the upper half of the Cornu 
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spiral of Fig. 183/. The lower half is obtained in exactly ihe same way 
and represents the contributions from all the half-i^eritwl strips b(‘low Afo. 
To prove that the vibration curve is identical with C^ornu’s spiral as 
plotted from Fresners integrals, we note that according to Eq. 18s the 
intensity is proportional to ti:e sum of the squares of x and y. Hut x and 
y are the coordinates pf a point on the spinil, and x- + //“ the square of 
the distance It from the origin to (xAj). On a vibration curve, the inten- 
sity is given by the square of the resultant aniplitmle, which in the 
present case (for the iippt^r part of the Wiiive from Mn to M) is a vector 
such as AC of Fig. 18/*, drawn from the origin to the end of tin* part of 
the spiral whic h is eiTective. Since this is idc'iitical with the distance 
R = y / + ?/®, the two methods lead to the same result. 

The coordinates of the end plants Z and Z' of Oornu's sjaral are (i,i) 
and (— i,— i), respectively. The distance from the origin .1 to / is thus 
l/\/2, and this represents the amplitude contributed by tlu^ upper half 
of the wave. That coni ributed ])y the lower half is 7J A and is also 1 /\/2- 
Squaring the sum of th(‘S(', wci obtain 2 as the intc'iisity due to the whole 
wave, ''riiis nuim^rical value is of no significam^e — it n'sults from the 
assumption that the constant in Kq. 18.s is unity. It is important., how- 
ever, to remember that wlien in the following wc calculate relative? intensi- 
ties as /i®, the square of tlie resultant amplitude, these ^re all relative to 
the value 2 for the unol)structed liglit. That is, if we wish to expr(‘ss the 
intensity / as a fraction of the unobstructed intensity /o, we have the 
relation 



Finally, it is to be noted that distances measured along the spiral arc 
proportional to the varial)le v. This may be seen from the fact that by 
definition (Eq. 18p) v is proimrt ional to s, the length of the wave that is 
effective. Since the latter determines the number of infinitesimal ampli- 
tudes contributing ami hence the length of the arc of the curve, v is pro- 
portional to this length. The advantage of using v rather than s as a 
variable is now apparent, because one scale of v along the curve will apply 
to all cases. If s were used, there would be a different scale of s for each 
different set of values of a, &, and X. The positions of the points t; =* 1.0 
and 2.0 on the scale marked in Fig. ISM should be noted. By Eq. 18g 
they correspond to A = X/4 and A *= X, respectively. 

18.10. Straight Edge. In order to appreciate more fully the meaning 
and use of Cornu’s spiral, we shall first consider its application to the sim- 
plest problem, namely, that of the diffraction by a straight edge. In 
Fig. 18Q(a), N represents the section of a screen having a straight edge 



306 


FRESNEL DIFFRACTION 


[CuAP. 18 


parallel to the slit R. In this figure the half-period strips corresponding 
the point P on the edge of tiie geometrical shadow are marked off on 
the wave front. To find the intensity at P, we note that since the upper 
half of the wave is efTc^c^tive, the arnplilude is a straight line joining A and 
Z (Fig. 18/0 of length \/\/2. The scpiare of this is 1/2, so that the 
intensity at the edge of the shadow is just one-fourjji of that found above 
for the unobstructed wave. 



Fill. ISQ. Showing diviMUii of u cylindrinil 
Btruighl uiIku A'. 



wiivo front AH for Fresnel iliffrartion at a 



Fi«. 1S7J. Cornu hpirul showing rosultants for KtnuRht-cilRp iliffrartion pattc^rn. 

('.onsider next the intensity at the point P' [Fig. 18Q(a)] at a distance 
X above P, To be spc'cific^, let P' lie in the direction SMi, where il/i is 
the upper edge of the first half-period strip. For this point, the center 
Mo of the half-period strips lies on the straight line joining S with P', and 
the figure must be reconstructed as in Fig. 18y(/)). The straight edge 
now lies at the point M[, so that not only all the half-period strips above 
Mo are exposed but also the first one below Mo. The resultant ampli- 
tude R is therefore represented on the spiral of Fig. 18B by a straight line 
joining B' and Z. This amplitude is more than twice that at P, and the 
intensity B* more than four times as great. 
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Starting with the point of observation P at the edge of the geometrical 
shadow (Fig. 18Q), where the amplitude is given by AZ, if we move the 
point steadily upward, the tail of the amplitude vector moves to the left 
along the spiral, while its head remains lixed at Z. The amplitude will 
evidently go through a maximum at b', a minimum at c', another maxi- 
mum at d', etc., appr«»aching finally the value Z’Z for the unobstructed 





Fig. ISN. Amplitude uiid iiitcMisity contours for Fresnel diffract ion at a straiKlit edgo. 



(c) 


Fio. 187. Straight-edge diffraction patterns photographed with (a; visible light X4300 A, 
and (b) X rays X8.33 A. (c) Mi«;rophotometer trace of (a). 

wave. If we go downward from P, into the geometrical shado>v, the tail 
of the vector moves to the right from A, and the amplitude will decrease 
steadily, approaching zero. 

To obtain quantitative values of the intensities from Cornu^s spiral, 
it is only necessary to measure the length R for various values of v. The 
square of R gives the intensity. Plots of the amplitude and the intensity 
against v are shown in Figs. 18«S(a) and (b) respectively. It will be seen 
that at the point A, which corresponds to the edge of the geometrical 
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shadow, the intensity has fallen to one-fourth that for large positive 
values of v, where it approaches the value for the unobstructed wave. 
The other letters correspond with points similarly labeled on the spiral, 
C\ /)'•••, representing the exposure of one, two, three, etc., half- 
period strips below Jfo. Th(^ maxima and minima of the diffraction 
fringes occur a little l)cfore these points are rea(‘hed. For instance, the 
first maximum at V is given when the amplitude vector R has the posi- 
tion shown in Fig. 18/2. Photographs of the diffraction pjittern from a 
straight edge arc shown in Fig. J8!Z'(a) and (/>). Pattern (a) was tak(‘n 
with visible light from a mercury arc, and {b) with X rays, X = 8.33 A. 
Figure 187Xc) is a density trace of the photograph (a), directly above, 
and was made with a microphotometcr. 

18.11. Rectilinear Propagation of Light. When we investigate the 
scale of the abov(^ pattern for a particular case, f,hc reason for the appar- 
ently rcctiliiM^ar ])ropagation of light becomes clear. Let us suppose that 
in a particular case a = fc = 100 cm, ayd X = 5000 A. From liq. 18p, 
we then have 


s — V 


ah\ 
2(a -f- b) 


0.035 cm 


This is the "distance along the wave front [Fig. 18Q(a)]. To change it to 
distances I oni?hc scnien, we note from the figure that 


For the particular case clioscn, therefore, 

I 2s = 0.0708/; cm 


( 18/0 


Now in the graph of Fig. lSS{b) the intensity at the point i; = —2 is 
only 0.025 or one-eightieth of the intensity if the straight edge were 
absent. This point has I = —0.142 cm, and therefore lies only 1.42 mm 
inside the edge of the geometrical shadow. The part of the screen below 
this will lie in practically complete darkness, and this must be due to 
the destructive interfcnnicc of the secondary wavelets arriving here from 
the upper part of the wave. In view of the relatively small scale of the 
diffraction pattern found in this example, our neglect of the obliquity 
factor and of the variation of amplitude with distance in the derivation 
of Fresnel’s integrals is of small consequence. 

18.12. Luminosity of the Diffracting Edge. If the eye is placed at a 
point such as P\ Fig. 18(7, inside the geometrical shadow of a straight 
edge, one sees a short., bright line of light along the edge iV. This means 
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that the light reaching P' consists of cylindrical wave fronts appar- 
ently originating at N. Nothing in the treatment of Sec. 18.10 would 
indicate the existence of such waves, and the fact that they are observed 
must mean that they constitute the net effect of the entire exposed wave 
front extending above the point No evidence of their pi'esence was 
obtained above, becaiue we were there concerned only with amplitudes 
and intensities and neglected the matter of phases. But the shape of 
the wave fronts is determined by the variation with the distance below 
the point P of the resultant phase of the Wght reaching t he screen. The 
phase for any one point can be found from Cornu’s spiral ])y the angle 
that the corresponding amplitude vector makes with tlie .r axis. A 
detailed analysis of its variation with the position of P', which wc shall 



Fio. 18 ^’. Olwicrvatioii of the liiiiiiiioiis cmIko. Tor the siiko of siiiiplic-ity the jini-fH of (ho 
%V4ivi».s near the line have (H*eii (Miiittecl. 

not reproduce here,* shows that this variation has the form expected for 
cylindrical waves the axis of which lies along the straight edge. This 
result holds only if we are not too close to P and^if tin; wavehmgth is 
relatively much smaller than is indicated in Fig. 18(7. If an actual slit 
source were located at Ny a representative short section of arc slid along 
Cornu’s spiral will show that the cylindrical waves spreading out from N 
would have phase relations corresponding to the waves shown by broken 
lines line CC\ For the straight edge, however, the deflected weaves set 
up by the whole effective wave front have phase relations corresponding 
to the arcs AjV and HB\ Cornu’s spiral shows that b(»low the geo- 
metrical shadow P the phase is retarded by 7r/4, while above; it is retarded 
by 57r/4. In the region near P the wave fronts, although not shown, are 
smooth and continuous, connecting such points as A' and B. 
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Luminosity of the edge of the diffracting obstacle is a general phe- 
nomenon, and may be observed, for example, by the light at the center 
of the shadow of an opaque disk or strip, and even in the region outside 
the geometrical shadow of a straight edge. If the eye is placed at 
Fig. 1817, one observes both the primary source and the luminous edge. 
The diffraction fringes in this region can be interpreted as due to inter- 
ference between the light from these two sources. In doing so, one must 
take into account a retardation of phase of 6ir/4 by which the deflected 
waves lag behind the primaiy vraves. In view of the fact that the 
diffracted light always appears to come from the edge itself, it is under- 
standable that the early investigators of diffraction first thought of 
interactions between the light and the material of the edge itself (Sec. 
18.1). Young, for example, tried to explain the straight-edge fringes as 
due to interference between the direct light and that reflected from the 
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edge. It was not until Fresnel's work that the true significance of the 
luminous edge was appreciated. 

18.13. Single Slit. We next consider the Fresnel diffraction of a single 
slit with sides parallel to a narrow source slit S [Fig. 18F(a)]. By 
the use of Cornu's spiral we wish to determine the distribution of the light 
on the screen PP\ HYith the slit located as shown, each side acts like 
a straight edge to screen off the outer ends of the wave front AB. We 
have already seen in the last section how to investigate the pattern 
from a single straight edge, and the method used there is readily 
extended to the present case. With the slit in the central position 
of Fig. 18F(a), the only light arriving at P is that due to the wave 
front in the interval As = MN. In terms of Cornu's spiral we must 
now determine what length Av corresponds to the slit width As. This 
is done by Eq. 18p, using Av for v and As for s. Let a = 100 cm, 
h = 400 cm, X = 4000 A = 0.00004 cm, and slit width As = 0.02 cm. 
Substituting in Eq. 18p, we obtain At; — 0.5. The resultant amplitude 
at P is then given by a chord of the spiral, the arc of which has a length 
Au =* 0.5. Since the point of observation P is centrally located, this arc 
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will start at v = —0.25 and run to r = +0.25. This resultant R S 0.6 
when squared gives the intensity at P. 

Ji we now vnsh the intensit^*^ at P' [Fig. 18F(6)], the picture must be 
revised by redividing the wave front as shown. With the point of 
observation at P', the same length of wave front, As = 0.02 cm, is 
exposed, and therefore the same length of the spiral, Av ~ 0.5, is effec- 
tive. This section on the lower half of the wav'c front will, however, 
correspond to a new position of the arc on the lower half of the spiral. 
Suppose that it is represented by the arc jk in Fig. 1 8 IF. The resultant 



Fi(i. 18 W. Cornu’H spiral showing equal arc lengths v. 


amplitude is proportional to the chord P, and the square of this gives 
the relative intensity. Thus to get the variation of intensity along the 
screen of Fig. 18 F, we slide a piece of the spiral of cortstant length Av » 0.5 
to various positions and measure the lengths of the corresponding chords 
to obtain the amplitudes. In working a specific problem, the student 
may make a straight scale marked off in units of v to tenths, and measure 
these distances on an accurate plot such as Fig. 18ilf, using the scale of 
V on the spiral to obtain the constant length Av of the arc. The results 
should then be tabulated in three columns, giving v, P, and P^. In 
the first column, the value of v for the central point of the arc whose 
chord P is being measured should be tabulated. For example, if the 
interval from v = 0.9 to i; == 1.4 is measured (Fig. 181F), the average 
value V = 1.15 is tabulated against P » 0.43. 

Photographs of a number of Fresnel diffraction patterns for single 
dits of different widths are shown in Fig. 18X with the corresponding 
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intensity curves beside them. These curves have been plotted by the 
use of Cornu’s spiral. It is of interest to note in each curve the indicated 
positions of the edges of the geometrical shadow of the slit. Very little 
light falls outside these points. For a very narrow slit like the first of 
these where Av = 1.5, the pattern greatly resembles the Fraunhofer 
diffraction pattern for a single slit. The essential difference between 
the two (cf. Fig. 15D) is that here the minima do not come quite to 
zero except at infinitely large v. The small single-slit pattern at the 
top was taken with X rays of wavelength 8.33 A, while the rest were 



-6 -3 0 *3 +6 


Fiu. IS.V. l''rL>.'9iiol difTnictiuii uf visible liKht by narrow slits. {X-ray pnltvrn after Kell- 
atrom.) 

taken with visible^ light of wavelength -1358 A. As the slit becomes 
wider, the fringes go through very rapid changes, approaching for a 
wide slit the general appearance of two opposed straight-edge diffraction 
patterns. The small closely spaced fringes superimposed on the main 
fringes at the outer edges of the last figure are clearly seen in the original 
photograph and may be detected in the reproduction. 

18.14. Use of Fresnel’s Integrals in Solving Diffraction Problems. 
The tabulated values of Fresnel’s integrals in Table 181 may be used 
for specific problems in place of the plotted spiral. Although it is more 
tedious, this method is the most accurate. For an interval At; = 0.5, for 
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example, the two values of x at the ends of this interval are read off and 
subtracted algebraically to give Ax. The corresponding two values of y 
are also subtracted to give Ay. These according to Eq. 18s are squared 
and added to obtain directly the intensity for the mid-point v. In 
the case of the straight edge, and others Avhero the number of zones on 
one end of the int('rv 4 il is not limited, the values of both x and y will be 
at this end. This is also the case in the next example we shall discuss. 

18.16. Diffraction by an Opaque Strip. The shadow cast by a narrow 
object with parallel sides, such as a wiro^ may be studied by the use of 
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Cornu’s spiral. In the case of a single slit, treated in Sec. 18.13, it was 
shown how the resultant diffraction pattern is obtained by sliding a 
fixed length of the* spiral, Av = constant, along the spiral and^ measuring 
the chord between the two end points. The rest of the spiral out to 
infinity, i.c., out to Z oi’ Z' on each side of the clement in question, was 
absent owing to the screening by the two sides of the slit. If now the 
opening of the slit in Fig. 18V'(a) is replaced by an object of the same 
size, and the slit jaws taken away, we have two segments of the spiral 
to consider. Suppose the obstacle is of such a size that it covers an 
integral Av = 0.5 on the spiral (Fig. ISTF). For the position jk the 
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light arriving at the screen will be due to the two parts of the spiral, 
one from Z* to j and the other from k to Z. The resultant amplitude 
due to these; two sections is obtained by adding their respective ampli- 
tudes as vectors. The lower section gives an amplitude represented by 
a straight line from Z' to j, with the arrowhead at j. The amplitude 
for the upper section is represented by a straight line from k to Z with 
the arrowhead at Z. 'llic vector sum of these two gives tlie resultant 
amplitude /i, and gives the intensity for a point v halfway between 
j and k. Photographs of three diffraction patterns produced by small 
wires are shown in Fig. 18 F, accompanied by the corresponding curves 
determined directly from Cornu's spiral. 

18.16. Double Slit. As in the case of the single slit, the Fresnel 
diffraction pattern for a double slit shows marked differences from the 
Fraunhofer pattern. To study this case we again make use of the 
Cornu's spiral of Fig. 18 VF. The treatment of the single slit in Sec. 
18.13 and of the opaque strip in Sec. 18.J.5 lends itself to an easy exten- 
sion. Knowing the distances a and h as in Fig. 18 K, the wavelength X, 
the two equal slit widtlis A.s, and the separation As' between the centers 
of the slits, one first calculates the corresponding Av intervals by means of 
Kq. 18p. For example, let a = 100 cm, h = 400 cm, X = 4(XK) A, 

As = 0.02 cm, anH A^' ~ 0.04 cm. By Eq. 18p each slit is represented 

on the spiral by two equal arcs of length Av = 0.5, the centers of which 
are separated by an interval of At;' = 1.0. Let the two arcs be repre- 
sented by jk and Im separated by an equal gap kl (Fig. 181F). The 

resultant amplitude for each of these two arcs, given by the arrows R 
and B", must now be added vectorially to give a total resultant R. The 
variation in intensity on the screen is again obtained by sliding the 
arcs, fixed in length and separation, around the spiral, reading off for 
different points the resultant amplitudes and the corresponding value 
of V. The positions Im and no, separated by the missing interval mn, 
illustrate one other location of the arcs. The value of v used for this 
second position of the three equal sections of the spiral is the central 
point V » 0.65. After tabulation, the values of v may be transformed 
into distances x on the screen by means of Eq. 18t;. Care must be taken 
when adding the two vectors for each position that the arrows are taken 
in the right direction. This is determined by the fact that the infini- 
tesimal amplitude vectors of which the spiral is composed start at Z' 
and end at Z. Hence the arrowhead of any vector must be at the end 
nearer on the spiral to Z. 

The complementary case to the double slit is that of two opaque strips 
or wires parallel to each other. On the spiral there will now be two 
absent sections like jk and Im, and three open sections Z'j, kl, and mZ. 
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Three vectors, obtained by joining these three latter pairs of points, 
must then be added vectorially to give the resultant amplitude R. 

18.17. Babinet’s Principle. For the general case of any two comple* 
mentary diffracting screens such as jSi and of Fig. 18Z, this principle 
states that at any place on the observing screen where the intensity in 
the absence of both iSi and S 2 is zero, the diffraction pattern will be 
exactly the same when either S\ or S 2 is used by itself. In Fresnel 
diffraction, z.c., in the absence of the lens L, the principle applies only 
to regions well outside M and N. If, however, L is usexl to focus an 
image of the source S at Po, this image will be very small in the absence 
of any diffracting screens, since it will be just the Fraunhofer pattern 
corresponding to the aperture of the lens. Then Habinet’s principle 



Fig. 18 /. Bubiiict's principle. 


will apply to the whole field MNj except in the immediate neighborhood 
of Pq. The principle is proveil as follows: Let lii be the amplitude 
produced at any observing point whatsoever by Si alone, and R 2 that 
produced at the same point by ^2 alone. The amplitude existing at this 
point when both screens are absent must be the vector sum of Ri and R 2 , 
because the parts of the wave passed by the two screens are comple- 
mentary, and these parts taken together constitute the whole wave. 
Then at any point where /J = 0, we must have R 2 = — /Zi. The ampli- 
tudes are equal but the phases are opposite. When the amplitudes are 
squared to obtain intensities, the equality of the latter is proved. 

Problems 

1. If a large number of opaque disks of equal size are randomly distributed 
by dusting lycopodium powder on a glass plate), and if a distant light source is then 
viewed through the array, a diffraction disk surrounded by a set of rings is seen, the 
appearance being very similar to that of the Fraunhofer pattern of a circular aperture 
(Fig. 15 /ir). (a) By the use of Babinet’s principle, explain the existence of such a pat- 

tern. (b) If the angular diameter of the first bright ring is 2" for sodium light, what is 
the diameter of the disks? 
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2. Monochromatic li^ht of wavelength 5633 A originates at a distant point source 
and passe's through a circular opening of a diameter which is eontiniiously variable 
(see Fig. IStir). {a) Tabulate the values of the diameter of the hole in centimeters at 
which the maxima and minima occur at a pennt on the axis of the* hole and 2 m behind 
it. (6) For a hole 3 mm in diaincitcr, tabulate the distances in ctintiinctors from the 
hole, along the axis, at which the maxima and minima occur. 

3. Compute the radius of a zone plate having a focal length of 2..5 m for white light 
(\ » 5550 A). Assume the ])latc to have 16 open zones, the central one being 
opaque. 

4 . A zone plate is drawn and then is copied on a reduced scale so that the diameter 
of the central zone is 2.3 mm. If a point source of red light, XOCMX), is placed 600 cm 
from the zone plate, find tin; positions of the primary image and of the w(*aker sec- 
ondary images. 

6. Plot Cornu’s spiral from the values of v, x, and y in Table ISl. I'se a fairly 
large sheet of graph papcT, so that both halves of the spiral may be included, and 
mark off the scab; of v on the spiral. 

6. Using (’ornu’s spind from Prob. 5, plot a straight-edge difTrai'tion pattern for 
which a » 00 cm, b = 3(M) cm, and X = 43.'>0 A. Plot intcaisity against distance x 
measured on the screen. What are the values <»f x for thf' first three maxima? 

7. Using Cornu’s spiral from Prob. 5, plot a single-slit dilTmction jjattern for one 

of the following slit widths: — 0.2 mm, 0.4 mm, 0.6 iiim, O.S nun, 1.0 mm, 1.4 mm, 

1.8 mm, 2.4 mm. Assume a » 200 cm, b » 3(M) cm, nnd X = l(K)() A. 

8 . Using Cornu’s spiral from Prob. 5, plot the ditTraction pattern of an obstacle 
the same size as one of the slits of Prob. 7. 

9. Using Cornu’s spiral from Prob. 5, plot the diffraction jiattern of a double slit. 
Assume the intervals on the spiral correst)onding to the width of each slit to be 
Ac => 0.5, and that corresponding to the opaque strip ludwi'cn them to be Ac = 0.6. 

10 . Calculate accurately, by the use of the table of Fresnel’s integrals ('^fable 181), 
the intensity in the shadow of a straight edge at a point corresponding to a = —3.0. 
Ex])ress the result relative to the unobstructed intensity. Fiml thc‘ distance on the 
screen of this point from the edge of t he geometrical shadow, if a =80 cm, b = 250 cm, 
and X » 4500 A. 

11 . Determine the intcn.sity at the minimum of tin* first dark fringe in the straight- 
edge diffraction pattern, expressing it relative to that of the unobst riKded wave. The 
approximate value of v ivay first be determined from (’ornu’s spiral, and then the 
exact intensities for several values of v in this neighborhood may be computed from 
the table of Fresnel’s integrals. A plot will then give the minimum. 

12 . Find the iiinximum intensity obtainable at the c(*iiter of a single-slit diffraction 
pattern, as the slit width is varied. To what slit width does this maximum corre- 
spond if o = 100 cm, b = 300 cm, and X = 4000 A? 'J'he method suggested in Prob. 
11 may also be applit'd here. 

13. By what percentage does tlu? area of the tenth Fresnel half-period zone differ 
from that of the first, when b = 2 m and X = 6000 A? 

14 . A source slit is mounted on an optical bench, 150 cm from a holder for diffracting 
screens, and is illuminated with sodium light. ObsiTvations are to be made 150 cm 
behind the screens. Using the values of Fresnel’s intc'grals in '^Pable 181, calculate 
the exact intensity, relative to that of the unobstructed beam, (a) at a point 3 mm out- 
side the edge of the geometrical shadow of a straight edge, (6) at the center of the pat- 
tern due to a single slit 2 mm wide, and (c) on the edge of the geometrical shadow of 
nn opaque strip 1 mm wide. 
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16 . Ijct I represent the relative intensity at any point in a sin((le-s1it pattern, and 
let Ax and Ay represent the components of tlio eorres}H)nding amplitude vector. By 
consideration of the relevant vectors on Cornu’s spiral, prove that the relative inten- 
sity at the same point in the pattern due to the complementary screen of an 
opaque strip of the same width ns the slit) is f^iven by 1 +/ — Ax — Ay. 

16 . Investigate the fringes within the shadow of an opaciue strip from the stand- 
point of their being causad by interference of the light from the two luminous edges of 
the strip acting as two narrow line sources. Take the example Av 3.0 given in 
Fig. ISr, and see whether the spacing of the fringes corre.sponds to this hy|K)thesis. 



CHAPTER 19 

THE VELOCITY OF LIGHT 

In the prncoding chapters we have found that the interference and 
diffraction of light can be successfully explained by assuming that light 
consists of waves. We now turn to another fundamental property of 
light waves, their velocity of propagation. It is to be expected that 
waves having a definite frequency will travel with finite and constant 
velocity in a given medium. I/ight waves, or in general, electromagnetic 
waves, arc unique in their ability to move through empty space and 
here the velocity is I he same for all freciucncries. Ilcmce the velocity of 



Fra. I9vl. Illu.str:itiiiK Uoiiior’s nstroiioiniral obwrvntions on Jiipitor’s moons, from which 
tho velority of was first inoasurod. 

light in vacuum, c, is^an important constant of nature. Our first object 
will be to describe the various ways in which this quantity has been 
accurfi tcly nu*:isi i rer 1 . 

19.1. Romer’s Method. Heeause of the very groat velocity of light, 
it is natural that the* first successful measurement was an astronomical 
one, because here vctv large distances are involved. In 1676 Romer* 
studied thef times of the eclipses of the siitellites of the planet Jupiter. 
Figure 19A(a) shows tlie orbits of the earth and of Jupiter around the 
sun S and that of one of the satellites M around Jupiter. The inner 
siitcllite has an average period of revolution To = 42 hr 28 min 16 sec, 
us determined from the average time between two passages into the 
shadow of the planet. Actually Romer measured the times of emergence 

* Olaf ROmcr (1044-1710). Danish astronomer. His work on Jupiter’s satellites 
was done in Paris, and later he was made astronomer royal of Denmark. 
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from the shadow, while the times of transit of the small black spot 
representing the shadow of the satellite on Jupiter's surface across the 
median line of the disk can be still more accurately measured. 

A long series of observations on the eclipses of the first satellite per- 
mitted an accurate evaluation of the average period To. Romer found 
that if an eclipse was observed when the earth was at such a position 
as K\ [Fig. 19.1 (a)] with respect to Jupiter Ji, and the time of a later 
eclipse was predicted by using the average period, it did not in general 
occur at exactly the predicted time. Specifically, if the predicted eclipse 
was to occur about 3 months later, when the earth and Jupiter were 
at Ei and he found a delay of somewhat more than 10 min. To 
explain this, he assumed that light travels with a finite velocity from 
Jupiter to the earth, and that since the earth at E 2 is farther away from 
Jupiter, the observed delay represents the time required for light to 
travel the additional distance, llis measurements gave 11 min as the 
time for light to go a distance •equal to the radius of the earth's orbit. 
We now know that 8 min 18 sec is a more nearly correct figure, and com- 
bining this with the average distance to the sun 93 X 10® miles, we find 
a velocity of about 187,000 rni/sec. 

It is instructive to inquire how the apparent period of the satellite, 
i.c., the time between two successive eclipses, is expected to vary through- 
out a year. If this time could be ob.st^rved with sufficient accuracy, one 
would obtain the curve of Fig. 19A(6). We may regard the successive 
eclipses as light signals sent out at regular time-intervals of 42 hr 28 min 
10 sec from Jupiter. Now at all points in its orbit except Ei and E% 
the earth is changing its distance from Jupiter more or less rapidly. If 
the distance is increasing, as at E 2 , any one signal travels a greater dis- 
tance than the preceding one and the observed time lx;tween them will 
be increased. Similarly at Ea it will be decreased. The maximum 
variation from the average period, about 15 sec, the time for light to 
cover the distance moved by the earth between two eclipses, which 
amounts to 2.8 X 10® miles. At any given position, the total time delay 
of the eclipse, as observed by Romer, will be obtained by adding the 
amounts T — To [Fig. 19A(6)], by which each apparent period is longer 
than the average. For instance, the delay of an eclipse at predicted 
from one at Ei using the average period, will be the sum of 2' — To for 
all eclipses between Ei and Eo.- 

19.2. Bradley’s* Method. The Aberration of Light. Romer's inter- 
pretation of the variations in the times of eclipses of Jupiter's satellites 

* James Bradley (1693-1762). At the time professor of astronomy at Oxford. He 
got his ideas about aberration by a chance observation of the changes in the apparent 
direction of the wind while sailing on the Thames. 
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was not acenptod until an entirely independent determination of the 
velocity of light was made by the English astronomer Bradley in 1727. 
Bradley discovered an apparent motion of the stars which he explained 
as due to the motion of the earth in its orbit. This effect, known as 
aberration^ is quite distinct from the well-known displacements of the 
nearer stars known as parallax. Bec^ause of parallfA', these stars appear 
to shift slightly relative to the background of distant stars w^hen they 
are viewed from different points in the earth^s orbit, and from these 
shifts the distances of the stars are computed. Since the apparent 
displacement of the star is opposite to that of the position of the earth, 
the effect of parallax is t(j cause the star wlii(*,h is observed in a direction 
perpendiciilar to the ])lanc of the earth’s orbit to move in a small circle 
^ wnth a phase differing by tt from 

I , e j the earth’s motion. The angular 

System p] Telescope diameters of thes(‘ circles are very 
/ small, being not much over 1 scH'ond 

/ of arc for the nearest stars. Aberra- 

/ tion also causes the stars observed 

C iC* 

J in this direction apparently to move 

<b> 1 in circles, but hercj the circles havo 

• / an angular diamebT of about 11 

/ s<?conds, and they are the same for all 

stars, whether near or distant. 
iMirtherinorc, the displacements are 
^ always in the direction of the earth's 

I-.O. 19 «. rilustrufinK nstr.,- volocity, SO thut tlio drcular motioiis 

noiii ciil ohsorvatiuii.s nf the aUTraiioii of are jr/2 different in phase from the 
*’*'*‘*' earth’s motion [Fig. 197i(o)]. 

Bradley’s explanation of this effect was that the apparent direction of 
the light reaching the* earth from a star is altered by the motion of the 
earth in its orbit. The observer and his telescope are being carried 
along with the earth at a velocity of about 18.5 mi/sec, and if this 
motion is periiendicular to the direction of the star, the telescope must, be 
tilted slightly toward the direction of motion from the position it would 
have if the. earth were at rest. The reason for this is much the same 
as that involved when a person walking in the rain ipust tilt his umbrella 
fonii'ard to keep the rain off his feet. In Fig. 19/7(6), let the vector v 
represent the velocity of the telescope relative to a system of coordinates 
fixed in^the solar system, and c that of the light relative to the solar 
system. We have represented these motions as perpendicular to each 
other, as would be the case if the star lay in the direction shown in Fig. 
19£(a). Then the velocity of the light relative to the earth has the 


I'lo. 10/^. Tlliistrutiiiff nmclloy’s nstro- 
nniii cnl olmorvutiuii.s of the ;ilM>rra(iori uf 
liRht. 
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direction of c', which is the vector difference between c and v. Thie is 
the direction in which the telescope must be pointed to observe the star 
image on the axis of the instrument. We thus see that when the earth 
is at El the star S has the apparent position Si, when it is at Et, the 
apparent position is Sj, etc. If S were not in a direction perpendicular 
to the plane of the earth’s orbit, the appamnt motion would be an ellipse 
rather than a circle, but the major axis of the ellipse would be equal to 
the diameter of the circle in the above case. 

It will be seen from the figure that tlie angle a, which is the angular 
radius of the apparent circular motion, is given by 

tan « ^ (19a) 

Recent mc'nsiiroments of this so-called anglr of aherration give a mean 
value a = 20. 179" ± O.OOS as the angular radius of the apparent circular 



Fk;. IOC. Fisscau*.^ cxporiinontnl nrr.*iiiKoinont iisofl in tlir; first torrest ri:il (lolcrminatinn of 
thu velocity’ of JiKht. 

orbit. Combining this with the' known v(‘locity v of the earth in its 
orbit, we obtain c = 18(),23.‘J mi/sec, or 299,714 km/sec. This value 
agrees to within its experimental error with the Inore accurate results 
obtained by the; latest measurements of the velocity of light by direct 
methods, the principles of whicli we shall now describe. 

19.3. Fizeau’s Terrestrial Method. Fizeau,* in 1849, first succeeded 
in measuring c by a method not involving astronomic;al observations, 
i.e., one in which the light path was on the earth’s surface. , The prin- 
ciple of his determination was the obvious one of sending out a brief 
flash of light and measuring the time for this to travel to a distant mirror 
and back to the observer. This was accomplished with the apparatus 
shown in Fig. 19(7. The cogwheel WF is rotated at high speed so that 

• H. L. Fizeaii (1819-1806). Born of a wealthy French family, he was financially 
independent to pursue his liohhy — the velocity of light. His experiments \/ere carried 
out in P;iris, the light traveling hetween Montmartre and Siiresnes. 
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it cuts the light beam passing through the rim at F into a series of short 
flashes. A flash is sent out each time the wheel is in such a position 
that the light can pass between two cogs. It is then rendered parallel 
by the lens La and focused by Lz on a plane mirror M. In Fizeau’s 
experiments the distance MF was 5.30 miles. After reflection from 
the flash of light retraces its path, and is again focused by La on the rim 
of the wheel. If during the time that the light has traveled from F to 
M and back the wheel has turned to such a position that a cog is inter- 
posed at F, this flash will be cut out, and the same will be true of any 
other flash. 

With the wdiecil at rest in such a position that the light traverses the 
opening 0 between two cogs (Fig. 19C', center), the observer at E will 
see the image of the light source at F by means of the eyepiece L 4 , focused 
on F through the half-silvered mirror G. If the wheel is now rotated 
with increasing specMl, a state will be rtmehed in which the light passing 
0 is stoppf;d by a, that passing 1 is stopp/;d by cog hy etc., and the image 
will bo completely eclipsed. A further increase in speed will cause the 
light to reappear when these flashes pass through openings 1 , 2 , • • • , 
and a second eclipse will occur where they arc stopped by 6 , c, • • • . 
Fizeau’s wheel had 720 cogs, and since the light path was 2 X 5.30 or 
10.72 miles, the wlieel had to turn through tAtt of a revolution in 10.72/c 
sec to produce the first eclipse. Hence the first eclipse should occur at a 
speed of c/(J0.72 X 14*40) rev/sec, and the others at 3, 5, 7, • • • times 
this speed. Fizeau observed the first eclipse at 12.6 rev/sec, giving 
e = 194,600 mi/soc or 3]3,3(M) km/sec. 

That this is appreciably higher than the values obtained by the astro- 
nomical methods is not surprising, in view of the difficulties of the 
experiment. With Fizeau’s arrangement, the determination of the exact 
condition of total eclipse caused the principal uncertainty. The experi- 
mental conditions wele later improved by Cornu, and by Young and 
Forbes. The latter overcame the above difficulty by placing another 
lens and mirror, identical with L 3 and M, at a somewhat greater distance. 
The two images thus formed were observed simultaneously, and instead 
of measuring the conditions of eclipse or of maximum in either image 
they measured the speed of the cogwheel at the time the two images 
appeared to be of equal intensity. The eye is very sensitive to the 
detection of slight differences in intensity of adjacent images, so this 
measurement could be made more accurately. Their result* was 
301,400 km/sec. 
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19.4. Rotating-mirror Method. This is a second terrestrial method, 
originally suggested by Arago"* and first applied successfully by Fiaeau 
and Foucaultf independently in 1850. The principle of these early 
determinations is illustrated in Fig. 19D. Light from the source S 
traverses the plane glass plate G and, after reflection from the plane 
mirror 72, is focused iby the lens L on a stationary concave mirror M. 
If R is also stationary, the light retraces its path and an image of S is 
formed at E by partial reflection in G. 

If now R is rotated at high speed about an axis perpendicular to the 
plane of the figure, it will have turned through a small angle a by the 
time the light has returned from il/. The reflected beam will then be 
turned through 2a, and a displaced image E* will be produced by L. 
The displacement EE' obviously depends on the angular velocity of R 



Fio. 19Z). Rotating-mirror upi)uratu.s usimI hy l^'oiiraiilt in nionHuring f ho velocity of light. 

and on the distances KM and RGE, and if tJiese (quantities are known the 
velocity of light may be found. 

In the linal measurements of Foucault, RM was 20 m and essentially 
equal to the radius of curvature LM of the mirror M. The displacement 
EE' was only 0.7 mm but could be measured by the micrometer eyepiece 
to within 0.005 mm. Foucault’s result for the velocity of light was 
roughly 298,000 km/sec. The accuracy of the determination by the 
rotating-mirror method was later greatly improved in the experiments 
of Cornu, Newcomb, f and Michelson. The chief improvement in the 
later work lay in the use of a greater light path. This was limited in 
Foucault’s arrangement by the loss of intensity in the image when the 

* D. F. J. Arago (1786-1853). Noted Parisian astronomer and physicist. He is 
principally known for his W'ork on the interference of polarized light (Chap. 26) and 
on electromagnetism in conjunction with Ampi^re. 

t J. L. Foucault (1819-1868). Between 1845 and 1849 Foucault collaborated with 
Fizeau, but owing to difference of opinion they afterward worked separately. Fou- 
cault is also known for his demonstration of the rotation of the earth by a pendulum 
and for the Foucault knife-edge test. His researches on the velocity of light in water 
(Sec. 19.10) constituted his thesis for the doctorate, presented in 1^1. 

t Simon New'comb (1835-1909). Distinguished American astronomer, associated 
with the U.S. Naval Observatory and the Johns Hopkins University. 
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distance RM was made large. The rotating beam from R is returned 
by M only during the small fraction of the time that it is sweeping 
across M. This difficulty was overcome in Michelson’s work by using a 
lens L of larger focal length, and increasing the distance RL until R and 
M were nearly conjugate foci of L. With S fairly close to R, and a lensL of 
sufficiently long focus, the mirror M could now ba placed several miles 
away. Another improvement adopted by Newcomb and Michelson was 
the replacement of the plane mirror R by one having four or more reflect- 
ing faces (Fig. 19Zi’). This also resulted in a gain of intensity in the 
image. * 

19.6. Michelson’s Later Experiments. We shall not describe the 
successive experiments in which the determination of c by rotating mirrors 
was steadily improved. The numerical results with their estimated 



Fid. 19J?. Miclictsoii's arrangement UMcd for dolerminiiig tiio vcloc^ity of liglit (1920). 

errors will be given later in Table 191. Instead, we shall consider two 
of the latest determinations by this method, both of which were insti- 
tuted by Michelson. The first of these is a scries of measurements car- 
ried out at the Mt. Wilson Observatory in 102(), which constituted a 
considerable improvement in the accuracy of this method. 

The form of the apparatus finally adopted is shown in Fig. IQE. Light 
from a Sperry arc S passes through a narrow slit and is reflected from 
one face of the octagonal rotating mirror R. Thence it is reflected from 
the small fixed mirrors b and c to the large concave mirror Mi (30-ft 
focus, 2-ft aperture). This gives a parallel beam of light, which travels 
22 miles from the observing station on Mt. Wilson to a mirror M 2 , similar 
to Ml, on the summit of Mt. San Antonio. M 2 focuses the light on a 
small plane- mirror /, whence it returns to M i and, by reflection from 
c', b\ a', and p, to the observing eyepiece L. 

Various rotating mirrors, having 8, 12, and 10 sides, were used, and 
in each case the mirror was driven by an air blast at such a speed that 
during the time of transit to M 2 and back (0.00023 sec) the mirror turned 
through such an angle that the next face was presented at a\ For an 

* For further discussion of these methods, see Preston, op. cit., pp. 543-552. 
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octagonal mirror, the required speed of rotation was about 528 rev/sec. 
The spcc^i was adjusted by a small counterblast of air until the image 
of the slit was in the same position as when R was at rest. The exact 
speed of rotation was then found by a stroboscopic comparison with a 
standard electrically driven tuning fork, which in turn was calibrated 
with an invar pendylum furnished by the U.S. Coast and Geodetic 
Survey. This Survey also measured the distance between the mirrors 
Ml and M 2 with remarkable accuracy by triangulation from a 40-km 
base line, the lengtli of which was detenmiiuid to an estimated error of 
1 part in 11 million, or about i in.* 

'^I'he results of the measurements published in 1026 comprised eight 
values of the velocity of light, each the average of some 200 individual 
determinations with a given rotating mirror. These varied between the 
extreme values of 299,756 and 299,803 km/scc and yielded the average 
value of 299,796 ± 4 kin/sec. Michelson also made some later measure- 
ments with the distant mirror, on the summit of a mountain 82 miles 
away, but because of bad atmospheric condithjiis, these were not con- 
sidered reliable enough for publication. 

19.6. Correction to Vacuum. In the ])reeeding discussion we have 
assumed that the measured velocity in air is equal to that in a vacuum, 
'riiat is not exactly true, since the index of refraction ft = c/v is slightly 
greater than unity. With white light the cfTectivo value of n for air 
under the conditions existing in Michelson’s experiments was 1.000225. 
Hence the velocity in vacuum c = nu was 67 km/seo gre^ater than v, 
the measured value in air. "J'his correction has been applied in the final 
results quoted above. A difficulty which becomes important where 
measurements as accurate as those of Mi(;helson are concerned is the 
uii(?ertainty of the exact conditions of temperature and pressure of the 
air in the light path. Since n depends on these conditions, the value of 
the correction to vacuum also becomes somewhat fliicertain. The latest 
measurements of the velocity of light, which we. sli;»ll now describe, were 
designed to eliminate this uncertainty. 

19.7. The 1-mile Evacuated Pipe Experiment. This experiment was 
begun in 1929 by Michelson, Pease, and Pearson, but was not completed 
until after Michelson's death in 1931. The object was to measure the 
vcloeit 3 '’ of light in a long evacuated pipe, using a method similar to that 
of Michclson’s measurements described above. An iron pipe 3 ft in 
diameter and 1 mile long was constructed, with the joints carefully 
sealed so that a vacuum of from 5.5 to 0.5 mm Hg could be maintained 
by a single vacuum pump. 
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The optical arrangement is illustrated in Fig. 19F. Light from the 
large carbon arc S is focused by Li on the slit Si, whence it is reflected 
from one of the 32 faces of the rotating mirror R into the vacuum pipe 
through the window W. After reflection from the plane mirror Q, it is 
rendered parallel by the large concave mirror N, of diameter 40 in. and 
focus 50 ft. This parallel beam travels to the qjbher end of the pipe, 
where it is reflected at a from the plane mirror Mi, 2 ft in diameter. 
Returning to a similar mirror Mt, it is again reflected at b, and successively 
at c, d, and e. The mirrors Mi and are slightly inclined to each 
other, so that the light strikes at e perpendicular to the surface of ilfi 
and retraces its path to N. Then, after reflection from Q, it strikes the 



Fxo. IGF. Apparatus used by Michelson, Pease, and Pearson in measuring the velocity of 
light in vacuum. 

adjacent face of R and is observed at C by the eyepiece and the totally 
reflecting prism P, 

It will be seen that the total light path with this arrangement is some 
ten miles. The exact distance between the faces of Mi and M% was 
found by measuringt the separation between marks on brass plates 
embedded in concrete piers beside the pipe. As in the previous deter- 
minations, R was rotated by an air blast at such a speed that one face 
just replaced the next in the time required for the light to return. 

A plot of the results of 2885 determinations is shown in Fig. 190. The 
broken curve is the curve expected for purely random errors having a 
probable eiror for one observation of 9 km/sec. The mean value 299,774 
has a computed probable error of only 0.2 km/sec, but this apparently 
overestimates the true accuracy of the result. 

19.8. Kerr-cell Method. Determinations by this method have 
equaled if not surpassed the accuracy of those by the rotating mirror. 
In 1925 Karolus and Mittelstaedt developed an improvement on Fizeau’s 
method (Sec. 19.3) based on the use of the electrooptic shutter. This 
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device is capable of chopping a beam of light several hundred times more 
rapidly than can be done with a cogwheel. Hence a much shorter base- 
line can be used, and the entire apparatus can be contained in one 
building so that the atmospheric conditions are accurately known. 
Figure 19//(a) illustrates the electrooptic shutter, which consists of a 
Kerr cell K between ^wo crossed nicol prisms N\ and N 2 - K is a small 



Fig. Error-distribution curve of nearly three thousand different dotorminations of 

the vclo<;ity of light in vacuum. 
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(a) 

Fig. 19H, Anderson's method of measuring the velocity of light, (a) Electrooptio 
shutter, (b) The light paths. 


glass container fitted with sealed-in metal electrodes and ^filled with 
pure nitrobenzene. Although the operation of this shutter depends on 
certain properties of polarized light to be discussed later (Chap. 29), all 
that need be kno^vn here in order to understand the method is that no 
light is transmitted by the system until a high voltage is applied to the 
electrodes of K. Thus by using an electrical oscillator which delivers a 
radio-frequency voltage, a light beam can be interrupted at the rate of 
many millions of times per second. 
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The first measurements based on this principle used two shutters, one 
for the outgoing and one for the returning light. Except for the shorter 
distances, the method closely resembled Plzeau’s. Subsequent improve- 
ments have led to the apparatus shown in Fig. 19ff(b), which was used 
by W. C. Anderson in 1941. To avoid the difficulty of matching the 
characteristics of two Kerr cells, he used only one^nd divided the trans- 
mitted light pulses into two beams by means of the half-silvered mirror 
M\, One beam traversed the short path to and back through Mi to 
the detector P. The other traveled a longer path to Me by reflections 
at Ms, Me, and Ms, then retraced its course to Mi which reflected it 
to P as well. This detector P was a photomultiplier tube, which gave 
a strong response if the two sets of light pulses arrived in phase with 
each other but none if they arrived out of phase. The length I of these 
pulses is equal to the distance that light travels in a single period T 
of the oscillator which drives the Kerr cell.* A determination of I and T 
will thus give the velocity of light. ^ 

To measure I, Anderson arranged the mirrors so that the segment 
MiMsMeMsMi of the longer path was very nearly 111. This segment 
could be cut out of the path by substituting for the mirror M 4 another, 
MJ, which returned the light directly to Ms. The length s of the seg- 
ment was measfired with an accurately calibrated invar tape to be 
19^171.864 ± 0.002 m. The exact difference between this distance and 
IIZ was then found as follows: With MJ in place, the path difference was 
adjusted by moving M 2 to a position where zero response was observed 
on the detector. Under this condition 


NxMiMiM[MiMiP - NiMxMiMJ* = ^ 

Next M 4 was substituted for MJ, and a new position was found for the 
movable mirror M 2 ,* say MJ, which again gave zero response. Then 
one has 


NiMiMJlIJI^I^Jd^AMtMiP - NiMiMJMiP « llil 

Subtracting the previous equation and employing the abbreviations 
MiMbM^JHi = 8, M4MJ s Aa, and M2MJ = Ay, one finds that 

IIZ — 2As — 2Ay 

The small shift As involved in interchanging the mirrors was measured 
by micrometer calipers as 2.477 ± .012 cm. Thus each determination 

* l&ce the shutter transmits at each voltage peak, whether positive or negative, 
one would expect to use iT here. Actually Anderson applied a d-c bias to the cell so 
that each cycle gave a single voltage maximum. 
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of Ay gave a value for L The period T of the oscillator could be eanly 
found to an accuracy of better than one part in a million. The frequency 
was held at 19.2 Mc/sec by a crystal control, and the latter was check- 
ed against the standard frequencies broadcast from Arlington. 

The reader will see the resemblance of Anderson’s apparatus to a 
Michelson interferometer for radio waves, since the light pulses have a 
length essentially equal to the wavelength of the radio waves given by 
the Kerr-cell oscillator. It is not exactly equal, however, because the 
velocity involved in the experiment is the group velocity of light in air 
and not the velocity of radio waves. In his final investigation, Anderson 
made a total of 2895 observations, and the observed velocities l/T, after 
correction to vacuum, yielded an average of 299,77(1 ± 6 km/sec. The 
agreement of this figure with the result of the most accurate work with 
rotating mirrors, described in the preceding section, is excellent. 


Table 191* 


Djite 

Investigator 

< 

Method 

Observed veloc- 
ity Cf km/sec 

1875 

Cornu 

Rotating mirror 

299,990 ± 200 

1880 

Michelson 

Rotating mirror 

299,910 ± 60 

1883 

Newcomb 

Rotating mirror 

299,860 ± 30 

1883 

Michelson 

Rotating mirror 

290,853 ± 60 

1926 

Micliclson 

Rotating mirror 

299,796 ± 4 

1928 

Mittelstaedt 

Kerr cells 

299,778 ± 10 

1932 

Pease and Pearson 

Rotating mirror 

299,774 ± 2 

1941 

Anderson 

Kerr cell 

299,776 ± 6 

1923 

Mercicr 

Waves along wires 

299,782 ± 30 

1906 

Rosa and Dorsey 

Ratio of electrostatic to electromag- 
netic units 

299,781 ± 10 


* Sec Jl. T. Birfse* Nature^ 134, 771, 


19.9. Indirect Methods. One of the important indirect methods used 
in determining the velocity of light is that of measuring the velocity of 
electric waves along wires. This method involves sending high-frequency 
electrical waves along one of two adjacent and parallel wire^ and back 
along the other to produce standing waves. By measuring the distance 
between nodes and the frequency of the oscillations the velocity c can be 
calculated. Accurate determinations by Mercier* in 1923 gave a value 
which, corrected by Dorsey, was c — 2^9,782 ± 30 km/sec in vacuum. 
This is in excellent agreement with the most accurate values obtained 
by direct methods (Table 191). 
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A second indirect method is that of finding the ratio between the 
electrostatic and the electromagnetic units of electricity. The most 
accurate determinations of this ratio were made by Rosa and Dorsey 
in 1906. They give a result which, when corrected by Birge, is 
c s= 299,781 ± lOkm/scc. This also checks with the ))est determinations. 

Recently there has been considerable disciissioi^ concerning the appar- 
ent possibility of a small periodic change in the velocity of light. A care- 
ful review by Birge* would tend to show no real variation of this kind. He 
suggests for the best value of the velocity of light c = 299,776 ± 4 km/sec. 

19.10. Velocity of Light in Stationary Matter. The first experiment 
to measure the velocity of light in a transparent substance much denser 
than air was performed in 1850 by Foucault. This was regarded as a 



Fig. 197. Foucault’s apparatus for determining the velocity of light in stationary matter. 

crucial experiment to decide between the corpuscular and wave theories 
of light. Newton’s explanation of refraction by the corpuscular theory 
required that the corpuscles be attracted toward the surface of the denser 
medium, and therefore that they should travel faster in the medium. 
On the wave theory, however, it must be assumed that the light waves 
travel more slowly in the medium. 

Foucault’s apparatus for this experiment is shown in Fig. 197. Light 
from a source S is reflected from the plane rotating mirror R to the two 
equidistant concave mirrors Mi and JI/ 2 . When R is in the position 
(1) the light travels to il7i, back along the same path to R, through the 
lens L, and by reflection to the eye at E. Wlien R is in the position (2) 
the light travels the lower path through an auxiliary lens U and tube T 
to M 2 , back to R, through L to Cr and then to the eye at E. If now the 
tube T is filled with water and the mirror R is set into rotation, there 
will be displacement of the images from E to Ei and TJa. Foucault 
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observed that the light ray through the tube was displaced the most. 
This means that it took the light longer to travel the lower path through 
water than it did the upper path through air. The image observed was 
due to a fine wire parallel to and stretched across the slit. Since sharp 
images were desired at Ei and Ei, the auxiliary lens L' was necessary 
to avoid the effects of refraction at the ends of the tube T. 

Much more accurate measurements were made by Michelson in 1885. 
Using white light, he found for the ratio of the velocity in air to that in 
water a value of 1.330. A denser medium, carbon disulfide, gave 1.758. 
In the latter case he noticed that the final image of the slit was spread 
out into a short spectrum, which could be explained by the fact that red 
light travels faster than blue light in the medium. The difference in 
velocity between ^‘greenish blue” and ‘^reddish orange” light was 
observed to be 1 or 2 per cent. 

According to the wave theory of light, the index of refraction of a 
medium is equal to the ratio of the velocity of light in vacuum to that 
in the medium. If we compare the above figures with the corresponding 
indices of refraction for white light (water 1.334, carbon disulfide 1.635) 
we find that while the agreement is within the experimental error for 
water, the directly measured value is considerably higher than the 
index of refraction for carbon disulfide. 

This discrepancy is readily explained by the fact that the index of 
refraction represents the ratio of the wave velocities in vacuum and in 
the medium (n = c/v), while the direct measurements give the group 
velocities. Now in a vacuum the two velocities become identical (Sec. 
12.7) and equal to c, so that if we call the group velocity in the medium 
Uj the ratios determined by Michelson were values of c/w, rather than 
c/v. The two velocities u and v are related by the general Eq. 12d 



The variation of v with X may be found by studying the change of the 
index of refraction with color (Sec. 23.1), and it is found that v is greater 
for longer wavelengths, so that dv/dk is positive. Therefore u should 
be less than t;, and this is precisely the result obtained above. Using 
reasonable values for X and dv/d\ for white light, the difference between 
the two values for carbon disulfide is in agreement with the theory to 
within the accuracy of the experiments. For water dv/dK is considerably 
smaller but nevertheless requires that the measured value of c/u should 
be 1.5 per cent higher than c/v. That this is not so indicates an appre- 
ciable error in Michelson’s work. Recent work by R. A. Houstoun on the 
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velocity of light in water has given agreement not only as to the magni- 
tude of the group velocity^ but also as to its variation mth wavelength. 

At this point it should be emphasized that all the direct methods for 
measuring the velocity of light that we have, described give the group 
velocity u and not the wave velocity v. Even though it is not evident 
in the aberration experiment that the wave is divided into groups, it 
should be obvious that since u is the velocity with which energy is 
transferred, and we always measure the energy, no direct measurement 
can give us v. In air the difference between u and v is small but never- 
theless amounts to 2.2 km/scc. Michelson apparently did not apply 
this correction to his 1920 value, which should therefore have been 
quoted as 299,798 ± 4 km/sec. 

19.11. Velocity of Light in Moving Matter. In 1 859 Fizeau performed 
an important experiment to determine whether the velocity of light in 
a material medium is affected by motion of the medium relative to the 



Fio. 19J. Fiaoairs oxpcriiiiRiit for uioasuriiiK tlio vclonity of liglit in a moving medium. 

source and observer. In Fig. 19/ the light from S is split into two 
beams, and miu^h the same way as in the Rayleigh refractometer (Sec. 
13.16). The beams then pass through the tubes A and B containing 
water flowing rapiilly in opposite directions. On reflection from My the 
beams interchange so that when they reach Li one has traversed both B 
and A in the same direction as the flowing water while the other has 
traversed A and B in the opposite direction to the flow. The lens Li 
then brings the beams together to form interference fringes at S'. 

If the light travels more slowly by one route than by the other, its 
optical path has effectively increased and a displacement of the fringes 
should occur. Using tubes 150 cm long and a water velocity of 700 
c?m/sec, Fizeau found a shift of 0.46 of a fringe when the direction of 
flow w^as reversed. This corresponds to an increase in the speed of light 
in one tube, and a decrease in the other, of about half of the velocity 
of the water. 

This experiment was later repeated by Michelson with the improved 
apparatus shown in Fig. lOA*. Here the light from S is divided into 
two beams by partial reflection at the surface of the half-silvered mirror 
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6. After traver»ng the tubes in which the water is circulated, as before, 
they arc recombined to produce interference by the same mirror. Michel- 
son observed a sliift corresponding to an alteration of the velocity of 
light by 0.434 of the velocity of the water. 

19.12. Fresnel Dragging CoefElcient. The above results were com- 
pared with a formula derived by Fresnel in 1818, using the clastic-solid 
theory of the ether. On the assumption that the density of the ether 
in the medium is greater than that in vacuum in the ratio he showed 
that the ether is efTectivcly druggcMl along with a moving medium with 
a velocity 

where v is the velocity of the medium, and n its index of refraction. For 
water, which has n = 1.333 for sodium light, this gives r' = 0.437i;, in 
reasonable agreement with Michelson’s value for white light quoted in 



Fig. 19A'. MicholHon’s cxprriinoiit for iiiraHiiriiiiK tlio voIfM'ity of lipilit in n moving medium. 

the previous paragraph. 41ie fraction 1 — (l/n-) will be referml to as 
FresneVs dragging copffidvnt, 

19.13. Airy’s Experiment. An entirely different piece of experimental 
evidence shows that FresneFs equation must be very nearly correct. In 
1872 Airy remeasured the angle of aberration of light (Sec. 19.2), using 
a telescope filled with water. Upon referring to Fig. it will be 

seen that if the velocity of the light with respect to the solar system be 
made less by entering water, one would expect the angle of aberration 
to be in(;reased. Actually the most careful measurements gave the same 
angle of aberration for a telescope filled with water as for one filled with 
air. 

We may use this negative result to prove that the light must be 
dragged along by the water in the telescope with the velocity given by 
Eq. 19b. Here it is necessary to take account of the fact that, even if 
the telescope were at rest in the solar system, there would be in general 
a deflection of the light owing to refraction on entering the telescope. 
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Figure 19L(a) shows a ray from a star in the vertical direction entering 
the telescope, which is inc;lined to it an angle a equal to the ordinaiy 
angle of aberration. This ray is refracted in the direction SL given by 
the law of refraction 


sin g 
sin 7 


(19c) 


where n is the index of refraction of water. 

Now if the telescope is moving toward the right with the velocity v 
of the earth in its orbit, we may represent this velocity of the telescope T 
with respect to the solar system S by the vector ST of Fig. 19L(6). If 
the light L were not influenced by the motion of the water, it would, 




Fig. 19L. Diaferams oxplnininii Airy *8 u1>sc'rvat igiih of stcll 
telescope. 


ar aberration with a water-filled 


with respect to the solar system, traverse the water in the telescope in 
the direction SL, parallel to the refracted ray of Fig. 19Z/(a). The mag- 
nitude of the velocity in this direction would be c/n. Hence one might 
expect the observed velocity of the light with respect to the telescope 
to be given by a vector from T to L, and this would correspond to a 
considerably greater angle of aberration than the angle a obtained with- 
out the water in the telescope. 

Experimentally, however, the light travels down the axis of the tele- 
scope tube so that while the telescope travels from S to T the light 
traverses the path SU. This can only be the case if the light is given 
an additional component of velocity Anth respect to the solar system 
equal to the vector LV. This is the velocity v' with Avhich the light is 
dragged along by the water. To evaluate it, we extend the incident 
light direction to intersect TV at and draw the line UQ parallel to 
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ItS. Applying the law of rines, that the three sides of any trian^e 
are proportional to the sines of their opposite angles, we obtain from 
the triangle VQT, 

QT ^ UQ 
sin 7 sin 


¥-«) 


Substituting the value sin y = (sin a)/n from I5q. 19c, we have 

n{v — v') c 


sin a n cos a 


Noting that (sin a)/(cos a) = tan a = v/c, we then find 

V ^ n-(v — v') 




which is identical with Eq. 196. Therefore we see that, to explain Airy’s 
result, we must assume a dragging coeflicient agreeing with that found 
by direct measurements. The equation to be exact must still be cor- 
rected by a small factor depending on the dispersion of the medium. 

19.14. Effect of Motion of the Observer. We have seen that in the 
phenomenon of aberration the apparent direction of the light reaching 
the observer is altered when he is in motion. One might therefore 
expect to be able to find an effect of such motion on the Tnagniivde of the 
observed velocity of light. Referring back to Figl 19R(&), we see that 
the apparent velocity c* «= a/sin a is slightly greater than the true 
velocity c == v/tan a. However, a is a very small angle, so that the 
difference between the sine and the tangent is much smaller than the 
error of measurement of a. A somewhat different experiment embody- 
ing the same principle has been devised, which should be sensitive enough 
to detect this slight change in the apparent velocity if it exists. Before 
describing this experiment, however, we consider in more detail the 
effect of motion of the observer on the apparent velocity of light. 

In Fig. 193/, let the observer at O be moving toward B with a velocity 
V, Let an instantaneous flash of light be sent out at 0. The wave will 
spread out in a circle with its center at 0, and after 1 sec the radius of 
this circle will be numerically equal to the velocity of light c. But dur- 
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ing this time the observer will have moved a distance v from O to 
Hence if the observer were in some way able to follow the progress of 
the wave, he would find an apparent velocity which would vary with 
the direction of observation. In the forward direction O'B it would be 
c — v and in the backward direction O'-A, c + v. At right angles, in 
the direction O'P he would observe a velocity — v^. 

It is important to notice that in draw- 
ing Fig. 19il/ we have assumed that the 
velocity of the light was not affected by 
the fact that the source was in motion as 
it emitted the wave. This is to be 
expected for a wave which is set up in a 
stationary medium, as for instance a 
sound wave in the air. The hypothetical 
medium carrying light waves is the ether, 
and if v istthe velocity with respect to the 
ether, the same result is expected. For 
an experiment performed in air, the 
Fresnel dragging coeflicient 1 — (1/n*) is 
so nearly zero that it may bo neglected. Thus if the observer were moving 
with the velocity* v of the earth in its orbit, these considerations lead us 
to expect the changes in the apparent velocity of light described above. 
Effectively the ether should be moving past the earth with a velocity v, and 
if any effects on the velocity of light 
were found, they could be said to 
be due to an ether wind or ether drift. 

It would not be surprising if this drift 
did not correspond to the velocity of 
the earth in its orbit, since we know 
that the solar system as a whole is 
moving toward the constellation 
Hercules with a velocity of 19 km/scc 
and it is more reasonable to expect the 
ether to be at rest with respect to the 
system of -“fixed stars'^ than with 
respect to our solar system. 

19.16. The Michelson-Morley Experiment. I'his experiment, per- 
haps the most famous of any experiment with light, was undertaken in 
1881 to investigate the possible existence of an ether drift. In principle 
it consisted merely of observing whether there was any shift of the 
fringes in the Michelson interferometer when the instrument was turned 
through an angle of 90^. Thus in Fig. 19Ar let us assume that the 



Fia. 19iV. Tho Michelson interferom- 
eter ns a test for other drift. 



Fio. 19J1/. Velocity of liKht emit- 
ted by a moving source. 



Sec. 19 . 15 ] THE MICHELSON-MORLEY EXPERIMENT 


397 


interferometer is being carried along by the earth in the direction OAfs 
\vith a velocity v with respect to the ether. Let the mirrors Mi and M% 
be adjusted for parallel light, and let OMi » OM^ = d. The light 
leaving 0 in the forw^ard direction will be reflected when the mirror is 
at Afi and will return when the half-silvered mirror G has moved to 
0". Using the expressions for the velocity derived in the previous sec- 
tion, the time required to travel the path OA/JO" will be 

r = 4 - ^ == ^ 

^ c + v~^ c — V* c- — r* 

and the time to travel OAfiO" will be 


T2 


2d 




Each of those expressions may be expanded into series, giving 


and 



Thus the result of the motion of the interferometer is to increase both 
paths by a slight amount, the increase being twice as large in the direc- 
tion of motion. The difference in time, which would be zero for a sta- 
tionary interferometer, now becomes 


- T2 


c 





To change this to path difference we multiply by obtaining 



If now the interferometer is turned through 90®, the direction of v is 
unchanged, but the two paths in the interferometer will be interchanged. 
This would introduce a path difference A in the opposite sense to that 
obtained before. Hence we expect a shift corresponding to a change of 
path of 2di;*/c®. 

Michclson and Morley made the distance d large by reflecting the 
light back and forth between IG mirrors as illustrated in Fig. 190. To 
avoid distortion of the instrument by strains, it was mounted on a large 
concrete block floating in mercury, and observations were made as it 
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was rotated slowly and continuously about a vertical axis. In one 
experiment d was 11 m, so that if we take v » 18.6 mi/sec and c « 186,000 
mi/sec, Ave find a change in path of 2.2 X 10~* cm. For light of wave- 
length 6 X 10^*1 this corresponds to a change of 0.4 X, so that the fringes 
should be displaced by two-fifths of a fringe. Careful observations 
showed that no shift occurred as great as 10 per cent of this predicted 
value. 

This negative result, indicating the absence of an ether drift, was so 
surprising that the experiment has since been repeated with certain 
modifications by a number of different investigators. All have confirmed 
Michelson and Morley in showing that, if a real displacement of the 


C 



Fio. 190. Miller’s arranKeTnent of the Miehelson-Morley experiment to detect ether drift. 
« 

fringes exists, it is at most but a small fraction of the expected value. 
The most extensive scries of measurements has been made by D. C. 
Miller.* llis apparatus is essentially that of Michelson and Morley 
(Fig. 190) but on a larger scale. With a light path of 64 m. Miller 
obtained evidence for a small shift of the fringes, which varies periodically 
with sidereal time. Although these shifts are only about one-tiventieth 
of that expected for the earth’s orbital motion through a stationary ether, 
Miller interprets them as indicating an absolute motion of the earth in 
space with a velocity of 208 km/sec superimposed on the orbital motion. 

19.16. Principle of Relativity. The negative result obtained by Michel- 
son and Morley, and by most of those who have repeated their experi- 
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mcnt, forms the basis of the restricted theory of relativity, put forward by 
Einstein* in 1905. The two fundamental postulates on which this 
theory is based are 

1. Principle of Relativity of Uniform Motion. The laws of physics are 
the same for all^ systems having a uniform motion of translation 
with respect to one another. As a consequence of this, an observer 
in any one system cannot detect the motion of that system by any 
observations confined to the system^ 

2. Principle of the Constancy of the Velocity of Light. The velocity of 
light in any given frame of reference is independent of the velocity 
of the source. Combined with (1), this means that the velocity of 
light is independent of the relative velocity of the* source and 
observer. 

Returning to our illustration (Fig. 19ilf) of an observer who sends out 
a flash of light at O while moviifg with a velocity v, the above postulates 
would recpiire that any measurements made by the observer at O' would 
show that he is the center of the spherical wave. But an observer at 
rest at 0 would find that he too is at the center of the wave. The recon- 
ciliation of these apparently contradictory statement^ lies in the fact 
that the space and time scales for the moving system are different from 
those for a fixed system. Events separated in space which are simul- 
taneous to an observer at rest do not appear so to one moving with 
the system. 

Another important consequence of Einstein's theory is that the length 
of an object in motion as measured by an observer at rest is shortened 
by an amount which increases with the velocity. If is f he length of 
the object at rest, its length I when it is in motion with a velocity v 
becomes 

(i9d) 

c being the velocity of light. This is the celebrated Fitzgerald-Lorentz 
contraction, originally proposed to account for the negative result of the 
Michelson-Morley experiment. If the arm of the interferometer in the 
direction of motion becomes shorter by this amount, the difference in 
path due to ether drift is exactly canceled. Of course, such a contraction 
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could never be measured directly, since the length of the measuring stick 
would be shortened in the same proportion as the object to be measured. 

Among the other predictions of the theory which have been verified 
by experiment is a variation of mass with velocity according to the 
equation 


m 


mo 

vT^(^VO 


(19e) 


This equation has been accurately verified by measuring the decrease in 
the ratio of charge to mass for an electron moving at high speed. The 
increase in mass can be shown to be relatcKl to the kinetic energy by 
the equation 

Am = ^ (19/) 


Here AiSJ is the increase in energy due to kinetic energy. This indicates 
that mass is equivalent to energy, so that one may be changed into the 
other. Entirely indepimdent proof of this relation has been obtained in 
recent experiments on atomic disintegration, where energy is created 'at 
the expense of mass, and vice versa. 

In the years 1(113-1917 Einstein extended his original theory, which 
applied only to systems moving \vith uniform velocity, to include the 
case of accelerated systems. This extension is called the general theory 
of relalivily. Although the theory as a whole represents a fundamental 
change in our point of view with regard to the mechanics of moving 
systems, there are relatively few instances where it leads to results 
sufficiently at variance with the classical mechanics of Newton to be 
subject to experimental verification. Three predictions which have been 
satisfactorily verified are 

1. The Precession of the Perihelion of the Planet Mercury. According 
to the restricted theory (Eq. 19c), the mass of the planet increases 
as it obtains a higher velocity at perihelion. Calculations on this 
basis gave a precession smaller than the observed value. The gen- 
eral theory, however, accounts quantitatively for the effect. 

2. The Deflection of Light Rays in Parsing Close to the Sun. The gen- 
eral theory predicts a bending of light rays by a gravitational field, 
resulting in an apparent outward displacement of the stars in the 
neighborhood of the sun. Earlier theories also required such a 
bending of light, but by just half the amount calculated by Einstein. 
The most recent measurements of plates taken during a total solar 
eclipse are in close agreement with the relativity theory. 
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3. The Decrease in the Frequency of Light Emitted by a Source in a Strong 
Oravitaiional Field. That such a decrease actually exists for the 
light from the sun was proved by St. John, who compared the 
wavelengths of the solar lines with those from laboratory sources. 
He found a barely detectable displacement toward longer wave- 
lengths, as predicted by the theory. Further confirmation has been 
obtained from the spectra of the white dwarf stars, where the gravi- 
tational fields are many times stronger than on the sun. 

• 

These experimental proofs of the theory have been sufficiently con- 
vincing to lead to the general acceptance of the correctness of the theory 
of relativity. While the theory does not directly deny the existence of 
the ether postulated by Fresnel, it says very definitely that no experi- 
ment we can ever perform will prove its existence. For if it were possible 
to find the motion of a body with respect to the ether, we could regard 
the ether as a fixed coordinate ^stem with respect to Avhich all motions 
are to be referred. But it is one of the fundamental consequences of 
relativity that any coordinate system is equivalent to any other, and 
no one has any particular claim to finality. Thus, since a fixed ether 
is apparently not observable, there is no reason for retaining the concept. 
It cannot be denied, however, that it is historically important and that 
some of the most important advances in the study of light have come 
through the assumption of a material ether. 

19.17. The Three First-order Relativity Effects. I'herc arc three 
optical effects the magnitude of which depends on the first power of 
v/c. They are 

1. The Doppler effect 

2. The aberration of light 

3. The Fresnel dragging coefficient 

Equations for these effects have been derived on4;hc basis of classical 
theory in Secs. 11.6, 19.2, and 19.12. Now it is characteristic of the 
theory of relativity that it yields the same results for first-order effects 
as does the classical theory. Only in second-order effects, which depend 
on vVe*, do the predictions of the two theories differ. The Michclson- 
Morley experiment belongs to this class. Even for the first-order effects 
listed above, the results from the two theories differ in the small terms 
of the second and higher power of v/c. In the relativity theory, these 
equations are derived by applying the Lorentz transformation. This is a 
process of translating the description of a motion in terms of one system 
of coordinates into a description of the same motion in terms of another 
system which is in uniform motion with respect to the first. Although 
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it is not practicable to give the mathematics of this process here, we 
shall state the chief results and discuss them briefly. 

The relativity equation for the Doppler effect was given in Sec. 11.0 us 
a power series for the purpose of comparison with the classical formulas. 
This series was an expansion of the closed formula 


•y/l - (v*/c*) 
1 - {v/e) 


(19g) 


Here v is the relative velocity of approach of the source and observer 
along the line joining them. As was pointed out before, Eq. 19^ yields 
a ]!)oppler shift just halfway l^etwecn that given by the two classical 


formulas, the one for the obs(5r\'er in motion, i/ 




and the 


other for the source in motion, first-order terms 

in the series expansion of all three of these expressions are the same, but 
they differ in the sec ond- and h igher-order terms (see Sec. 11.6), In 
Eq. 19g, the term \/l — (v^/c^) is of second order, and theoretically 
originates from the fact that the rate of a moving clock is slower than 
that of a stationary one. Ives has given an elegant demonstration of 
this fact by comparing the frequency of the radiation emitted by hydrogen 
atoms in a high-speed beam moving first toward the spectroscope, th('n 
away from it. In addition to the large first-order shifts of the line 
toward higher and lower frequencies respectively in these two cases, he 
observed and measured a small additional shift which was toward lower 
frequencies in both cases. Since the term in question contains the square 
of the velocity, it will be the same for either sign of v. This experiment 
constitutes another verification of the theory of relativity by observation 
of a second-order effect which does not exist according to the classical 
theory. It might also be mentioned that relativity predicts a second- 
order Doppler shift even when the source is moving at right angles to 
the line of sight. 

The interpretation of the aberration of light and of Airy’s experiment 
is simpler from the relativistic point of view. According to the second 
fundamental postulate, the velocity of light* must alw'ays be c to any 
observer, regardless of his motion. Hence, referring to Fig. l9B{b), the 
observed velocity labeled must now be labeled c. The formula for 
the angle of aberration, instead of being tan a ^ v/c, then becomes 


sin o *= - 
c 


im 
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It is well known that the sine and the tangent differ only in respect to 
terms of the ^cond order. Here the angle is so small that in all likeli- 
hood the difference will never be detected. In Airy’s experiment, the 
expectation of observing an increase of the angle when the telescope 
was fiUed with water arose from the assumption that the water would 
decrease the velocity •of the light mth respect to the solar system, in 
which the ether was regarded as fixed. But according to the point of 
view of relativity the only “true” velocity of light is its velocity in the 
coordinate system of the observer, and this is inclined at the angle a 
given by Eq. 19/i. Hence reducing the magnitude of this velocity by 
allowing the light to enter water will obviously make no change in its 
direction. 

A positive effect corresponding to Fresnel’s ether drag can be observed 
when the medium is in motion with respect to the observer (Sec. 19.12), 
but its interpretation by the theory of relativity is entirely different. 
One result of the Lorentz transformation is that two velocities in coordi- 
nate systems that are in relative motion do not add according the 
methods used in classical mechanics. For example the resultant of two 
velocities in the same line is not their arithmetic sum. I^et us call Fo 
the velocity of light in the coordinate system of a moving medium, and 
V the velocity of this medium in the observer’s coordinate system. Then 
the resultant velocity V of the light with respect to the observer, instead 
of being merely Vq + a, must l)e taken as 


V = ^ non 

^ 1 + (YoMip/c) 

The student can easily verify the fact that this equation gives the same 
velocity V for any observer in motion with the velocity v, in the case 
that Fo = c; f.c., in a vacuum. The expression for*the Fresnel dragging 
coefficient follows at once from Eq. 19t, if one neglects second-order terms. 
Thus the binomial expansion gives 


F 


(Fo + v) 
Fo + V- 



Fo*t; _ vW 
c*' c* 


0 



The last term is again a quantity of the second order and is to be neg- 
lected. Then we obtain, by substituting n for c/Vo, 


V = 






404 


THE VELOCITY OF LIGHT 


[CiiAP. 19 


The velocity as seen by the observer is changed by the fraction 1 — (1/n*), 
which is just the value required by Eq. 19b. No assumption of any 
dragging’' is involved in the relativity arguments, nor is the existence 
of an ether even postulated. 


Problems • 

1 . Dorivc the appropriate formula for the velocity of light in a Foucault rotating 
mirrr>r apparatus arranged as shown in Mg. 19/). T^et d « distance from rotat- 
ing mirror H to fixed mirror M, r « distance from source or image to K, 8 » dis- 
placement of image due to rotating mirror, n ■» revolutions per second of mirror /f, 
and V “ velocity of light. 

2 . One of tin; largest of Jupiter’s moons has an average period of 42 hr 28 min 
16 sec. Assuming the radius of the earth’s orbit to be 1.4967 X 10* km, and the 
velocity of light in vacuum to be 2.99778 X 10* km/sec, calculate (o) the number of 
revolutions of the moon which occur between two consecutive conjunctions of the 
earth and Jupiter, (6) the difference between the maximum and minimum observed 
periods of this moon. Assume Jupiter to haveia period of 11.86 years. 

8. (a) l>cterminc the speed of the tcxithed wheel used in the actual determination 
of the velocity of light made by Fizeau, giving the speed in revolutions per second 
for the hrst three zeros of intensity. (6) In Oornu’s repetition of the experiment, the 
base line was increased to 22.9 km. Repeat part (a) for this case, taking the diameter 
of the toothed wheel as 40 mm, and the number of teeth us 180. 

4 . For Fizeaii’s experiment, plot an intensity curve of the light reaching the 
observer’s eye as a function of the spfH^d of the wheel. Assume the opening between 
the teeth to bo (a) equal to the width of the teeth, (6) two-thirds the width of the 
teeth, and (c) tliree-halves the width of the teeth. Assume a point source of light. 

6. Calculate the speed of rotation of the mirror in Foucault’s experiment, Fig. 19/). 
Assume the distanct; JiM to equal 20 m, ES to equal I m, and the displacement 
to be 0.7 mm, as it was in the actual experiment. 

6. Assuming a Fresnel dragging coefficient of 7 = 0.445 for w'ater, find the veloc- 
ity of the w'ater stream necessary to produce a fringe shift of three fringes, upon 
reversal of the water stream, for light of w^avelength 6870 A. Assume Fizeau ’s 
expcrinieiital arrangement illustrated in Fig. 19«/, with the tubes A and B each 5 in 
lonK. 

7. Solve Prob. 6 in the case 7 ■■ 0.465 and X =■ 4500 A. 

8 . Calculate the Fresnel dragging coefficient for air at normal atmospheric pres- 
sure and temperature. 

9 . In an experimental determination of the Fresnel dragging coefficient by Michcl- 
Ron’s method^ assume that the length of each tube was 150 cm and the velocity of the 
water 7 m/scc. If light of X » 5461 A in vacuum were used, for which the refractive 
index of water n = 1.33447 and dn/d\ *■ —383 cm^S find (a) the value of the drag- 
ging coefficient 7 neglecting the effect of dispersion, (b) its value including dispersion, 
which increases 7 by adding a term — (X/n)(dn/dX), and (c) an explicit formula for 
the fringe shift. 

10. Derive a formula for the velocity of light in the rotating mirror apparatus as 
originally used by Frizcau, where the lens was placed between the source and the 
rotating mirror and the distant fixed mirror was at the conjugate focus of the lens. 
Ijet n >■ frequency of rotating mirror, d ^ distance between mirrors R and ilf. 
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u ■■ distance from source to lens (object distance), I ■■ distance from lens to rotating 
mirror, « ^ displacement of image, and V ■■ velocity of light. 

11. In Anderson's Kerr-cell determination of the velocity of light, a correction of 84 
kin/scc was added to the value measured in air to obtain the value c « 299,776 km/sec 
for the velocity in vacuum. Assuming the distances s. As, and the period T given in 
Sec. 19.8, compute the corresponding value of Ai/. 

12. Calculate the energy in ergs equivalent to the muss of an electron (sec Eq. 19/). 

13. Find the mass of an electron moving with i, i, J, ntid iVo of the velocity of 
light. 



CHAPTER 20 

THE ELECTROMAGNETIC CHARACTER OF LIGHT 

Our study of the properties of light has thus far led us to the conelusioii 
that light is a wave motion, prqpagated with an extremely high velocity. 
In the explanation of interference and diffraction it was not necessary 
to make any assumption as to the nature of the displacement y that 
appears in our wave equations. This is because in these subjects we 
were concerned only with the interaction of light waves with each other. 
In the succeeding chapters we are to consider subjects in \\;hich the inter- 
action of light with matter plays a part, and here it becomes necessary 
to specify the physical nature of the quantity y, which is usually termed 
the light vector. Fresnel, who in 1814 first gave the satisfactory explana- 
tion of interference and diffraction by the wave theory, imagined the 
light vector to represent an actual displacement of a material ether, 
which was conceived as an all-pervading substance of very small density 
and of high rigidky. This '^elastic-solid” theory had considerable suc- 
cess in interprating optical phenomena and was strongly supported by 
many leading investigators in the field, such as Lord Kelvin, as late as 
1880. 

20.1. Transverse Nature of Light Vibrations. The principal objection 
to the elastic-solid theory lay in the fact that light had been proved to be 
exclusively a transverse wave motion, i.e., the vibrations are always 
perpendicular to the direertion of motion of the waves. No longitudinal 
waves of light have ever been detected. The experimental evidence for 
this comes from the study of the polarization of light (Chap. 24) and is 
perfectly definite, so that we may here take the fact as established. 
Now all elastic solids with which we are familiar are capable of trans- 
mitting longitudinal as well as transverse waves; in fact, under some 
circumstances it is impossible to set up a transverse wave without at the 
same time starting a longitudinal one. Many suggestions were made to 
overcome this difficulty, but all were highly artificial. Furthermore, the 
idea of a material ether itself seemed rather forced, inasmuch as its 
remarkable properties could not be detected by ordinary mechanical 
experiments. 

Thus the time was ripe when Maxwell* proposed a theory which not 

• J. Clerk Maxwell (1831-1879). Pnjfessor of experimental physics at Cambridge 
University, England. Contributed a paper to the Royal Society at the age of fifteen. 
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only required the vibrations of light to be strictly transverse but also 
gave a definite connection between light and electricity. In a paper read 
l^fore the Royal Society in 1804, entitled ‘'A Dynamical Theory of the 
Electromagnetic Field,*’ Maxwell expressed the results of his theoretical 
investigations in the form of four fundamental equations which have 
since become famous as MctxweWa equationa. They were based on the 
earlier experimental f-esearches of Oersted, Faraday, and Joseph Henry 
concerning the relations between electricity and magnetism. I'hey sum- 
marize these i*elations in concise mathematical form, and constitute a 
starting point for the investigation of ^1 electromagnetic phenomena. 
We shall show in the following sections how they account for the trans- 
verse waves of light. 

20.2. Maxwell’s Equations for a Vacuum. The derivation of these 
equations will not be given here, since it would involve a rather extensive 
review of the j^nciples of electricity and magnetism.* Instead we shall 
in this chapter merely state the equations in their simplest form, appli- 
cable to empty spa(;e, and theif prove that they predict the existence of 
waves having the properties of light waves. The modifications that 
must be introduced in dealing with different kinds of material media will 
be considered at the appropriate places in the following chapters. 

Maxwell’s equations may be written as four vector equations, but for 
those unfamiliar with vector notation we shall express them by differen- 
tial equations. In this form the fii*st two equations must be expressed 
by two sets of three equations each. For a vacuum these bec^ome, using 
a right-handed set of cooixlinates, 
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'fhe other two equations may be written 
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(m) 


(20d) 


Much of hia work on the electromagnetic theory was acconiplislicd while an under- 
graduate at Cambridge. His investigations in many fields of physics bear the stamp 
of genius. The kinetic theory of gases was given a solid mathematical foundation by 
Maxwell, whose name is associated with the well-known law of distribution of molec- 
ular velocities. 
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These partial difTercntial equations give the relations in space and time 
between the vector quantities E, the electric field strength, and the 
magnetic field strength. Thus Ex, Ey, and Ex are the components of E 
along the three rectangular axes x, y, and z, and Hx, Hy, Hg are the 
corresponding components of H. The constant c is the ratio of the 
magnitudes of the electromagnetic and electrostatic units of current. 

Equation 20c merely expresses the fact that no*' free electric charges 
exist in a vacuum. The impossibility of a free magnetic pole gives rise 
to Eq. 20d. Equations 206 express Faraday’s law of induced electro- 
motive force. Thus the quantities occurring on the left side of these 
equations represent the time rate of change of the magnetic field, and 
the spacial distribution of the resulting electric fields occurs on the right 
side. These -equations do not give directly the magnitude of the emf, 
but only the rates of change of the electric field along the three axes. 
In particular problems the equations must be integrated to obtain the 
emf itself. 

20.3. Displacement Current. Maxwell’s principal 
new contribution in giving these equations was 
the statement of Eqs. 20a. These come from 
an extension of Ampei^e’s law for the magnetic 
field due to an electric current. The right-hand 
members give the distribution of the magnetic field 
// in space, but the quantities on the left side do 
not at first sight seem to have anything to do with 
electric current. They repi’esent the time rate of 
change of the electric field. But Maxwell regarded 
this as the equivalent of a current, the displeicement 
current^ which flows as long as the electric field is 
changing and which produces the same magnetic effects as an ordinary 
conduction current, n 

One way of illustrating the equivalence of &E/dt to an electric current 
is shown in Fig. 20A. Imagine an electric condenser C to be connected 
to a battery B by conducting wires, the whole apparatus being in a 
vacuum with a vacuum between the condenser plates. As the current 
i flows for an instant, electric charge accumulates on the plates until the 
condenser is fully charged to the voltage of the battery. Through the 
closed surface S, a certain current has been flowing in during this instant, 
but none has apparently been flomng out. By considerations of con- 
tinuity, Maxwell was led to assume that as much current should flow 
out of such a surface as flows in. But no current of the ordinary sort is 
flo\\dng between the plates of the condenser. The condition of con- 
tinuity can be satisfied only by regarding the change of the electric field 



Fia. 20 A. Illustnit'- 
ing the concept of 
displacement current. 
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in this space as the equivalent of a displacement current, the current 
density j of which is proportional to dEldt. In our system of units this 
current is given by j » l/4ir times BE/dt. It will be noticed that the 
displacement current “flows” in a vacuum, but stops as soon as E 
becomes constant. 

One sees at once the analogy between Eqs. 206 and 20a. By Eqs. 206 
a changing magnetic field produces an emf. This was observed by 
Faraday and is very simple to verify experimentally. By Eqs. 20a a 
changing electric field should produce a magnetic field (“magnetomotive 
force”). This is a much less familiar idea and cannot be proved by any 
simple experiment. The reason for the diiTerence is that no substance 
conducts magnetism as a wire conducts electricity. The peculiarity that 
some substances possess of being conductors for electricity is the only 
reason why Ej[s. 206 were discovered before Eqs. 20a. The proof of 
the correctness of Eqs. 20a lies in the remarkable success of Maxwell’s 
equations in accounting for phenomena of nature. It should be noted 
that Maxwell’s equations 20a and 206 may be written in terms of the dis- 
placement current j by replacing the x component {l/c){dEg/dt) by 
4vjx and the other components by similar expressions. 

20.4. The Equations for Plane Electromagnetic Waves. Consider the 
case of plane waves traveling in the x direction, so that the wave fronts 
are planes parallel to the y,z plane. If the vibrations are to be repre- 
sented by variations of E and //, we see that in any one wave front they 
must 1)0 constant over the whole plane at any instant, and their partial 
derivatives with respect to y and z must be zero. Therefore Eqs. 20a 
to 20f/ take the form 


c dt 
l^Ey 

c at 
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Considering the first equation of Eqs. 20c and Eq. 206 together, it appears 
that the longitudinal component Ex is constant in both space and time. 
Similarly from the top line of Eqs. 20/ and from £q. 20^, Hx is also con- 
stant. These components can therefore have nothing to do with the 
wave motion, but must represent constant fields superimposed on the 
system of waves. For the waves themselves, we may therefore write 


Ex = 0 //. = 0 
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This means, of course, that the waves are transverse, as stated above. 

Of the four remaining equations, we see that the second equation 20e 
and the third equation 20/ involve Ey and /A, while the third equation 
20e and the second equation 20/ involve Et and Hy. Let us assume, for 
example, that Ey represents the light vector, so that we are dealing with 
a plane-polarized wave with vibrations in the y direction. We should 
then have to put Eg = Ify » 0, and consider the two remaining equations 


1 a fiy ^ 
c af dx 

1 dHg _ dEy 
C dt dx 


(20i) 


We now differentiate the first equation with respect to tand the second 
with respect to x. This gives 

1 ^ _ d*H. 

c dt* • dx dt 

_ 1 ^ 3% 

c dt dx dx* 


Elinainating the derivatives of //„ we find 

* ^ _ 2^ 
dt* ® dx* 


(20i) 


In a similar way, by differentiation of the first equation 20i with respect 
to X and the second with respect to we find 


a*//. __ 

at' ■" ^ ai* 


i20k) 


It remains to show that Eqs. 20/ and 20^* ai'c the differential equations 
of wave motions trayeling along the x axis. In Chap. Jl, the most 
general equation for plane waves was Eq. Ur/, which for the electric 
vector would be written 

Ey = f{x — vl) (20/) 

That this is a solution of Eq. 20/ may he sliown hy differentiating it 
twice with respect to the time. The first differentiation gives 

^ = -vfix - H) 


where f' is the derivative of the function f with respect to x. The 
second gives 

d*E, 
dt* 


v*r\x - vt) 
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denoting the second derivative. But differentiation of Ek}. 201 twice 
with respect to x gives 


dx^ 


rix - Vi) 


and comparing the last two equations, 

a*Ey _ d*E, 
at* dx* 

This becomro identical with Eq. 20j if we put 


(20m) 


» = c (20n) 

• 

The same velocity may be obtained for the waves of H,, by comparison 
with £q. 20k. • Thus w'e see that two of the four equations in Eqs. 20e 
and 20/ predict the existence of a wave of the electric vector, plane- 
polarized in the x,y plane, and«an accompanying wave of the magnetic 
vector, plane-polarized in the x^z plane. The two waves are interde- 
pendent ; neither can exist without the other. Both are transverse waves, 
and are propagated in a vacuum with the velocity c, the ratio of the 
electrical units (Sec. 20.2). 

If we had started with the other two equations in ^s. 20e and 2(]{f, 
we would have obtained another pair of waves, plane-polarized with the 
electric vector in the x,z plane. This pair is quite independent of the 
other, and can exist separately from the other pair. A mixture of the 
two pairs, vibrating at right angles to each other, and with no constant 
phase relation between Ey and represents unpolarized light. 

20.6. Pictorial Representation of an Electromagnetic Wave. The 
simplest type of electromagnetic wave is one in which the function / in 
£q. 20/ is a sine or cosine. This is a plane-polarized monochromatic 
plane w'ave. The three components of E, and the three of H, may for 
such a wave be written 


Ea = 0, Ey ^ r cos (x — ci)y — 0 

Ha = 0, Hy = 0, Ha — r cos y ct) 


(20d) 


By substituting the derivatives of these quantities in Eqs. 20a to 20d, 
it is easily verified that they represent a solution of Maxwell’s equations. 

Figure 20B shows a plot of the values of Ey and Ha along the x axis, 
according to Eq. 20o when / = 0. In a set of plane waves the values of 
Ey and Ha at any particular value of x are the same all over the plane 
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X constant, so this figure merely represents the conditions for one 
particular value of y and z. 

Two important points are to be noticed about Fig. 20B, In the first 
place, the electric and magnetic components of the wave are in phase 
with each other; i.e., when Ey has its maximum value, is also a maxi- 
mum. The relative directions of these two vectoys, as indicated in the 
figure, agree with Eqs. 20o. The second point to be noted is that the 
amplitudes of the electric and magnetic vectors are equal. That these 
two are numerically equal in the system of units used here is shown by 
the fact that, in Eqs. 20o, r is the amplitude of each wave. 



Frc}. 20n. Distribution (if the electric and inagiietic vectors in a plaiio-polarized mono- 
chromatic wave. 

20.6. Light Vector in an Electromagnetic Wave, "i'hc dual character 
of the electromagnetic wave raises the question as to whether it is the 
electric vc(jtor op the magnetic vector which is to be the light vector. 
This question has little meaning, since we could assume either one to 
represent the ^‘displacements’’ we have been using in previous chapters. 
In every interference or dilTraction phenomenon, the electric waves will 
mutually influence each other in exactly the same w^ay as the magnetic 
waves. In one respect, however, the electric component plays a domi- 
nant part. It will be proved in (!!hap. 28 that it is the electric vector 
that affects the photographic plate and causes fluorescent effects. Pre- 
sumably also the electric vector is the one that affects the retina of the 
eye. In this sense, therefore, the electric w^ave is the part that really 
constitutes “light,” and the magnetic wave, though no less real, is less 
important. 

20.7. Energy and Intensity of an Electromagnetic Wave. The inten- 
sity of mechanical waves was showm in Chap. 11 to be proportional to 
the square. of the amplitude. The same result follows from the electro- 
magnetic equations. It can be showm that for an electromagnetic wave 
in a vacuum, the energy of the electric W'ave per unit volume is ^o*/8ir, 
where J5?o is the amplitude of the electric w^ave. Similarly //oVSir is the 
energy per unit volume in the magnetic w’ave. But since Eo = ffo = r, 
we have 

4t 


Energy per unit volume 
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for a wave in vacuum. Half the energy of the wave is associated with 
the electric vector and half with the magnetic vector. In order to obtain 
the intensity, we have merely to multiply the above quantity by c, the 
velocity of the waves, since this will give the volume of the waves stream- 
ing through an area of unit cross section per second. The intensity is 
consequently also proportional to the square of the amplitude of either 
the magnetic or the electric wave. In a material medium, we shall sec 
(Sec. 23.8) that the magnitudes of E and // are no longer equal. Never- 
theless, it will appear that the a})Ovc statement about the intensity still 
liolds. 

20.8. Radiation from an Accelerated Charge. A convenient method 
of representing an electric or magnetic field is by the use of lines of force. 
These are familiar to anyone wdio has studied elementary electricity and 



Fio. 20C'. KniiMHioii of an elect roinagiiotif* ]>nl.so from an accelerated cliarge. 

magnetism. Each line of force indicates the direction of the field at 
every point along the line, and this is su(;h that a tangent to the line of 
force at any point gives the direction of the force on a small charge or 
pole placed at that point. That is, this tangent gives the direction of 
the electric or magnetic field at that point. 

Consider a small positive electric charge at rest at the point A [Fig. 
20C(a)]. The linos of force arc straight lines diverging in every direction 
from the charge and arc uniformly distributed in space. . The same 
picture would hold if the charge were moving in the direction AB with 
the constant velocity v, assuming v to be not too large. In these two 
cases — charge at rcst and charge in uniform motion — there is no radia- 
tion of electromagnetic waves. 

In order to produce electromagnetic radiation, it is necessary to have 
acceleration of the charge. A particularly simple case is represented in 
Fig. 20C(5). Let the charge, originally at rest at A, be accelerated in 
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the direction AC. The acceleration a lasts only until the charge reaches 
the point and from that point on the charge moves with a constant 
velocity v. In this case we may obtain some information about the 
form of the lines of force radiating from this point. Let the time of 
the acceleration from A to B be Ai, and let the time of the uniform motion 
from to C be When the charge has reached C, at a time t + Ai 
after it starts, the parts of the original lines of force lying beyond the 
arc RR', drawn about A with the radius c{i + A/), cannot have been 
disturbed in any way. This follows from the fact that any electro- 
magnetic disturbance is propagated with the velocity c. At the point C 
the velocity is uniform and the lines of force as far as the arc Qiy, drawn 
about B with the radius ct^ must be uniform and straight, since the 
charge has had a uniform velocity during the time L Consequently we 
see that in order to have continuous lines of force they^ must be con- 
nected through the region l)etwecn RR' and QQ' somewhat as shown in 
the figure. This gives a pronounced ^^V.ink” in each line. The exact 
form of the kink will depend upon the type of acceleration existing 
between A and J3, whether it is uniform or some type of nonuniform 
acceleration. 

What is the significance of such a kink in a line of force? If we select 
some point P lyin| on the kink [Fig. 20C(c)], the vector E drawn tangent 
to the line at P gives the actual direction of the field at that point. This 
may be regarded as the resultant of the field Eq which would be produced 
by the charge at rest, and a transverse field Et. It is the vector Et which 
represents the electric vector of the electromagnetic wave, referred to in 
the foregoing sections. If we carry out this constniction for various 
points along the kink, we obtain the variations indicated in Fig. 20C(d). 
This is obviously not a periodic wave form, but merely a pulse. There 
will be a similar pulse of the H vector at right angles to Et. 

Several important features about the production of electromagnetic 
radiation are illustrated by this example. Most important is the fact 
that Et exists only when the charge is accelerated. No radiation is pro- 
duced if there is no acceleration of charge, and, conversely, an accelerated 
charge will always radiate to a greater or less extent. Also, the example 
shows how .the electric field of the radiation can be transverse to the 
direction of propagation. The magnitude of the vector Et obtained by 
the construction of Fig. 20C{d)j i.c., the amplitude of the wave, obviously 
depends on the steepness of the kink, and this is determined by how 
rapidly the charge was accelerated from A to B. It can be shown theo« 
retically that the rate of radiation of energy from an accelerated charge 
is proportional to the square of the acceleration. Finally, we also find 
that the amplitude of the radiation varies with angle in such a way that 
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it is a maximum in directions perpendicular to the line AC and falls to 
zero in both directions along AC. The amplitude is easily shown to be 
proportional to the sine of the angle between AC and the direction 
considered. 

20.9. Radiation from a Charge in Periodic Motion. If the charge in 
Fig. 20C, instead of u;idergoing a single acceleration, is caused to execute 
a periodic motion, the radiation ^vill be in the form of continuous waves 
instead of a single isolated pulse. Any periodic motion involves accelera- 
tions, and hence will cause the charge to radiate. We shall here consider 
only two especially simple cases, that of linear simple periodic motion 
and that of uniform circular motion. If the positive charge of Fig. 
20Z>(a) is moved with simple periodic motion between the limits A and R, 
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any line of force will be bent into the form of a sine curve. Let the upper 
curve Fig. 207^ (a) represent one such line, say the one nmning out 
perpendicular to AB. At the particular instant shown, the electric 
force E at various points along the line has the direction of the tangent 
at those points. Resolving it into the undisturbed field J^o and the 
transverse component we find the various values Et shown just below. 
These also take the form of a sine curve and represent the variation of 
the electric vector along the wave sent out. This is a plane-polarized 
wave. 

In part (&) of the figure, the positive charge is revolving counterclock- 
wise in a circle, in the y,z plane shown in perspective. The same con- 
struction now gives values of Et which are constant in magnitude, but 
vary in direction along the wave. The heads of the arrows lie on a 
spiral similar to that of the line of force, but displaced one-quarter of a 
wavelength along the direction of propagation, which here is the x axis. 
This screwlike arrangement of the vectors is characteristic of a circularly 
polarized wave. It is worth pointing out here that, if the radiation 
along the y ox z axes were examined, it would be found to be plane- 
polarized in the y,z plane. Actual observation of these two cases is 
possible in the Zeeman effect (Sec. 29.1). 
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20.10. Hertz’s* Verification of the Existence of Electromagnetic 

Wayes. We have seen that, starting with a set of equations governing 
the phenomena of electromagnetism, Maxwell was able to show the 
possibility of electromagnetic waves and to make definite statements 
about the production and properties of the waves. Thus he could say 
that they are generated by any accelerated charge, that they are trans- 
verse waves, and that they travel with the velocity c in free space. The 
experimental production and detection of the waves predicted by Max- 
well were not long in forthconjing. In 1887, Heinrich Hertz began a 
remarkable series of experiments which constitute the first important 
experiments on radio waves, i,e,^ electromagnetic waves of long wave- 
length. The essential features of Hertz’s method are illustrated in Fig. 
20£\ Two plane brass plates are connected to a spark gap SG and 


Detector 

O 


of rlcrtroinagnetic waves used by 1 ferti. 


Source 


coil 


Fig. 2QE. Showing source and dctc<'tor 


sparks are caused to jump across the gap by charging the plates to high 
voltage with an induction coil. It is known that the discharge of the 
plates by the spark is an oscillatory one. Each time the potential 
difference between the knobs of the gap reaches the point where the air 
in the gap becomes conducting, a spark passes. This represents a sudden 
surge of electrons across the gap, and the signs of the charges on the 
two plates become reversed. But since the air is still conducting, this 
wdll produce a return surge, another reversal of sign, and the process 
repeats until the energy is dissipated as heat by the resistance of the 
gap. The frequency of these oscillations depends on the inductance and 
capacity of the circuit. These were very small for Hertz’s oscillator, 
and the frequency correspondingly high. In some of his experiments it 
reached 10® per sec. Thus we have an electric charge undergoing very 
rapid accelerations, and electromagnetic waves should be radiated. 

* Heinrich Hertz (1857-1894). These experiments were carried on while he was 
professor of physics at Polytechnic Institute at Karlsruhe, Germany, in 1885-1889. 
He was then given a professorship at the University of Bonn, which he held until his 
untimely death. 
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In Hertz’s experiment the presence of electromagnetic waves was 
detected at some distance from the oscillator by a resonating circuit 
consisting of a circular wire broken by a very narrow spark gap of adjust- 
able length. The changing magnetic field in the wave induced an alteiv 
nating emf in the circular wire, whose dimensions were such that the 
natural frequency of jts oscillations was the same as that of the source. 
Thus the induced oscillations built up by resonance in the detector until 
they were sufficient to cause sparks to jump t he gap. 

It was a simple matter to show' that jbhe waves were plane-polarized 
with E in the y direction and H in the z direction. If the loop was 
turned through 90^ so that it lay in the x^z piano, the sparks ceased to 
occur. Hertz performed many other experiments Avith these waves, 
showing among other things that the waves could be reflected and focused 
by curved metal i*eflcctors, and that they could be refracted in passing 
through a large 30® prism of pitch. In these respects they therefore 
showed the same behavior as light waves. 

20.11. Velocity of Electromagnetic Waves in Free Space. The most 
convincing proof of the reality of Hertz’s electromagnetic waves lay in 
the demonstration that their velocity was that predicted by the theo- 
retical equation (Eq. 20n). The velocity was measured not directly 
but indirectly by measuring the wavelength. Then* from the known 
frequency of the oscillations the velo(;ity could be found by the relation 
V = I'X. To measure the wavelength, standing waves were produced by 
interference of the direct waves Avith those reflected from a plane metal 
reflector. The positions of the nodes could be located by the fact that 
the detector ceased to spark at these points. With a frequency of 
5.5 X per sec, X AA^as found to l>e about 5.4 m, AAdiich gives v very 
close to 3 X 10^® cm/sec. The determination could not be made accu- 
rately, because the oscillations were highly damped, only three or four 
occurring after each spark, and the Avavelcngth aaus therefore not accu- 
rately defined. More recent work by Mercier with undamped waves 
produced by a vacuum-tube oscillator, has given the result 2.9978 X 10*® 
cm /sec. It seems likely that Avith modem techniques of cavity reso- 
nators it may be possible before long to add another significant figure 
to the velocity of light. 

According to Eq. 20n, this observed velocity should equal c, the ratio 
of the emu to the esu of current. This ratio has been accurately meas- 
ured by dilTerent methods, the most recent value being 2.99781 X 10*® . 
cm/scc. But this is just the measured velocity of electromagnetic waves 
and also agrees exactly Avith the latest measurements of the velocity of 
light by Michelson and others (Chap. 19). For air or other gases at 
atmospheric pressure, a slight modification in the equations is necessary 
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(Chap. 23), but the predicted velocity differs only slightly from that 
in vacuum. 

Hence we are forced to conclude that light consists of electromagnetic 
waves of extremely short wavelength. Beside the evidence of polari- 
zation, which proves that light waves are transverse waves, there is 
much other evidence of this identity. Spectroscopy has shown that the 
atoms contain electrons and that by assuming the acceleration of these 
electrons as they move in orbits around the nucleus one can account for 
the polarization and intensity .of the spectrum lines. Furthermore, as 
mentioned in Chap. 11, it has been shown that radio waves, which are 
obviously electromagnetic in character, join continuously on to the 
region of infrared light waves. Thus the explanation of light waves as 
an electromagnetic phenomenon, which in the. hands of Maxwell was 
merely a very elegant theory, has since proved to be a reality, and we 
accept the electromagnetic character of light as an established fact. In 
treating the interactions of light with n^atter we shall therefore use the 
fact that light consists of oscillations of an electric field at right angles 
to the direction of propagation of the waves, accompanied by oscillations 
of the magnetic field, also at right angles to this direction and to the 
direction of the electric field. 


Problems 

1. The solutions of Maxwell's equations roprosontinn plane waves traveling in 

any arbitrary direction specified by the cosines /, m, and n of the angles that it makes 
with the X, y, and z axes, respectively, are E = /(« — ct) and ^ « /(« — ct), where 
s » + my + nz. By substituting these solutions in PJqs. 20a and 206, prove 

that H is perpendicular to £. Show also that H and £ are perpendicular to the 
direction of propagation, the latter being given by the right-hand screw rule, turning £ 
towards H. 

2 . Assuming an electromagnetic wave traveling in the x direction and with the 
electric vector in the z direction, show that Maxwell's equations lead to Kq. 20J, with 
Ey replaced by Em. 

3. Prove that Ey — f{x + cl), representing a wave traveling in the negative x 
direction, is also a solution of Bq. 20j. 

4 . Compare the force exerted on an clo(;tron by the electric and magnetic fields 
of the light wave. Assume the idectron to be moving with a velocity of 10^ cm /sec 
(roughly the orbital velocity in an atom) and to be acted on by sodium light of inten- 
sity 0.001 watt/cm* (about that from a sodium arc 2 m away). (Note: In Gaussian 
units, for which the equations of this chapter are written, E and H are measured in 
esu and emu respectively.) 

6. An oscillator of frequency 3.5 Mc/scc is set up near a plane metal reflector, and 
the distance between the adjacent nodes in the standing weaves is found to be 4.28 cm. 
What does this give for the velocity of light? 

6. Make a sketch of the electromagnetic wave of Fig. 20B at a time one-quarter 
of a period later. 
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7 . Ptove by direct differentiation that £qB. 20o represent a solution of £qs. 20a . 
to20d. 

8. Since the energy in an electromagnetic wave is equivalent to a certain mass by 
Kinstein’s relation, Eq. 10/, light waves possess momentum and exert pressure on a 
surface which absorbs or reflects them. Calculate the radiation pressure on a per- 
fectly reflecting surface placed normal to full sunlight (0.13 watt/cm*). 

0 . Assuming that the acceleration from A to in Fig. 20C is uniform, prove that 


Ei 


V Bin $ 

c*r 


where a is the acceleration, 9 the angle between the direction of motion and the direc- 
tion of observation, q the electric charge, and r the distance from the source. 

10. Make a polar plot of the intensity radiated from an accelerated charge, assum- 

ing the angular dependence of the amplitude to be that given in Prob. 9, which is 
good for velocities small compared with that of light. '* 

11. Show from the expression for the energy density in an electromagnetic wave that 

the direction and rate of flow of energy arc given by the Poynting vector S [E X H], 

where the expression in brackets repr^ents the vector product. 
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SOURCES OF LIGHT AND THEIR SPECTRA 

Since light is an electromagnetic radiation, we should expect that the 
emission of light from any source results from the acceleration of electric 
charges. It is now certain that the electric charges involved in the 
emission of visible and ultraviolet light are the negative electrons in the 
outer part of the atom. By assuming that vibratory or orbital motions 
of these electrons cause radiation, many of the characteristics of different 
light sources may be explained. It should be emphasized, however, that 
this concept must not be carried too far. In the interpretation of 
spectra it fails in several important inspects. These all involve the 
discrete or corpuscular nature of light, which is to be discussed later 
(Chap. 30). For the present, we shall confine ourselves to those aspects 
which can be explained by the assumption that light consists of electro- 
magnetic waves. « 

21.1. Classification of Sources. Sources of light which are important 
for optical and spectroscopic experiments may be divided into two main 
classes: (1) thermal sources, in which the radiation is the result of high 
temperature, and (2) sources depending on the electrical discharge through 
gases. The sun, with its surface temperature of 5000 to 6000®C, is an 
important example of the first class, but here must also be included such 
important sources as tungsten-filament lamps, the various electric arcs 
at atmospheric pressure, and the flame. Under the second class come 
high-voltage sparks, the glow discharge in vacuum tubes at low pressure, 
and certain low-pressure arcs like the mercury arc. The distinction 
between the two classes is not sharp, and we can go continuously from 
one to the other, for instance by pumping away the air around an 
electric arc. 

21.2. Solids at High Temperature. Almost all practical sources for 
illuminating purposes use the radiation from a hoj^olid. In the tungsten 
lamp, the filament is heated to about 2100‘’C b]ffhe dissipation of elec- 
trical energy due to its resistance. The filament can be run at tempera- 
tures as high as 2300®C but will last for only a short period owing to 
the rapid vaporization of tungsten. In the carbon arc in air, the tem- 
perature of the positive pole is about 4000°('! and that of the negative 
pole, 3000®. The positive pole vaporizes and burns away rather rapidly, 
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but it constitutes the brightest thermal source of light available in the 
laboratory. The heating results chiefly from the bombardment of the 
positive pole by electrons drawn from the gaseous part of the arc. Rela- 
tively little light comes from the gas itself. An interesting type of arc, 
useful when a very small source of light is needed, is the so-called 
concentrcUed-arc lamp.^ A simplified diagram of this device is shown in 
Fig. 21A(a). The cathode consists of a small metal tube packed with 
zirconium oxide, and the anode consists of a metal plate containing a 
hole slightly larger than the end of the cathode. Tungsten, tantalum, 
or molybdenum, because of their high melting points, are used for the 
metal parts. These are sealed into a glass bulb which is filled with an 
inert gas like argon to a pressure of nearly one atmosphere. The arc 
runs between the (fused) surface of the zirconium oxide and the sur- 
rounding anode, as indicated in part (b) of the figure. The tip of the 
cathode is heated by ion bombardment to 2700°C or higher, giving it a 



(a) I (b) 


Flo. 21 A. The concoiitruied arc, a close upproxiiiuitiou to a point aoiireo.'* 

surface brightness almost c(]ual to that in the carbon arc. The light is 
observed through the hole in the anode, in the direction shown by the 
arrow in Fig. 21A(a). Lamps of this type can be made in which the 
source is as small as 0.007 cm in diameter. A cheaper way of achieving 
a source of small dimensions is to use a tungsten lamp with a small 
spiral filament (automobile headlight bulb), run at a voltage somewhat 
higher than its rated value. This source does ncjt, however, have the 
smallness and brightness of the concentrated-arc lamp. Other sources 
of continuous spectra will be considered in Sec. 21.9. 

21.3. Metallic Arcs. When two metal rods connected to a source of 
direct current are touched together and drawn apart, a brilliant arc 
forms between them. A resistance of high current capacity must be 
connected in series \a|h the circuit, and adjusted so that 'the steady 
current through the im is from 3 to 5 amp. Higher currents than this 
will cause excessive heating and melting of the electrodes. A large self- 
inductance in the circuit will stabilize the arc, and a voltage of 220 is 
preferable to 110 in this respect. The two poles arc held vertically, in 
line with each other, by clamps with a screw adjustment to vary their 
separation. In the iron arc, the positive pole sliould be the lower, since 
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then a bead of molten iron oxide collects in the small cavity which soon 
forms, and this helps the steadiness of the arc. The radiation from an 
iron, copper, or aluminum arc comes mostly from the gas traversed by 
the arc, this gas consisting almost entirely of the vapor of the metal. 
It has been shown that the gas is at a temperature of from 4000 to 7000^0, 
and it may in cases of very high currents run-up to 12,000^C. The 
equivalent of a metallic arc may be obtained with a carbon arc in which 
the positive pole has been bored with an axial hole and packed with the 
salt of a metal, such as calcium fluoride. It is sometimes desirable to 
run a metallic arc in an atmosphere other than air by enclosing it in an 
airtight chamber. The arc may then be run at low pressures as well, 
but this is a difficult procedure. 

Two of the most important types of metallic arcs for laboratory use 
are the mercury arc and the recently developed sodium arc. In a common 
form of mercury arc, liquid mercury is sealed in a highly evacuated glass 
container of such a shape that the mercury forms two separate pools. 
These make electrical connection with two wires sealed through the glass. 
To start the arc, it is tipped until a thread of mercury connects the two 
pools for an instant and breaks again. As the arc warms up, the pres- 
sure of the mercury vapor increases, and unless a fairly large space is 
available for cooling and condensation, the arc will go out. With suffi- 
cient self-inductance in the circuit, the arc may be run at fairly high 
temperature and pressure, giving a very intense source. For this pur- 
pose the container is made of fused quartz to withstand the higher 
temperature. Quartz has the advantage that it transmits the ultra- 
violet light (Sec. 22.3), and quartz arcs are frequently used in spectros- 
copy and for therapeutic purposes. In using them, great care should 
be taken not to look at the arc too frequently unless glasses are being 
worn, as a painful inflammation of the eyes may result. The same is 
true for the exposed metallic arcs mentioned above. 

In Fig. 21B are shown three types of mercury arc which are convenient 
for different purposes. That shown in (a) is a self-starting type in which 
the arc is formed in a narrow vertical capillary tube (inside diameter 
2 mm) and hence provides an intense vertical line source of mercury 
light. When connected to the 110-volt d-c mains, the current is limited 
to about 1.5 amp by the resistances Ri and R 2 of 80 and 7 ohms, respec- 
tively. Ri is wound on the lower part of the capillary and encased in 
cement so that it heats the mercury at that point until a bubble of vapor 
is formed and the mercury thread breaks. The arc immediately starts, 
generating enough pressure to push the mercury above it up to the 
point A. The arc is then confined to the capillary from A to Rt. The 
current then falls to about 1.0 amp, owing to the additional resistance 
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of the arc itself. Although this type is suitable for experiments with 
small gratings and prism spectroscopes, the pressure and current density 
in the capillary are high enough to broaden the mercury lines appreciably. 
Thus, when a source of very monochromatic light* is required, as in 
work with the Fabry-Pcrot interferometer, type (a) is not satisfactory. 
For such purposes tjye (6) may be used. Here the pool of mercury 
which constitutes the cathode (negative electrode) may be cooled in 
water, and the pressure and current density are very low, giving sharp 



Fic. 2iB. Three types of niorniry arc. (a) A sclf-Htarting mercury arc. (b) A water- 
cooled arc for Hpertroscopic research, (c) A high-pressure, high-intensity water-cooled arc 
for illumination purposes. 


lines. The anode is a small iron cylinder. The arc is started by tipping 
or by holding a wire from a small induction coil next to the glass and at 
the same time short-circuiting for an instant the inductance which stabi- 
lizes the arc once it is established. 

In recent years small mercury arcs only 3 or 4 cm long, capable of 
producing a quarter million candle power, have been made [Fig. 21^(c)]. 
Such a lamp, constructed originally by Cornelius Bol, consists of a fine 
quartz capillary which has about 1 mm inside diameter and is half filled 
with mercury. When a large current is sent through the tube, the 

* The green line X5461 of the mercury spectrum is the best for visual work. Its 
light can be obtained free from the yellow and blue lines by a combination of two glass 
filters, one of didymium glass (absorbing the yellow lines) and one of bichromate or 
other yellow glass (absorbing the blue and violet linos). 
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mercury is quickly vaporized. With so much mercury confined to such 
a small volume, the vapor pressure, as well as the temperature, becomes 
extremely high. To prevent the quartz from overheating and melting, 
water is circulated around the tube as shown. The strong ultraviolet 
light emitted by the mercury atoms is absorbed by the vapor and 
reemitted in the visible spectrum as fluorescent radiation. As a conse- 
quence, these sources are strong in the visible and relatively weak in the 
ultraviolet spectrum. 

The sodium arc is useful for some purposes, though it is not so intense 
as the mercury arc. Another disadvantage it has as a source of mono- 
chromatic light is due to the double character of the sodium D line. 
This arc is enclosed in a special type of glass not attacked by sodium 

vapor. Heating and vaporization of 
the sodium are brought about by a 
preliminary glow discharge in one of 
the rare gases such as argon. 

21.4. Bunsen Flame. When sufficient 
air is admitted at the base of a bunsen 
burner, the flame is practically colorless, 
except for a bluish-gi*een cone bounding 
the inner dark cone of unburnt gas. The 
temperature above the cone is in the 
to -riKkbarhood of 1800-C, high mough 
suits of irietuls into the flame of a to causc the emission of light from 
bunsen burner. salts of certain metals when they 

are introduced into the flame. The color of the flame and its spectrum 
are characteristic of the metal and do not depend on which salt is used. 
The chloride is usually most volatile and gives the most intense coloration. 
The color of the sodium flame is yellow; of strontium, ml; of thallium, 
green; etc. For introducing the sfilt into the flame, a common method 
is to use a loop on the end of a platinum wire, which is first dipped in 
hydrochloric acid and heated until the sodium yellow disappears. Then, 
while red-hot, it is touched to the powdered salt, melting a small amount 
which adheres to the Avire. When this is again held in the flame, the 
color is strong but lasts only a short time. A better method is to mix 
a fine spray of the chloride solution with the gas before it enters the 
burner. This is best done with the apparatus shown in Pig. 21(7, in 
case air under pressure is available. Air is forced through the atomizer 
S, filling the bottle with a fine spray which is carried into the gas at the 
base of the burner. This gives a very constant light source, and is con- 
venient for the laboratory study of flame speetra. Unfortunately, it can 
be used for only a limited number of metals, the suitable ones including 
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lithium, sodium, potassium, rubidium, caesium, magnesium, calcium, 
strontium, barium, zinc, cadmium, indium, and thallium. Other ele- 
ments may be used in the hotter oxygas flame or oxyhydrogen flame, 
but these flames are not so convenient to operate. 

21.6. Spark. By connecting a pair of metal electrodes to the second- 
ary of an induction coil or high-voltage transformer, a series of sparks 
can be made to jump an air gap of several millimeters. If there is no 
capacity in the circuit, the spark is quiet and not very intense, the 
radiation coming chiefly from the air in. the gap. The spark may be 
made much more violent and more intense by connecting a condenser 
(such as a Leyden jar) in parallel across the gap. We then obtain a 
coiuieiised spark. This is an extremely bright source, the spectrum of 



Fia. 21Z). Discharge tubo.s for obtaining the spectra of gases at low pressure. 

which is very rich in lines characteristic of the metal of tlie electrodes. 
Many of these are so-called high-temperature” lines, since they are 
emitted only by a source at effectively high temperature. 

21.6. Vacuum Tube. This is a source that has become increasingly 
common, owing to its application to advertising signs. The familiar red 
''neon signs” contain pure neon gas at a pressure of about 2 cm Hg. 
Metal electrodes are sealed through the ends of the tube, and an electric 
current is caused to traverse the gas by connecting the electrodes to a 
transformer giving a potential of 5000 to 15,000 volts. Other colors are 
produced by introducing a small amount of mercury into a neon or argon 
tube. The heat of the discharge vaporizes the mercury, and we obtain 
the characteristic color and spectrum of mercury vapor. If the tube is 
made of colored glass, certain colors of the mercury light are absorbed 
and various shades of blue and green may be produced. 



426 


SOURCES OF LIGHT AND THEIR SPECTRA 


[Chap. 21 


In the laboratory, this principle can be used on a smaller scale to 
excite the characteristic radiations of any gas or vapor. Two common 
forms of vacuum tube are illustrated in Fig. 21Z>. Type (a) is useful 
where maximum intensity is not required, for instance if the tube is to 
be operated with a small induction coil. The electrodes E, E are short 
pieces of aluminum rod, welded to the ends of tuqgsten wires, the latter 
being sealed through the glass. The light is most intense in the capillary 
tube C, where the current density is greatest, and it is observed laterally, 
in the direction indicated by the arrOw. Considerably greater intensity 
can be obtained with the “end-on” type shown in (fc). Here the elec- 
trodes are of sheet aluminum, rolled up and slipped inside two loosely 
fitting inner glass tubes, G, G, They are fastened to the tungsten leads 
by wrapping a small strip of aluminum at one end around the wire and 
pinching it on tightly. The larger area of the electrodes permits the 
use of greater currents, usually furnished by a transformer, without 
overheating of the electrodes. The light is observed through a plane 
glass window IF, which may be fused directly to the tube. The inner 
glass tubes serve to prevent the deposition of aluminum on the outer 
walls of the main tube, which occurs rather rapidly when a tube is used 
at a low pressure.* 

The exact pressure at which a vacuum tube should be sealed off varies 
between about 0.5 and 10 mm Hg, according to the gas and to the 
particular spectrum desired. Only a limited number of gases are suit- 
able for long-continued use in a scaled tube of the above type. Of these, 
the rare gases neon, helium, and argon are the most satisfactory. Hydro- 
gen, nitrogen, and carbon dioxide tubes will last only a limited time; the 
gas gradually disappears from the tube, or “cleans up,” until a discharge 
can no longer be maintained. 

Starting with a tube filled with some gas at atmospheric pressure, an 
interesting sequence of phenomena is observed as the pressure is decreased 
by pumping while the discharge is running continuously. At first a 
threadlike discharge is obtained very similar to the ordinary spark in air. 
This gradually broadens out until, when the pressure is 2 or 3 cm, it fills 
the whole tube. At a few millimeters, striatiom frequently appear 
throughout the whole discharge, and these separate more and more as 
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the pressure is lowered still further. Then the main part of the dis- 
charge, which contains the striations and is known as the positive column^ 
begins to separate from a small bright glow that surrounds the negative 
electrode and is called the riegaiive glow. The Faraday* dark space is the 
region between the negative glow and the first striation of the positive 
column. At about l»mm pressure, a small dark regidh begins to be 
visible immediately surrounding the cathode. This is the Crookes^ dark 
spacoy and its width furnishes a fairly reliable way of estimating low 
pressures. This stage of the discharge is shown schematically in Fig. 
21^. In an air discharge, the Crookes dark space is 1.2 mm wide for 
a pressure of 2.06 mm Hg, 2.4 mm wide for 0.6 mm pressure, and 7.0 
mm wide for 0.2 mm pressure. When this dark space is fiprly wide, a 
bright sheath of light will be seen covering the surface of the cathode, 
sometimes called the caihode glow. At a pressure low enough so that 


Cathode Neaativealow striations Anode 



dark dark 

space space ^ 

Fro. 2\E. General appearance of a high->Toltago glow discharge in a gas-fillod tube at a 
pressure of about 1 nim of mercury. 

the Crookes dark space touches the glass walls of the tube, the walls 
begin to fluoresce with a greenish light. 

A thorough discussion of the causes of the above complex phenomena, 
some of which are still imperfectly understood, would take us too far 
afield. However, the main features of the processes may be briefly 
stated as follows; The atoms are caused to emit light by the impact of 
electrons that originate at the surface of the cathode^. These are acceler- 
ated to high velocities as they traverse the Crookes dark space, because 
practically the entire potential drop between the electrodes is concen- 
trated across this space. The light of the negative glow is thus produced 
by very high-speed electrons striking the gas molecules. In the positive 
column the potential gradient and electron velocities are much smaller. 
At very low pressures the electrons strike the walls without having 
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encountered any gas atoms, and their impact causes the fluorescence. 
Many interesting experiments can be done to show that its origin lies 
in the fast electrons which fly in straight lines from the cathode and which 
are called ‘^.athode rays.” 

21.7. Classification of Spectra. There are two principal classes of 
spectra, known as emission spectra and absorption spectra. In each of 
these there are three types, continuous, line, and band spectra. Emission 
spectra are obtained when the light coming directly from a source is 
examined with a spectroscope*: Absorption spectra are obtained when 
the light from a source showing a continuous emission spectrum is passed 
through an absorbing material and thence into the spectroscope. Fig- 
ures 21 H, 2^1, and 21iiL show reproductions of photographed spectra 
illustrating the three types, both in emission and in absorption. Solids 
and liquids, with a few rare exceptions,* give only continuous emission 
and absorption spectra, in which a wide range of wavelengths, without 
any sharp discontinuities, is covered, c Discontinuous spectra (line and 
band) are obtained with gases. Gases may also, in certain cases, emit 
or absorb a true continuous spectrum (Sec. 21.9). The three types of 
emission spectra may be easily observed with a carbon arc. If the 
spectroscope is pointed at the white-hot pole of the arc, the spectrum 
is perfectly continuous. If it is pointed at the violet discharge in the 
gas between the poles, bands in the green and violet are seen, and there 
are always a few lines, like the sodium lines, owing to impurities in the 
carbons. 

21.8. Emittance and Absorptance. Although in this chapter we are 
primarily concerned with various sources of light, and hence with emis- 
sion, it will be well to state here a very important relation which exists 
between the emissive and absorptive powers of any surface. A solid, 
when heated, gives a continuous emission spectrum. The amount of 
radiation in this spefetrum and its distribution in different wavelengths 
are governed by Kirchhoff’sif law of radiation. This states that the 
ratio of the radiant emittance to the absorptance is the same for all bodies 
at a given temperature. As an equation, this law may be written 

^ = const. = Wb (21a) 

* Compounds of some of the rare earth metals give line spectra superposed on a 
continuous spectrum when heated to high temperatures. Their absorption spectra — 
for example, that of didymium glass — show very narrow regions of absorption, which 
at liquid-air temperature become sharp absorption lines. 

t Gustav Kirchhoff (1824-1887). Professor of physics at Heidelberg and Berlin. 
Beside discovering some fundamental laws of electricity, he founded (with Bunsen) 
the science of chemical analysis by spectra. 
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The quantity W is the total energy radiated per square centimeter of 
surface per second, while a represents the fraction of the incident radia- 
tion which is not reflected or transmitted by the surface. For the 
constant representing this ratio, we have used the symbol Wb, because 
it represents the emittance of a so-called black body. This term specifies 
a body which is perfectly black, t.c., one which absorbs all the radiation 
falling on its surface. Hence for such an ideal body, qb ^ 1, and Wb 
equals the constant ratio W/a for other bodies. 

Kirchhoff’s law expresses a very^eneral relation between the emission 
and absorption of radiation by the surfaces of different bodies. If the 



(a) (&) 

Fro. 2lF. Photographs of an electric iron illustrating Kirchhoff’s law of radiation, (a) 
Taken with infrared-sensitive plates with the iron hot but emitting no visible radiation, (b) 
Taken with oidiiiary plates and illumination, with the iron at room temperature. . {After 
//. D. Babcock.) 


absorptance is high, the emittance must also be high. Here it is essen- 
tial to realize the difference between the term absorptance^ which measures 
the amount of light disappearance at a single reflection, and the absorption 
within the body of the material, as measured by the absorption coefficient 
ot (Sec. 11.7). The latter determines the loss of light upon transmission 
through the material and has no simple connection with the*absorptanoe 
of the surface. In the case of metals, for example, we shall see (Sec. 
28.14) that a very high absorption coefficient is correlated with a high 
reflectance. But a high reflectance also means a low absorptance. Thus 
for metals, and in general for smooth surfaces of pure substances, a hij^ 
absorption coefficient a necessarily means a low absorptance a. 

A black body, which is approximated, for example, by a piece of 
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carbon, gives the greatest amount of radiation at a given, temperature 
Transparent or highly reflecting substances are very poor emitters of 
visible light, even when raised to high temperatures. Figure 2\F shows 
a practical illustration of the working of Kirchhoff’s law. The right- 
hand picture is a photograph of an ordinary electric iron at room tem- 
perature. A few spots of india ink have been ma^le on the surface, and 
these appear dark since they are regions of high absorptance. The rest 
of the surface is highly reflecting and hence a poor absorber. The 
left-hand photograph was taken by the radiation emitted from the iron 
when heated. The temperature was less than 400^C, so that no visible 
radiation was emitted. However, with infrared-sensitive photographic 
plates a successful photograph was obtained, even though the iron was 
invisible to the eye in the dark. In this picture, it will be seen that the 
spots which were previously dark (good absorbers) have now become 
brighter than the surroundings, even though they have the same tem- 
perature. Hence they also emit radiation most copiously, as Kirchhoff’s 
law requires. Here we are assuming tliat the ink spots, because they 
are black by visible light, are also good absorbers for infrared light. It 
is in fact essential that W and a refer to the same wavelength, or range 
of wavelengths. For the radiation \vithin a small wavelength interval 
we may write » 

^ ( 216 ) 

indicating by the subscript the emittance and absorptance at a particular 
wavelength. This form has important applications to discontinuous 
spectra (Sec. 21.10). 

21.9. Continuous Spectra. The most common sources of continuous 
emission spectra are solids at high temperature, and some of those sources 
were described in S^. 21.2. Nothing was said there concerning the 
distribution in different wavelengths of the energy in the continuous 
spectrum. According to Kirchhoff’s law, this depends on the ability of 
the surface to absorb light of different wavelengths. Thus in a piece of 
china with a red design glazed upon it, the red parts absorb blue and 
violet light .more strongly than red. When the piece is heated to a high 
temperature in a furnace and withdrawn, it will be observed that the 
design will appear bluish by the emitted light, since these portions are 
the best absorbers and emitters for blue. In general, therefore, the 
reflectance spectrum of such a solid gives a clue to its emission spectrum. 

A black body, which absorbs all wavelengths completely, is commonly 
taken as the standard because it constitutes a particularly simple case 
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with which the radiation from other substances may be compared. 
Figure 216 shows the energy distribution in the radiation from a black 
body at seven different temperatures, and Fig. 21H(a) shows photo- 
graphs of the actual spectra corresponding to these curves.* The curve 
for 2000^K represents fairly well that for a tungsten filament, while that 
for GOOO^K is closely ^hat of the sun (neglecting the narrow regions of 
absorption due to the Fraunhofer lines). The area under the curve 
represents the total energy emitted in all wavelengths, and increases 





5000 10.000 ISiOOO 20,000 A 


Fig. 21(7. Black>body radiation curves (plotted to scale). Abscissas give the wavelengths 
in angstroms and ordinates the eiierg>' in calories i)or square centimeter per second in a 
wavelength interval dX of 1 A. For numerical values, see ''Smithsonian Physioal Tables,'* 
8th ed., p. 314. 

rapidly with the absolute temperature. Calling Wb the total energy in 
ergs emitted from the surface of a black body per square centimeter per 
second, and T the absolute temperature, the Stefan~Boltzinanni[ law 
states that • 

Wb = <rT* (21c) 

* In comparing the spectra of Fig. 2lH(a) with the curves of Fig. 21(7 it should be 
borne in mind that photographed spectra do not reproduce the true distribution of 
intensity in different wavclengtl^^ for three reasons: (1) The dispersion of the prism 
compresses the spectrum at the long-wavelength end. (2) The photographic plate 
is not equally sensitive to all wavelengths. In particular, the plate used here does not 
respond at all beyond X66()0. (3) The blackening of the plate is not proportional to 

the intensity. 

t Ludwig Boltzmann (1844-1906). From 1895 to his death by suicide in 1906, 
professor of physics at Vienna. The law was originally stated by Josef Stefan (1835- 
1893) and was independently demonstrated theoretically by Boltzmann. The latter 
is chiefly known for his contributions to the kinetic theory and the second law of 
thermodynamics. 
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The constant a has the value 5.673 X 10“* erg cm“® sec'^®K"^. The 
wavelength of the maximum of each curve, Xnui,, depends on the tempera- 
ture according to Wien* a* displacement law, which states that 

= const. = 0.2897 cm-deg (21d) 


4000® C 


2000® C 


1000® C 


Source 

Rttd 
glass 

Blue 
glass 

Didymium 
gloss 

Fig. 21H. Continuous spectra, (a) Continuous emission spectra of a solid at the three 
temperatures indicated, taken with a quarts spectrograph. The spectra for 1000°C and 
2000"C were obtained from a tungsten filament. That for 4000°C is from the positive pole 
of a carbon arc. The wavelength scale is marked in hundreds of angstroms, (fr) Con- 
tinuous absorption spectra. The upper spectrum is that of the source alone, extending 
roughly from 40U0 to 6500 A. The others show the effect on this spectrum of interposing 
three kinds of colored glass. 

where Xm». is in contlmctors. l^'he shape of the curve itself is given by 
Planck*s\ law, which may be written 

UV rfx = ^ - 1)"' (216) 



Here e is the base of natural logarithms 2.718, while Ci and C 2 are con- 
stants whose values depend on the unit of X. For X in centimeters, 
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Cl = 3.7402 X 10"* erg cm* sec"* and c* =* 1.43848 cm-deg. These con- 
stants are of course connected with those in the Stefan-Boltzmann and 
Wien laws, because Eq. 21c can be obtained from Eq. 21c by integrating 
it from X = 0 to X = oo, while Eq. 2ld is obtained if we differentiate Eq. 
21c with respect to X and equate to zero to obtain the maximum value. 
Thus, the constant i^ Eq. 21d is C2/4.965. These equations apply, of 
course, only to the radiation from an ideal black body. This can never 
be strictly realized experimentally, but it is approximated by a black 
surface or a hollow cavity with a dinall opening. The quantity Wb\ dk 
denotes the emission of unpolarized radiation per square centimeter per 
second in all directions in a range dX. 

A source of a continuous spectrum in the ultraviolet rei^ion is some- 
times desired for the study of absorption spectra in this region. Hot 
solids are unsuitable for this purpose, because of the relatively small 
amount of ultraviolet light they emit, even at the highest temperatures 
available. It has been found tjiat for this purpose a vacuum-tube dis- 
charge through hydrogen gas at 5 to 10 mm pressure is very satisfactory. 
If a current of a few tenths of an ampere is passed through a tube with 
a rather wide capillary (5 mm diameter) at 2000 volts, a very intense 
continuous spectrum is obtained. The maximum intensity of this con- 
tinuum lies in the violet, but it extends far down into the ultraviolet, to 
about 1700 A. 

21.10. Line Spectra. When the slit of a prism or grating spectroscope 
is illuminated with the light from a mercury arc, several lines of different 
color are seen in the eyepiece. Photographs of common line spectra are 
shown in Fig. 21/(a) to (j). Each of these lines is an image of the slit 
formed by the telescope lens by light of a particular wavelength. The 
different wavelengths are deviated through different angles by the prism 
or grating; hence the line images are separated. It is important to 
realize that line spectra derive their name from the fact that a slit is 
customarily used, whose image constitutes the line. If a point, a disk, 
or any other form of aperture were used in the collimator, the spectrum 
lines would become points, disks, etc., as the case may be. Frequently, 
in photographing the spectra from astronomical sources, the collimator 
is dispensed with entirely, and a prism or grating placed in front of the 
telescope lens converts the telescope into a spectroscope. In this case, 
each “line” in the spectrum has the shape of the source. For example. 
Fig. 21 /(^) shows the spectrum of the sun at the instant preceding a 
total eclipse, when the usual dark-line absorption spectrum is replaced 
by an emission spectrum from the gases of the solar atmosphere, giving 
the so-called “flash spectrum.” The chief use of a slit is to produce 
narrow images, so that the images in different wavelengths do not overlap. 
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^5850 5390 5995 Sun 

Fio. 211. Line spectra, (a) Spectrum of the iron arc. The line emission spectra (a) to 
(f) were all taken with the same quarts spectrograph. (6) Mercury spectrum from an arc 
enclosed in quarts, (c) Same, from an arc enclosed in glass, (d) Helium in a glass dis- 
charge tube, (e) Neon in a glass discharge tube. (/) Argon in a glass discharge tube. 
iff) Balmer series of hydrogen in the ultraviolet, XX360Q-4000. This is a grating spectrum. 
The faint lines on either side of the stronger members are false lines called ** ghosts" (Sec. 
17.1 3) . (h) Flash spectrum, showing the emission spectrum from the gaseous chromosphere 

of the sun. This is a grating spectrum taken without a slit at the instant immediately 
preceding a total eclipse, when the rest of the suii is covered by the moon's disk. The two 
strongest images are the H and K lines of calcium, and show marked prominences, or clouds 
of oalcium vapor. Other strong images are due to hydrogen and helium, (i) Line 
absorption spectrum of sodium in the ultraviolet, taken with a grating. The bright lines 
in the background arise in the source, which here was a carbon arc. Notice the slight con- 
tinuous absorption beyond the series limit, (j) Solar spectrum in the neighborhood of the 
D lines. The two strong lines are absorbed by sodium vapor in the chromosphere, and 
together constitute the first member of the series shown in (t), 
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The most intense sources of line spectra are metallic arcs and sparks, 
although vacuum tubes containing hydrogen or one of the rare gases are 
very suitable. Flames are often used, because the spectra they give are 
in general simpler, being not so rich in lines. All common sources of 
Jine emission or line absorption spectra are gases. Furthermore, it is 
now known that onl.^ the indioidual atoms give true line spectra. That 
is, when a molecular compound is used in the source, such as methane 
gas (CH4) in a discharge tube, or sodium chloride in a ''cored” carbon 
arc, the lines observed are due to the elements and not to the molecules. 
For example, methane gives a strong line spectrum due to hydrogeii, and' 
it is well known that sodium chloride gives the yellow sodium lines. 
Lines due to carbon and chlorine do not appear with appreciable intensity 
because these elements are more difficult to excite to emission and their 
strongest lines lie in the ultraviolet and not in the visible part of the 
spectrum. In Table 211 are given the wavelengths of the lines in certain 
commonly used emission spectrii, with an indication as to whether they 
are strong («), medium (m), or weak (ti?). 


Table 211 . Wavklbnoths, in Ancktrom Units, of Some Urkfiil Spectral Lines 


Sodium 

Mercury 

rieliiim 

Cadmium 

• 

IlydrogcMi 

5889.05 « 

4046.56 m 

4387.93 w 

4678.16 m 

6562.82 « 

5895.92 m 

4077.81 w 

4437.55 w 

4799.92 8 

4861 .33 m 


4358.35 « 

4471 .48 « 

5085.82 8 

4340.46 w 


4916.04117 

4713.14 m 

6438.47 « 

4101.74 117 


5460.74 « 

4921 .93 m 




5769.59 < 

5015.67 « 




5790.65 8 

5047.74117 
5875.62 8 
6678.15 m 




Line absorption spectra are obtained only with gases ordinarily com- 
posed of individual atoms (monatomic gases). The absorption lines in 
the solar spectrum are due to atoms which exist as such, rather than 
combined as molecules, only because of the high temperature and low 
pressure in the "reversing layer” of the suii’s atmosphere [Fig. 21/(A) 
and (j)]. In the early days of the study of these lines by Fraunhofer, 
the more prominent ones were designated by letters. The Fraunhofer 
lines are very useful "bench marks” in the spectrum, for instance in the 
measurement and specification of refractive indices. Hence we give 
here, in Table 2111, their wavelengths and the chemical atoms or molecules 
to which they are due. The "lines” A, B, and a are really bands, 
because of absorption by oxygen in the earth's atmosphere. It will be 
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Tabt.e 2111. The Most Intense Fraunhofer Lines 


Designation 

Origin 

Wavelength, 

A 

Designation 

Origin 

Wavelength, 

A 

A 

o* 

7594-7621* 

b. 

Mg 

5167.343 

B 

O2 

6867-6884* 

c 

rFe 

4967.609 

C 

H 

6562.816 

F 

H 

4861.327 

a 

O 2 

6276-6287* 

d 

Fe 

4668.140 

Di 

Na 

5895.923 

9 c 

Fe 

4383.547 

D, 

Na 

5889.053 

f 

H 

4340.465 


lie 

5875.618 

G 

Fe 

4307.906 

K, 

Fe 

5269.541 

G 

Ca 

4307.741 


Mg 

5183.618 

K 

Ga 

4226.728 

. 

Mg 

5172.699 

h 

II 

4101.735 

l>. 

Fc 

5168.901 

11 

Ca+ 

3968.468 

1i< 

Fc 

5167.491 

K 

Ca+ 

*3933.666 


* Band. 


seen that bi and G are blends of two lines which are not ordinarily resolved 
but are due to difTercnt elements. 

In the laboratory, there arc only a few substances which are suitable 
for observing lin^ absorption spectra, because the absorption lines of 
most monatomic gases lie far in the ultraviolet. The alkali metals are 
one exception, and if sodium is heated in an evacuated steel or pyrex-glass 
tube with glass windows at the ends, the spectrum of light from a tungsten 
source viewed through the tube will show the sodium lines in absorption 
[Fig. 21/(t)]. They appear as dark lines against the ordinary continuous 
emission spectrum. 


A somewhat simpler experiment to perform, and one which in addition 
shows the application of KirchhofT’s law to line spectra, is illustrated 
diagrammatically in Fig. 21J. A is a horizontal carbon arc cored with 



Fig. 21J, Ezperiniontitl arraiiRonient for showing absorption of tho sodium D lines, and 
for illustrating Kirchhoff's law of radiation. 

sodium chloride. The arc is run on a fairly large current so that a bright 
yellow flame F rises above it. If the slit S of the spectroscope is directed 
at the flame, the sodium D lines are seen in emission. They can now 
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be observed in absorption by placing a concave mirror M in such a 
position that it casts an image of the bright positive pole of the arc on 
the slit, the light passing through the flame on its way to the slit. There 
is a considerable concentration of sodium atoms in the flame, and these 
are able to absorb, as well as to emit, the particular frequencies corre- 
sponding to the D lines. Under these circumstances the lines appear 
dark in the spectruid, because of the fact that the flame is a lower 
temperature than the positive pole. This is a consequence of Kirchhoff’s 
law in the form of Eq. 21&. To show this, suppose the absorptance a\ 
of the flame for the wavelength of the D fines to }>e i, so that one-quarter 
of this radiation coming from the mirror is removed from the beam. But 
according to Eq. 216 W\ for this wavelength is iTFjix, that is, the yellow 
lines arc emitted with one-quarter of the intensity of the corresponding 
portion of the radiation from a black body at the temperature of the flame. 
Hence if the pole of the arc were at the same temperature as the flame, 
the amount absorbed would be just compensated by the emission, and 
no line would appear in the spdbtrum.* The pole, however, is at a con- 
siderably higher temperature; hence the amount absorbed is greater than 
that emitted by tlie flame, and dark lines are actually observed with the 
mirror in position. By shifting the mirror so that the image of a cooler 
part of the pole falls on the slit, the lines can be ma^e to disappear, or 
to change into bright lines when the temperature of the selected part of 
the pole is loss than that of the flame. 

21.11. Theory of the Connection between Emission and Absorption. 

KirchhofT's law, as stated in Sec. 21.8, may be proved rigorously by 
thermodynamical methods. However, it will help more in understand- 
ing the above experiment to consider the processes of emission and 
absorption from the electromagnetic standpoint. We may picture the 
emission of light as due to periodic motions of the^electrons in the atoms 
of the source. These motions will cause electromagnetic waves to be 
sent out having the same frequencies as the charged particles, just as 
the sound emitted from a tuning fork has the frequency of the fork. In 
the case of sodium vapor, each oscillating charge vibrates with a par- 
ticular frequency, like the tuning fork, and the frequency is that of the 
yellow sodium light. Now if we consider sodium light to be ^nt through 
the vapor, the analogy with the tuning fork is still valid. It is well 
known that when sound waves of the right frequency are incident on a 
tuning fork, the fork Avill start vibrating and will pick up a considerable 
amplitude by virtue of resonance. In the same way the sodium atoms 
* We are assuming here that the pole radiates as a perfect black body. 
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respond to the incident electromagnetic waves, and the energy which 
they absorb from the waves is reemitted as resonance radiaJtion. Although 
all the energy taken from the waves is thus reemitted, resonance radia- 
tion is uniformly distributed in all directions and thus will be relatively 
weaker in the forward direction than if the absorbing atoms were not 
present. 

The connection between the emittance and absofptance of a substance 
for light of a given wavelength necessarily follows from the above con- 
siderations. If a substance absorbs Jight of one frequency strongly, it 
must possess a large number of charges whose characteristic frequencies 
of vibration match that of the light. Conversely, when the substance 
is caused to emit light, these same vibrations will cause strong. emission 
of the same frequency. 

21.12. Series of Spectral Lines. In the spectra of some elements, lines 
are observed which obviously belong together to form a ^eeriee in which 
the spacing and intensities of the lines change in a regular manner. For 
example, in the Balmer scries of hydrogeh [Fig. 21 /(^)] the spacing of the 
lines decreases steadily as they proceed into the ultraviolet toward shorter 
wavelengths, and their intensities fall off rapidly. Although only the 
first four lines lie in the visible region, the Balmer series has been traced 
by photography j^o 31 members in the spectra of hot stars, where it 
appears as a series of absorption lines. The absorption spectrum of 
sodium vapor shows a remarkably long series of lines, each of which is 
a close doublet [not resolved in Fig. 21 /(i)], known as the principal 
series. This series also appears in emission from the arc or flame, and 
the* well-known D lines constitute the first doublet of the series. In 
the sodium spectrum from a flame, about 97 per cent of the intensity 
in this series is in the first member. The emission spectra of the alkalis 
also show two other series of doublets in the visible region, known as 
the sharp and diffuse, series. A fourth weak series in the infrared is 
called the fundamenJM series. The alkaline earth metals, such as cal- 
cium, show two such sets of series — one of single lines, the other of 
triplets. 

A characteristic of any particular series is the approach of the higher 
series members to a certain limiting wavelength, known as the limit or 
convergence of the series. In approaching this limit, the lines crowd 
closer and closer together, so that there are theoretically an infinite 
number of lines before the limit is actually reached. Beyond the limit 
a rather faint continuous spectrum is sometimes observed in emission; 
in absorption a region of continuous absorption can always be observed 
if the absorbing vapor is sufficiently dense [Fig. 21/(t)]. The series 
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limits furnish the clue to the identification of the type to which the series 
belongs. Thus the sharp and diffuse series approach the same limit, 
while the principal series approaches another limit which for the alkalis 
lies at shorter wavelengths. 



Fio. 2\K. Band spectra, (a) Spectrum of a discharge tube containing air at low pressure. 
Four band systems are present: the 7 -bands of NO(^X2300-2700), negative nitrogen hands 
X\2000-3500), second positive nitrogen bands (Ns, XX29bO 5000), and the first posi- 
tive nitrogen bands (Ns, XX5500 7000). (5) Si)ectrum of a high-frequency discharge in 

lead fluoride vapor. These bands, due to PbF, fall in prominent sequences, (e) Spectrum 
showing part of one band system of SbF, obtained by vaporising antimony fluoride into 
“active nitrogen.” (5) and (c) were taken with a large quarts spectrograph, (d) Emis- 
sion and absorption band spectra of BaF. Emission from a carbon arc cored with BaFs; 
absorption of BaF vapor in an evacuated steel furnace. The bands are closely grouped in 
sequences. Second order of 21 -ft. grating, (e) CN band at X3883 from an argon discharge 
tube containing carbon and nitrogen impurities. Second order of grating. (/) Band in the 
ultraviolet spectrum of NO, obtained from glowing '* active nitrogen” containing a small 
amount of oxygen. Second order of grating. [( 6 ) and (c) ajter Rocheater.^ 

21.13. Band Spectra. The most convenient sources of band spectra 
for laboratory observation are the carbon arc cored with a metallic salt, 
the vacuum tube, and the flame. Calcium or barium salts are suitable 
in the arc or flame, and carbon dioxide or nitrogen in a vacuum tube. 
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As observed with a spectroscope of small dispersion, these spectra present 
a typical appearance which distinguislies them at once from line spectra 
[Fig. 21ir(a) to (d)]. Many bands are usually observed, each with a 
sharp edge on one side called the head. From the head, the band shades 
off gradually on the other side. In some band spectra several closely 
adjacent bands, overlapping to form aequenceSf will be seen [Fig. 21K(Jb) 
and (d)], while in others the bands are spaced faitly widely, as in Fig. 
2iK(€), When the high dispersion and resolving power of a large grat- 
ing are used, each band is found to be actually composed of many fine 
lines, arranged with obvious regularity into series called branches of the 
band. In Fig. 2\K{e)^ two branches will be seen starting in opposite 
directions from a pronounced gap, where no line appears. In (/) the 
band is double, and the two branches of the left-hand member can be 
seen running side by side. 

Various sorts of evidence point to the conclusion that' band spectra 
arise from molecules, i.e., combinations of two or more atoms. Thus it 
is found that, while the atomic or line spebtriim of calcium is independent 
of which salt we put in the arc, we obtain dilTerent bands by using cal- 
cium fluoride, calcium chloride, or calcium bromide. Also, the bands 
appear in those types of sources where the gas receives less violent 
treatment. Nitrpgen in a vacuum tube sujected to an ordinary uncon- 
densed discharge shows only the band spectrum, whereas if a condenscHl 
discharge is used, the line spectrum appears. The most conclusive evi- 
dence lies in the fact that the absorption spectrum of a gas Avhich is 
known to be molecular (O 2 , N 2 ) shows bands but no lines, owing to the 
absence of any dissociation into atoms. Furthermore, it is found that 
any simple band spectrum, like those described and illustrated above, is 
due to a diatomic molecule. When calcium fluoride (CaF 2 ) is put into 
the arc, the bands observed are due to CaF. The violet bands in the 
uncored carbon arc aj-e due to CN, the nitrogen coming from the air 
[Fig. 21K{e)], Carbon dioxide in a vacuum tube gives the spectrum of 
CO, and there are many other examples of this type of dissociation of 
the more complex molecules into diatomic ones. 

21.14. Theory of Line, Band, and Continuous Spectra. The attempt 
to interpret the various definite frequencies emitted by the atoms of a 
gas in prodticing a line spectrum has constituted what is probably the 
most remarkable chapter in the history of physics. Just as the fre- 
quencies of vibration of a violin string give sound waves whose frequen- 
cies bear the simple ratio of whole numbers to the fundamental note, it 
was first supposed that the frequencies of the light in the various spectral 
lines should bear some definite relation to each other, which would 
furnish the clue to the modes of vibration of the atom and to its structure. 
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This has proved to be the case, though in a very different way than was 
at first anticipated. The definite relation of frequencies is actually 
found in spectral series. However, it will be seen at once that the 
atomic frequencies do not behave like those of a violin string. In the 
latter the overtones increase steadily toward an infinite frequency (zero 
wavelength), while the frequencies in a spectral series approach a de^ite 
limiting value. The complete explanation of line spectra has now been 
obtained by developing an entirely new theory, called the quantum 
theory * Although this theory is in many respects in direct contradic- 
tion to the electromagnetic theory, the latter proved an invaluable guide 
in attacking such problems as the intensity and polarization of spectral 
lines. It also gave the first clue to the behavior of the lines when the 
source was placed in a magnetic field (Chap. 29). For the complete 
explanation of line spectra, however, the quantum theory is absolutely 
essential. We shall return to this subject in the final chapter. 

Band spectra have also required the quantum theory for their complete 
explanation. Nevertheless, the* electromagnetic treatment of the prob- 
lem of molecular spectra was successful in some respects. Certain series 
of bands are observed in the infrared which have frequencies and inten- 
sities related very closely like a fundamental and overtones. These are 
now' known to be due to the vibration of the two nuolei in a diatomic 
molecule along the line joining them. The two branches of an individual 
band [Fig. 21K{e)] could bo explained as due to rotation of the molecule 
about a direction perpendicular to the above line. Thus the electro- 
magnetic theory predicts two combination frequencies, the sum and the 
<lifference of the frequencies of vibration and rotation. This theory, 
however, required a continuous distribution of frequencies in each branch, 
and was unable to explain the discrete lines. 

That a continuous spectrum is obtained from liquids and solids can be 
understood from the fact that here the atoms arci closer together than 
in a gas and exert forces on each other. Whereas in a gas the atoms are 
far apart and able to emit definite frequencies, these are so modified by 
the mutual influence of the atoms in a solid that they are spread out 
into a continuous spectrum. The beginning of this effect is seen in the 
spectrum of a gas at a fairly high pressure. The lines become broadened, 
owing to the frequent collisions of the atoms, and the broadening increases 
with pressure, so that finally the lines merge into a continuous spectrum 
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as the gas approaches the liquid state. On the electromagnetic theory, 
one can understand qualitatively the increase in the radiation from a 
solid with increase of temperature. The motions of the charged particles 
increase in amplitude as the substance becomes hotter, with a resultant 
increase in amplitude of the emitted waves. More rapid accelerations 
would cause the average wavelength to shift toward higher frequencies 
as the temperature is raised. Again, however, tfie quantum theory is 
required to explain the actual distribution of energy in different wave- 
lengths. In fact, it was the attempt to derive Eq. 21e which first led 
Planck to make the revolutionary assumptions which constituted the 
foundations of this theory. For further discussion of the quantum 
aspects, see Chap. 30. 

Problems 

1. Calculate to four significant figures the wavelength Xm»x of the maximum for the 
seven curves shown in Fig. 2\G. 

2. Calculate to three significant figures the value of the energy maximum for the 

5000'*K curve shown in Fig. 21(7. ^ 

8. Find the total energy radiated in 2 min from a cube of copper 3 cm on edge, 
when the temperature is 1500*'F. Assume an absorptivity of 0.92. 

4. If the surroundings in Prob. 3 are at a temperature of lOO^’F, how much energy 
is absorbed by the copper block in 2 min? Compare this energy Avith that emitted. 
(Note: If both cub^and surroundings were at lOO^’F, the cube would have to absorb 
the same energy that it emits.) 

6. On mapping the spectral intensity curve of an incandescent source, it is found 
to have a maximum at a wavelength of 22,000 A. What is the temperature of the 
source? 

6. A thermopile is placed near a furnace having a small circular opening. When 
the furnace is at 2050°K, and its distance from the thermopile such that the hole 
subtends the same solid angle as the sun’s disk, the galvanometer deflection is found 
to be of that when the thermopile is placed in full sunlight. Find the temperature 
of the sun indicated by this exjicriment. 

7. Which line or lines of the helium spectrum are absorbed by didymium glass? 
By the red glass whose sfiectrum is shown in Fig. 21H1 

8. By inspection of Fig. 217(6) and (c), sketch a curve showing how the absorption 
of glass changes with wavelength through the visible and ultraviolet. 

9. It is desired to make neon tubes containing mercury so that the tubes will give 
(a) a green color, (6) a blue color. What characteristics are desired for the glass of 
the tube in each case? Specify the ranges of w avelengths absorbed. 

10. The discharge tube in Fig. 21i)(a), containing air at a low pressure, is steadily 
exhausted with a pump. At approximately what pressure W'ill the glass walls begin 
to fluoresce by the impact of cathode rays? 

11. A gray surface has an absorptance a ■■ 0.4. Find the rate of emission in ergs 
per square centimeter per second at a temperature of 90^0. 

12. Derive £q. 21d from £q. 216, as suggested in Sec. 21.9. 

13. Derive Eq. 216 from Eq. 216, as suggested in Sec. 21.9. 

14. In the experiment of Sec. 21.10, the apparatus is adjusted to show a dark 
^sodium line in the bright continuous spectrum. Interposing a piece of gray glass, 
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which absorbs three-quarters of the light of any wavelength, between the are and the 
mirror changes the dark line to a bright line. Explain. 

15. If the Xmuc radiated from a black body is at 600 A, what is its absolute temper- 
ature? How much energy will the body ra^te in 1 sec from each square centimeter 
of its surface? 

15. Solve Prob. 15 if Xnwx is at 2000 A. 

17. It has been proposed that the radio ''noise*' observed in the microwave region 

at X ■> 1 cm is thermal radiation from the sun. Assuming that the sun radiates as 
a black body at 6000'*K, and that the disk of the sun subtends an angle of find the 
absolute intensity in ergs per square centimeter per second to be expected for such 
radiation. '* t 

18. Suppose that the red hydrogen line at X6553 were the fundamental frequency 

of a small solid vibrator representing the atom. Plot on a wavelength scale the 
spectrum to be expected for hydrogen if it were to radiate this frequency plus all its 
harmonics. Compare with Pig. 21/(^). • 

19. An effective demonstration of Kirchhoff’s law of radiation is obtained by fusing 
a little didymitim into a thin quarts rod and heating it in a bunsen flame. Describe 
the emission spectrum that would be expected in this experiment. 



CHAPTER 22 

ABSORPTION AND SCATTEI^G 


When a beam of light is passed through matter in the solid, liquid, or 
gaseous state, its propagation i& affected in two important ways. In the 
first place, the intensity will always decrease to a greater or less extent 
as the light penetrates farther into the medium. In the second place, 
the velocity •will be less in the medium than in free space. The loss of 
intensity is chiefly due to absorption, although under some circumstances 
scattering may play an important part. In this chapter ^e shall discuss 
the consequences of absorption and scattering, while the effect of the 
medium on the velocity, which comes under the term “dispersion,” we 
shall consider in the following chapter. The term absorption as used in 
this chapter refers to the decrease of intensity of light as it passes through 
a substance (Sec. 11.7). It is important to distinguish this definition 
from that of absorptance, which was given in Sec. 21.8. The two terms 
refer to different physical quantities, but thei*e are certain relations 
between them, as we shall now see. 

22.1. General and Selective Absorption. A substance is said to show 
general absorption if it reduces the intensity of all wavelengths of light 
by nearly the same amount. For visible light this means that the trans- 
mitted light, as sc',cn by the eye, shows no marked color. There is merely 
a reduction of the total intensity of the white light, and such substances 
therefore appear to be gray. No substance is known which absorbs all 
wavelengths equally, but some, such as suspensions of lamp black or 
thin semitransparent films of platinum, approach this condition over a 
fairly wide range of wavelengths. 

By selective absorption is meant the absorption of certain wavelengths 
of light in preference to others. Practically all colored substances owe 
their color to the existence of selective absorption in some part or parts 
of the visible spectnim. Thus a piece of green glass absorbs completely 
the red and blue ends of the spectrum, the remaining portion in the 
transmitted light giving a resultant sensation of green to the eye. The 
colors of most natural objects such as paints, flowers, etc., are due to 
selective absorption. These objects are said to show pigment or body 
color^ as distinguished from surface color, since their color is produced 
by light which penetrates a certain distance into the substance. Then, 
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by scattering or reflection, it is deviated and escapes from the surface, 
but only after it has traversed a certain thickness of the medium and 
has been robbed of the colors which are selectively absorbed. In all 
such cases the absorptance of the body will be proportional to its true 
absorption and will depend in the same way upon wavelength. Surface 
color, on the other hayd, has its origin in the process of reflection at the 
surface itself (Sec. 22.7). Some substances, particularly metals like gold 
or copper, have a higher reflecting power for some colors than for others, 
and therefore show color by reflected ligl^t. The transmitted light here 
has the complementary color, whereas in body color the color is the same 
for the transmitted and reflected light. A thin gold foil, for example, 
looks yellow by refieotion and blue green by transmission. As was men- 
tioned in Sec. 21.8, the body absorption of these materials is very high. 
This causes a high reflectance and a correspondingly low absorptance. 

22.2. Distinction between Absorption and Scattering. In Fig. 22A 
let light of intensity /o enter a long glass cylinder filled with smoke. 



Fig. 22A, ScuttcriiiK of light by finely divided partielos sucli as those in smoke. 


The intensity 1 of the beam emerging from the other end will be less 
than /o. For a given density of smoke, experiment shows that / depends 
on the length d of the column according to the exponential law stated 
in Sec. 11.7, i.e., 

I = (22a) 

Here a is usually called the absorption coefficient, since it is a measure 
of the rate of loss of light from the direct beam. However, most of the 
decrease of intensity of I is in this case not due to a real disappearance 
of the light, but results from the fact that some light is scaUered to one 
side by the smoke particles and thus removed from the direct beam. 
Even with a very dilute smoke, a considerable intensity /« of scattered 
light may easily be detected by observing the tube from the side in a 
darkened room. Rays of sunlight seen to cross a room from a window 
are made visible by the fine suspended dust particles present in the air. 

True absorption represents the actual disappearance of the light, the 
energy of which is converted into heat motion of the molecules of the 
absorbing material. This will occur to only a small extent in the above 
experiment, so that the name '^absorption coefficient” for a is not appro- 
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priate in this case. In general, we can regard a as made up of two 
parts, a. due to true absorption, and due to scattering. Equation 22a 
then becomes 

I « (226) 

In many cases either oa or a. may be negligible with respect to the other, 
but it is important to realize the existence of these two different processes 
and the fact that in many cases both may be operating. 

22.3. Absorption by Solids and Liquids. If monochromatic light is 
passed through a certain thickness of a solid or of a liquid enclosed in a 
transparent' cell,' the intensity of the transmitted light may be much 
smaller than that of the incident light, owing to absorption. If the 
wavelength \)f the incident light is changed, the amount of absorption 
will also change to a greater or less extent. A simple way of investigating 
the amount of absorption for a wide range of wavelengths simultaneously 
is illustrated in Fig. 22B. 8\ is a source which emits a continuous range 



Fig. 22n. Experimental arrangement for observing the absorption of light by solids, 
liquids, or gases. 

of wavelengths, such as an ordinary tungsten-filament lamp. The light 
from this is source rendered parallel by the lens Li and traverses a 
certain thickness of the absorbing medium M, It is then focused byLs 
on the slit St of a prism spectrograph, and the spectrum photographed 
on the plate P. If ilf is a ^transparent’' substance like glass or water, 
the part of the spectrum on P representing visible wavelengths will be 
perfectly continuous, as if M were hot present. If M is colored, part 
of the spectrum will be blotted out, corresponding to the wavelengths 
removed by Af, and we call this an absorption band. For solids and 
liquids, these bands arc almost always continuous in character, fading 
off gradually at the ends. Examples of such absorption bands were 
shown in Fig. 21H{h). 

Even a substance which is transparent to the visible region will show 
such selective absorption if the observations are extended far enough into 
the infrared or the ultraviolet region. Such an extension involves con- 
siderable experimental difficulty when a prism spectrograph is used, 
because the material of the prism and lenses (usually glass) may itself 
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have strong selective absorption in these regions. Thus flint glass cannot 
be used much beyond 25,000 A, (or 2.5 n) in the infrared, nor beyond 
about 3800 A in the ultraviolet. Quarts will transmit somewhat farther 
in the infrared and much farther in the ultraviolet. Table 221 shows 
the limits of the regions over which various transparent substances used 
for prisms will transipit an appreciable amount of light. 


Table 221 


• 

SiibHtanco 

(iimit of transmission, A 

Ultraviolet 

Infrared 


3500 

20,000 

2.5.000 

40.000 

05.000 

145.000 

230.000 

70.000 

Hint glass 

3800 

Qiiaftz (SiO-.) 

1800 

Fluorite (CaF*») 

1250 

Kook salt (NaCI) ^ 

1760 

Sylvin (KCI) * 

1800 

Lithium fluorid<! 

1100 



Prisms for infrared investigations are usually of rock salt, while for the 
ultraviolet quartz is most common. In an ultraviolet spectrograph, 
there is no advantage in using fluorite unless air is completely removed 
from the light path, because this begins to absorb strongly below 1850 A. 
Also, specially prepared photographic plates must be used below this 
wavelength, since the gelatin of the emulsion by its absorption renders 
ordinary plates insensitive. In the infrared, photography can now be 
used as far as 13,000 A, thanks to recently developed methods of sensi- 
tizing plates. Beyond this, an instrument based upon measurement of 
the heat produced, such as a thermopile, must be used. 

When absorption measurements are extended over the whole electro- 
magnetic spectrum, it is found that no substance exists which does not 
show strong absorption for some wavelengths. The metals exhibit gen- 
eral absorption, with a very minor dependence on wavelength in most 
cases. There are exceptions to this, however, as in the case of silver, 
which has a pronounced transmission band” near 3160 A (see Fig. 
28M). A film of silver which is opaque to visible light may be almost 
entirely transparent to ultraviolet light of this wavelength. Dielectric 
materials, which are poor conductors of electricity, exhibit pronounced 
selective absorption which is most easily studied when scattering is 
avoided by having them in a homogeneous condition such as that of a 
single crystal, a liquid, or an amorphous solid. In a general Way, it may 
be said that such substances are more or less transparent to X rays and 
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7 ra 3 rs, i,e., light waves of wavelength below about 10 A. Proceeding 
toward longer wavelengths, we encounter a region of very strong absorp- 
tion in the extreme ultraviolet, which in some cases may extend to the 
visible region, or beyond, and in others may stop somewhere in the near 
ultraviolet (see Table 221). In the infrared, further absorption bands 
are encountered, but these eventually give way to almost complete 
transparency in the region of radio waves. Thus /or dielectrics we may 
usually expect three large regions of transparency, one at the shortest 
wavelengths, one at intermediate wavelengths (perhaps including the 
visible), and one at very long wavelengths. The limits of these regions 
vary a great deal in dilTerent substances, and one substance, such as 
water, may be transparent to the visible but opaque to the near infrared, 
while anothef, such as rubber, may be opaque to the visible but trans- 
parent to the infrared. 

22.4. Absorption by Gases. The absorption spectra of all gases at 
ordinary pressures show narrow absorption lines. In certain cases it is 
also possible to find regions of continuous absorption (Sec. 21.12), but 
the outstanding characteristic of gaseous spectra is the presence of these 
sharp lines. If the gas is monatomic like helium or mercury vapor, the 
spectrum will be a true line spectrum, frequently showing clearly defined 
series. The number of lines in the absorption spectrum is invariably 
less than in the emission spectrum. For instance, in the case of the 
vapors of the alkali metals, only the lines of the principal series are 
observed under ordinary circumstances [Fig. 21/(z)]. The absorption 
spectrum is therefore simpler than the emission spectrum. If the gas 
consists of diatomic or polyatomic molecules, the sharp lines form the 
rotational structure of the absorption bands characteristic of mole- 
cules. Here again the absorption spectrum is the simpler, and fewer 
bands are observed in absorption than in emission from the same gas 
[Fig. 2lK{d)l 

22.6. Resonance and Fluorescence of Gases. Let us consider what 
happens to the energy of incident light which has been removed by the 
gas. If true absorption exists, according to the definition of Sec. 22.2, 
this energy will all be changed into heat, and the gas will be somewhat 
warmed. Unless the pressure is very low, this is generally the case. 
After an atom or molecule has taken up energy from the light beam, it 
may collide with another particle, and an increase in the average velocity 
of the particles is brought about in such collisions. The length of time 
that an energized atom can exist as such before a collision is only about 
10“^ or 10“* sec, and unless a collision occurs before this time, the atom 
will get rid of its energy as radiation. At low pressures, where the time 
between collisions is relatively long, the gas will become a secondary 
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source of radiation, and we do not have true absorption. The reemitted 
light in such cases usually has the same wavelength as the incident light, 
and is then termed resonance radiation (Sec. 21.11). This radiation was 
discovered and extensively investigated by R. W. Wood.* The origin of 
its name is clear, since as has been mentioned the phenomenon is analo- 
gous to the resonancq of a tuning fork. Under some circumstances the 
reemitted light may have a longer wavelength than the incident light. 
This effect is called fluorescence. In either resonance or fluorescence, 
some of the light is removed* from the direct beam and dark lines will be 
produced in the spectrum of the transmitted light. Resonance and 
fluorescence arc not to be classed as scattering. This distinction will 
be made clear in See. 22.12. 

Resonance jpadiation from a gas can readily be demonstrated by the 
use of a sodium-arc lamp. A small lump of metallic sodium is placed 
in a glass bulb connected to a yacuum pump. The sodium is distilled 
from one part of the bulb to another by heating ^vith a bunsen burner, 
thus liberating the large quantities of hydrogen always contained in this 
metal. After a high vacuum is attained, the bulb is sealed off and the 
light of the arc is focused by a lens on the bulb. The bulb must of course 
be observed from the side in a dark room. On gently Wi^rming the sodium 
with the flame, a cone of yellow light defining the path of the incident 
light will be seen. At higher temparatures, the glowing cone becomes 
shorter, and eventually is seen merely as a thin bright skin on the inner 
surface of the glass. 

Fluorescence of a gas is most easily shown with iodine vapor, which 
consists of diatomic molecules, I 2 . White light from a carbon arc will 
produce a greenish cone of light when focused in a bulb containing 
iodine vapor in vacuum at room temperature. A still more interesting 
experiment can be performed by using monochromatic light from a 
mercury arc, as shown in Fig. 22(7. The source of light is a long hori- 
zontal arc A, which is enclosed in a box with a long slot cut in the top 
parallel to the arc. Immediately above this is a glass tube B filled with 
water. This acts as a cylindrical lens to concentrate the light along the 
axis of tube C, containing the iodine vapor in vacuum. The. fluorescent 
light from the vapor is observed with a spectroscope pointed at the plane 
window on the end of tube (7. The other end is tapered and painted 
black to prevent reflected light from entering the spectroscope, and a 

* R. W. Wood (1868- ). Professor of experimenta] physics at the Johns Hop- 

kins University. Tie pioneered in many fields of physical optics and also became one 
of the most colorful figures in American physics. His discoveries in optics are con- 
tained in his excellent text ''Physical Optics.*' 
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screen with a circular hole placed close to the window helps in this respect. 
A polished reflector R laid over C increases the intensity of illumination. 
If B contains a solution of potassium dichromate and neodymium sulfate, 
only the green line of mercury, X5461, is transmitted. Figure 22£>(b) 



Fig. 22C. Ezperimontal arrangement for observing the fluorescence of iodine yai>or with 
azcitation by monochromatic light. 


Fluoreecenoe 



A2636 


Raman Effect 


(d> 


_i I I I 



a4047 A4358 A6461 


Fio. 22Z>. Photographs of (a) mercury-arc spectrum; (6) fluorescence spectrum of iodine, 
(e) enlarged section of (b); (d) Raman spectrum of hydrogen (after Rasetti); (e) Raman 
spectrum of liquid carbon tetrachloride (after M, Jeppeaon); (f) mercury arc. 


and (c) were reproduced from a spectrogram taken in this way, though 
with water in the tube B. Beside the lines of the ordinary mercury 
spectrum (marked by dots in the figure) which are present as a result of 
ordinary reflection or Rayleigh scattering (Sec 22.10), one observes a 
series of almost equally spaced lines extending toward the red from the 
green line. These represent the fluorescent light of modified wavelength. 
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22.6. Fluorescence of Solids and liquids. If a solid or a liquid is 
strongly illuminated by light which it is capable of absorbing, it may 
reemit fluorescent light. According to Stokes* law, the wavelength of 
the fluorescent light is always longer than that of the absorbed light. 
A solution of fluorescein in water will absorb the blue portion of white 
light and will fluorescye with light of a greenish hue. Thus a beam of 
white light traversing the solution becomes visible when observed from 
the side. Certain solids sho\y a persistence of the reemitted light, so that 
it lasts several seconds or even minhtes after the incident light is turned 
off. This is called phosphorescence. 


Very striking fluorescent effects may be produced by illuminating var- 
ious objects with ultraviolet light from a mercury arc. A special nickel 
oxide glass cad be obtained which is almost entirely opaque to visible 
light but transmits freely the strong group of mercury lines near X3G50. 
If only this light from the arc cOmes through the glass, many organic as 
well as inorganic substances are rendered visible almost exclusively by 
their fluorescent light. The teeth when illuminated by ultraviolet light 
will appear unnaturally bright, but artificial teeth look perfectly .black. 


22.7. Selective Reflection. Residual Rays. Substances are said to 
show selective reflection when certain wavelengths are reflected much 
more strongly than others. This usually occurs at those wavelengths 
for w^hich the medium possesses very strong absorption. We are speak- 
ing now of dielectric substances, z.e., those which are nonconductors of 
electricity. The case of metals is rather different and will be considered 
later in Chap. 28. ^ That there is an intimate connection between selective 
reflection, absorption, and resonance radiation may be seen from an 
interesting observation made by R. W. Wood with mercury vapor. At a 
pressure of a small fraction of a millimeter, mercury vapor shows the 
phenomenon of resonance radiation when illuminated by X2536 from a 
mercury arc. As the pressure of the vapor is increased, the resonance 
radiation becomes more and more concentrated toward the surface of 
the vapor where the incident radiation enters, i.e., on the inner wall of 
the enclosing vessel. Finally, at a sufficiently high pressure, the sec- 
ondary radiation ceases to be visible except when viewed at an angle 
corresponding to the law of reflection. At this angle fully 25 per cent 
of the incident light is reflected in the ordinary way, the remainder having 
been absorbed and transformed into heat by atomic collisions. However, 
this high reflection, which is comparable to that of metals in this region, 
exists only for the particular wavelength X2536. Other wavelengths are 
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freely transmitted. In tliis experiment we evidently have a continuous 
transition from resonance radiation to selective reflection. 

A few solids which have strong absorption bands in the visible region 
also show selective reflection. The dye fuchsine is an example. Such 
substances have a peculiar metallic sheen by reflected light and are 
strongly colored. Their color is due to the ve^y high reflection of a 
certain band of wavelengths — so high that it is frequently termed “metal- 
lic" reflection. It is this type of reflection that is responsible for surface 
color (Sec. 22 . 1 ). , • 

The most important application of selective reflection has been its use 
in locating absorption hands which lie far in the infrared. For example, 
quartz is found to reflect 80 to 90 per cent of radiation having a wave- 
length of about 8.5 /i, or 85,000 A. The method of residual rays for 
isolating a narrow band of wavelengths is based upoq this fact. In 
Fig. 22E, Sis a thermal source of radiation, giving a continuous spectrum. 
After reflection from the four quartz plates Qi to Q 4 , the radiation is 



Fiq. 22^. Experimental arrangement for observing residual rays by selective reflection. 

analyzed by means of a wire grating G and thermopile T. It is found 
to consist almost entirely of the wavelength 8.5 /i. Supposing this 
wavelength to be 90 per cent reflected at each quartz surface, and 
other wavelengths 4» per cent reflected, we have, after four reflections 
(0.9)* = 0.66 of the former remaining, but only (0.04)* = 0.0000026 of 
the latter. The wavelengths of the residual rays of many substances 
have been measured in this way. Among the longest wavelengths meas- 
ured are those from sodium chloride, potassium chloride, and rubidium 
chloride at 52 /x, 63 jn, and 74 /x, respectively. 

22.8. Theory of the Connection between Absorption and Reflection. 
In Sec. 21.11 we mentioned briefly the mechanism postulated in the 
electromagnetic theory for the production of resonance radiation. It is 
assumed that light waves are incident upon matter which contains 
hfyund charges capable of vibrating with a natural frequency equal to 
that of the impressed wave. Thus a charge e is acted upon by the 
•electric fi.dd R with a force eJEr, and if R varies with a frequency exactly 
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matching that with which the charged particle would normally vibrate, 
a large amplitude may be produced. As a result, the charged particle 
will reradiate an electromagnetic wave of the same frequency. In a 
gas at low pressure, where the atoms are relatively far apart, the fre- 
quency which can be absorbed will be sharply defined, and there will 
be no systematic relation between the phases of the light reemitted from 
different particles. The observed intensity from N particles will then 
be just N" times that due to one particle (Sec. 12.4). This is the case 
with resonance radiation. ^ * 

If, on the other hand, the particles are close together and interacting 
st rongly with each other, as in a liquid or solid, the absorption will not 
be limited to a sharply defined frequency but will spread ^over a con- 
siderable range. The result is that the phases of the reemitted light 
from adjacent particles will agree. This will give rise to regular reflec- 
tion, since the various secondary waves from the atoms in the surface 
will cooperate to produce a reflected wave front traveling off at an angle 
o(|ual to the angle of incidence. In fact, this is just the conception used 
in applying Huygens' principle to prove the law of reflection. Hence 
selective reflection is also a phenomenon of resonance, and occurs strongly 
nc;ar those wavelengths corresponding to natural frequencies of the bound 
charges in the substance. The substance will not transhiit light of these 
wavelengths; instead it reflects strongly. True absorption, or the con- 
version of the light energy into heat, may also occur to a greater or less 
extent because of the large amplitudes of the vibrating charges which 
are here involved. If absorption were entirely absent, the reflecting 
power would be 100 per cent at the wavelengths in question. 

22.9. Scattering by Small Particles. The lateral scattering of a beam 
of light as it traverses a cloud of fine suspended matter was mentioned 
in Sec. 22.2. That this phenomenon is closely connected both with 
reflection and with diffraction may be seen by consideration of Fig. 22F. 
In (a) is shown a parallel beam consisting of plane waves advancing 
toward the right and striking a small plane reflecting surface. The suc- 
cessive wave fronts drawn are one wavelength apart, so that here the 
size of the reflector is somewhat greater than a wavelength. The light 
coming off from the surface of the reflector is produced by the vibration 
of the electric charges in the surface with a definite phase relation, and 
the spherical wavelets produced by these vibrations cooperate to produce 
short segments of plane wave fronts. These are not sharply bounded 
at their edges by the reflected rays from the edges of the mirror (dotted 
lines) but spread out somewhat, owing to diffraction. In fact, the distri- 
bution of the intensity of the reflected light with angle is just that 
derived in Sec. 15.2 for the light transmitted by a single riit. The 
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width of the reflector here takes the place of the slit width, so that we 
shall have greater spreading the smaller the width of the reflector relative 
to the wavelength. 

In (b) of the figure, the reflector is much smaller than a wavelength, 
and here the spreading is so great that the reflected waves differ very 
little from uniform spherical waves. In this case the light taken from 
the primary beam is said to be scattered, rather than reflected, since the 
law of reflection has ceased to be applicable. Scattering is therefore a 
special case of diffraction. The w^ve scattered from an object much 
smaller than a wavelength of light will be spherical, regardless of whether 
or not the object has the plane form assumed in Fig. 22F(b). This fol- 
lows from the fact that there can be no interference between the wavelets 
emitted by the several points on the surface of the scattering particle, 
inasmuch as the extreme points are separated by a distance much less 
than the wavelength. 



(a) (b) 


Fig. 22F. The reflection and difTraetion of liicht by small objects comparable in sise to the 
wavelength of light. 

The first quantitative study of the laws of scattering by small particles 
was made in 1871 by •Rayleigh,'" and such scattering is frequently called 
Rayleigh scattering. The mathematical investigation of the problem gave 
a general law for the intensity of the scattered light, applicable to any 
particles of index of refraction different from that of the surrounding 
medium. The only restriction is that the linear dimensions of the 
particles b^ considerably smaller than the wavelength. As we might 
expect, the scattered intensity is found to be proportional to the incident 
intensity and to the square of the volume of the scattering particle. 
The most interesting result, however, is the dependence of scattering on 
wavelength. With a given size of the particles, long waves would be 

* Several interesting papers laying the foundation of the theory will be found in 
“The Scientific Papers of TiOrd llayleigh/' Vols. 1 and 4, Cambridge University Press, 
ffew York, 1912. 
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expected to be less effectively scattered than short ones, because the 
particles present obstructions to the waves which are smaller eompand 
to the wavelength for long waves than for short ones. In fact, it is found 
that the intensity is proportional to 1/X*. Since red light, X7200, has 
a wavelength 1.8 times as great as violet light, X4000, the law presets 
(1.8)^ or 10 times greater scattering for the violet light from particles 
much smaller than the wavelength of mther color. Figure 22G gives a 
quantitative plot of this relation. 

If white light is scattered from sufSciently fine particles, such as those 
in tobacco smoke, the scattered light always has a bluish color. If the 
size of the particles is increased until they are no longer wmitll compared 
to the wavelength, the light becomes white, as a result of ordinary diffuse 
reflection from the surface of the particles. The blue color seen with 
very small particles, and its dependence on the size of the particles, 



Ftq. 220 , Intensity of scattering versus wavelength according to Rayleigh’s law. 

Avere first studied experimentally by Tyndall,* and his name is often 
associated with the phenomenon. Chalk dust from an eraser, falling 
across a beam of light from a carbon arc, will illustrate very effectively 
the white light scattered by large particles. 

22.10. Molecular Scattering. Blue Color of the Shy. If a strong 
beam of sunlight is caused to traverse a pure liquid which has been 
carefully prepared to be as free as possible of all suspended particles of 
dust, etc., observation in a dark room will show that there* is a small 
amount of bluish light scattered laterally from the beam. Although 
some of this light is still due to microscopic particles in suspension, which 
seem to be almost impossible to eliminate entirely, a certain amount 

*John Tyndall (1820-1893). British ''natural philosopher," after 1867 super- 
intendent of the Royal Institution and colleague of Faraday, l^dall was outstand- 
ing for his ability to popularize and clarify physical discoveries. 
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appears to be attributable to the scattering by individual molecules of 
the liquid. At first sight it is surprising to find that the scattering from 
liquids is so feeble, in view of the large concentration of molecules present. 
It is, in fact, much weaker than the scattering from the same number of 
molecules of a gas. In the latter, the molecules are randomly distributed 
in space, and in any direction except the forward one the waves scattered 
by different molecules have perfectly random phases. Thus for N mole- 
cules the resultant intensity is just N times that scattered from any 
individual one (see Sec. 12.4).^ In a liquid, and even more so in a solid, 
the spacial distribution has a certain degree of regularity. Furthermoi-e, 
the forces between molecules act to destroy the independence of phases 
(Sec. 22.8). The result is that the scattering from liquids and solids 
in directions other than forward is very weak indeed. The forward- 
scattered waves are strong and play an essential part in determining the 
velocity of light in the medium, as we shall see in the following chapter. 

Lateral scattering from gases is also weak, but here the weakness is 
due to the relatively smaller number of scattering centers. When a 
great thickness of gas is available, however, as in our atmosphere, the 
scattered light is easily observed. It has been shown by llayleigh that 
practically all the light that wo see in a clear sky is due to scattering 
by the molecules of air. If it were not for our atmosphere, the sky 
would look perfectly black. Actually, molecular scattering causes a con- 
siderable amount of light to reach the observer in directions making an 
angle with that of the direct sunlight, and thus the sky appears bright. 
Its blue color is the result of the greater scattering of short waves. 
Rayleigh measured the relative amount of light of different wavelengths 
ill sky light and found rather close agreement with the 1/X^ law. The 
same phenomenon is responsible for the red color of the sun and sur- 
rounding sky at sunset. In this case, the scattering removes the blue 
rays from the direetc beam more effectively than the red, and the very 
great thickness of the atmosphere traversed gives the transmitted light 
its intense red hue. An experiment demonstrating both the blue of the 
sky and the red of the sun at sunset is described in Sec. 24.15. 

22.11. Raman* Effect. This is a scattering with change of wavelength 
somewhat similar to fluorescence. It differs from fluorescence, however, 
in two important respects. In the first place, the light which is incident 
on the scattering material must have a wavelength that does not corri^- 
spond to one of the absorption lines or bands of the material. Other^^'iso 
we obtain fluorescence, as in the experiment of Sec. 22.5, where the green 

• C. V. Raman (1888- ). Professor at the University of Calcutta. He was 

awarded the Nobel prize in 1930 for Ills work on scattering and for the discovery of 
the effect that hears his name. 
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line of mercury is absorbed by the iodine vapor. In the second place, 
the intensity of the light scattered in the Raman effect is much less intense 
than most fluorescent light. For this reason the Raman effect is rather 
diflScult to detect, and observations must usually be made by photography. 

The apparatus illustrated in Fig. 22C is well adapted to observations 
of the Raman effect. For this purpose, a liquid or gas which is trans- 
parent to the incident 'light must be used in the tul)e C. It is convenient 
to fill tube B with a saturated solution of siKlium nitrite, since this 
absorbs the ultraviolet lines of the mercury arc but transmits the blue- 
violet line X4358 with great intensity. Figure 22D(e) shows the Raman 
spectrum of CCI 4 . It will be seen that the same pattern of Raman lines 
is excited by each of the strong mercury lines. Figure 22D{d) illustrates 
the Raman spectrum of gaseous hydrogen, showing two sevis of lines on 
the side toward the red of the exciting line, which in this case was X25^I(). 
Occasionally still fainter linos arc seen on the violet side, two of which 
are visible in (d) and three in (e). This is also sometimes observed in 
the case of fluorescence. Sinc^' the modified light in these lines has a 
shorter wavelength than the incident light, they represent a violation of 
Stokes* law (Sec. 22.G) and are called anti-Stokes lines. 

22.12. Theory of Scattering. When an electromagnetic wave passes 
over a small elastically bound charged particle, the particle will be set 
into motion by the electric force £. In Sec. 22.8 we considered the case 
where the frequency of the wave was equal to the natural frequency of 
free vibration of tlie part icle. We then obtain resonance and fluorescence 
under certain conditions, and selective reflection under others. In both 
cases there may exist a considerable amount of absorption. Scattering, 
on the other hand, takes place for fi-cciuencies not corn\sponding to the 
natural frecpiencies of the particles. The resulting motion of the particles 
is then one of forced vibration. If the particle is bound by a force obey- 
ing Hooke’s law, this vibration will have the same frequency and direc- 
tion as that of the electric force in the w^ave. its amplitude, however, 
will be very much smaller than that which would be produced by reso- 
nance. Hence the amplitude of the scattered Avave will be much less, 
and this accounts for the relative faintness of molecular scattering. The 
phase of the forced vibration will differ from that of the incident wave, 
and this fact is responsible for difference of the velocity of light in the 
medium from that in free space. Thus scattering forms the basis of 
dispersion, which is to be discussed in the following chapter. 

The electromagnetic theory is also capable of giving a qualitative pic- 
ture of the changes of wavelength which occur in the Raman effect and 
in fluorescence. If the charged oscillator is bound by a fon^e which does 
not obey Hooke’s law, but some more complicated law, it will be capable 
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of reradiating not only the impressed frequency, but also various combi- 
nations of this frequency with the fundamental and overtone frequencies 
of the oscillator. For the complete explanation of these phenomena, 
however, the electromagnetic theory alone is not adequate. It cannot 
explain the actual magnitudes of the changes in frequency nor the fact 
that these are predominantly toward lower frequencies. For this, the 
quantum theory is required. 

To investigate the distribution of intensity of the scattered light in 
different directions, let us consider the radiation from the charged par- 
ticle e in Fig. 22//. Although Rayleigh scattering will occur from an 
uncharged particle as well, e may then be considered as an electron in 
one of its atoms. A plane-polarized electromagnetic wave with £ and 
H in the directions indicated falls upon the particle, which then executes 
a forced vibration, parallel to the E vector and having the frequency of 
the wave. This vibration of e generates a spherical wave about e as a 



Fiti. 22//. Showing tlin amplitude of tfie liKht wave scattered in all directions from a single 
electrically charged particle c. 


center. But the amplitude of this wave is not constant over the wave 
front. Because an electromagnetic wave is necessarily a transverse wave, 
the vibration is in the wave front, perpendicular to the direction of travel. 
Now the vibration of e is incapable of producing any transverse disturb- 
ance along the direction eA or eG, and the intensity in these directions 
will be zero. Along eC the vibration has its maximum effect for trans- 
verse waves, and the same is true for all other points on the circle CDEF, 
In other directions such as eB the effective part of the vibration of e will 
be its projection perpendicular to this direction. If we call ro the maxi- 
mum amplitude existing along CDEF, we have, for the amplitude of the 
wave in any direction making an angle 0 with the plane containing 
CDEF, 

r = ro cos 0 (22c) 

Hence the intensity varies as cos^ 0. 
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When the incident light is unpolarized, tve must imagine the vectors £ 
oriented at random in all possible directions in a plane perpendicular to 
the direction of travel of the incident light. A little consideration will 
show that this leads to unpolarized light for the directions eC and eE 
and completely plane-polarized light around the circle AFGD. Those 
polarization effects psedicted for the scattered light are completely con- 
firmed by experiment and will be further discussed in Chap. 24. 

22.13. Scattering and Refractive Index. 'Fhe fact that the velocity of 
light in matter differs from tfiat in vacuum is a conseciucnce of scattering. 
The individual molecules scatter a certain part of the light falling on 
them, and the resulting scattered waves interfere with the primary wave, 
bringing about a change of phase which is equivalent to amalteration of 
the wave velocity. This process will be discussed in more detail in the 
chapter which follows, but here some simplified considerations may be 
used to show the connection between scattering and refractive index. 

In Fig. 2211 plane waves are jjhown striking an infinitely wide sheet of 
a transparent material, the thickness of which is small compared to the 
wavelengt h . 1 ^et the elect ric veci or 
in this incident wave have unit 
amplitude, so that it may be repre- 
sented at a particular time by 
E = sin 2 iror/X. If the fraefion of 
the wave that is scattered is small, 
the disturbance rc^aching some point 
P will be essentially the original 
wave, plus a small contribuf ion due 
to th(^ light scaftcred by all the 
atoms in the thin lamina. Now the energy scattered by a single atom 
is proportional to its scattering cross section cr, wdiich is that part of the 
area presented by the atom to the oncoming wavt^ which is effective in 
scattering these waves. The amplitude scattered from one atom is 
therefore proportional to y/o- If there are N atoms per cubic centi- 
meter, the total scattered amplitude per square centimeter of surface 
becomes JS, = y/a Nt, where t is the thickness. Those waves are all in 
phase as they leave the surface, since we have assumed / X. As the 
waves reach P, however, their phases will vary according to the different 
distances R from the different parts of the lamina. We may obtain the 
net effect by integrating over the surface, so that the total electric vector 
at P becomes 
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Now since and x is constant, we have rdr = R dR, and 

the integral may be written 

/“ •• 2ir . 2 t« , „ /■ • . arfl _ X [ 2kRY~ * 

At /i = 00 , it is legitimate to take the quantity in brackets as equal to 
zero, since one must assume at least a minute damping in order to avoid 
the existence of an infinitely long cosine wave, which is physically impos- 
sible (Sec. 11.3). Hence we have 

E + E, = sin + V; Ntk cos ^ 


This is of the form ain A + B cos A, where B is assumed very small. 
Under this condition, one may write • 

sin (A + B) = sin A cos B + cos A sin B ^ sin A + B cos A 

Therefore 

E + E, = sin + \/ff Ntl^ 

which shows tha^ the phase of the wave at P has been altered by the 
amount y/c/Ni\. Hut we know (Sec. 13.16) that the presence of a 
lamina of thickness t and refractive index n must retard the phase by 
(2ir/X) (/i — i)L Hence 

V^Nl\ = ^ {n - \)l 

and finally 

ft - J = ~ *vx= 


This equation gives the relation between the index of refraction n and 
the scattering cross section <r. In this derivation no absorption has been 
considered, so that the equation is valid only for wavelengths well away 
from any absorption bands. In the next chapter we shall see how the 
refractive index behaves as the wavelength approaches that of an 
absorption band. 

Problems 

1. Are the rosidual rays from rook salt transmitted by sylvin? 

2. What substance mentioned in this chapter could be u.sed to take photographs 
using exclusively ultraviolet light? 

3. Plot the intensity curve I against d for a medium having an absorotion coefYi- 
eient a « 0.32 cm"^ Carry the curve as far as / « fo/10. 
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4 . If it has been determined that two-fifths of the apparent absorption in Prob. 3 
is due to scattering, what would be the intensity of the beam, relative to /o, after 
traversing 5 cm of the medium, in case scattering were eliminated? 

5. A solid substance possesses two absorption bands, each about 300 A wide. 
One lies in the blue at X4500, and the other in the red at X6000. Taking the maximum 
value of the absorption coefficient for the first band to be 34 per cm, and of the second 
230, draw curves of the i^stribution with wavelength for the light transmitted by 
thicknesses of 0108 mm and 6 mm. Will the resultant color as seen by the eye be 
different in the two cases, and if so how? (Note: This effect is called dichromatiam,) 

6. A crystal reflects 60 per cenji at th^ wavelength of its residual rays, and 5 per 
cent at adjacent wavelengths. JIow many reflections arc necessary in order that the 
residual rays shall be 3000 times as strong as the light of adjacent wavelengths? 

7 . CJompare the intensity of plane-polarized light scatterc'd at 80® from the for- 
ward direction, in the plane containing the incident ray and the £ vector, with the 
intensity scattered straight backward. 

8. A small light source is just detectable by the eye at a distance Ro when there 
is no scattering oi^ absorption by the atmosphere. Derive an ecpiation for the range R 
when the atmospheric transmission per mile is given by 7\ Assume the inverse square 
law to hold, and neglect the effect o( the scattered light in the background on the 
visibility of the source. 

9. Assuming the kinetic ther>ry formula for the collision frequency, at what pres- 
sure of argon would the average time between collisions be c^qiial to the average lifcs- 
time, 10"* sec, of an excited argon atom? Assume a collision diameter of 3.36 X 10"* 
cm for argon. 

10. For sodium light, compute the approximate dimensions of %hc obstacles shown 
in Fig. 22F(a) and (d). 

11. In photographing spectra of the Raman effect as excited by the resoiinnce lino 
of mercury, X2536, it is customary to place a few droplets of mercury in the body of 
the spectrograph in order to saturate the air in the light path with mercury va{K>r. 
J<jxplnin why this W' 0 \ild be of advantage. 

12. Make polar plots of the intensity of plane-polarized light scattered by bound 
electrons. Assuming the light to be incident in the -f-a: direction and the electric 
vector to lie along the y axis, make three plots: (o) for the x,y plane, (6) for the a:,z 
plane, and (c) for the y,z plane. 
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The subject of dispersion concerns the velocity of light in material 
substances and its variation, with' wavelength. It is related to the 
angular dispersion of a prism mentioned in Sec. 2.10. This quantity is 
here to be represented as dO/dk^ the rate of change of the angle of devia- 
tion with wavelength. Now dB/dk may be considered as the product 
of two factors, dB/dn and dn/d\ n being the index of refraction of the 
prism. The first of these factors can be calculated frpm geometrical 
optics alone and depends on the refracting angle of the prism as well as 
on the angles of incidence on the first and second surfaces. The second 
factor is characteristic only of the medium of which the prism is made 
and is called the dispersion of the medium. It is the same, at a given 
wavelength, for any prism made of a given material. The dispersion, 
thus defined, is proportional to the rate of change of the reciprocal of the 
velocity with wavelength, since we have, by Eq. 11m, n = c/v, and 


dn _ ^c/v) __ d{\/v) 

d\~ d\ 


(23a) 


Here, as throughout this chapter, the symbol X represents the wavelength 
in vacuo. The fact that v depends on wavelength was first proved 
directly by Michelson’s measurements of the velocity of red and blue 
light in carbon disulfide (Sec. 19.10). If, however, we accept the explana- 
tion of refraction given by the wave theory, the mere fact that at any 
refraction the different colors are refracted by different amounts necessi- 
tates a change of n, and therefore necessarily of v, with X. In this chap- 
ter we shall first review some of the known facts about the variation of 
n with X, and then inquire as to the physical reason for the corresponding 
changes m velocity. 

23.1. Normal Dispersion. Suppose that the index of refraction of a 
glass prism has been measured for several different wavelengths of visible 
light. This can easily be done on a spectrometer by measuring the 
deviations by the prism of the various lines in a line spectrum. For 
prisms of some typical kinds of glass, one would obtain values like those 
shown in Table 231. If any set of values of n are then plotted against 
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Table 231. Refractivb Indices and Dispersions for Several Common Types of 

Optical Glass 


Wave- 

Tclcflcopo crown 

Boroailicate crown 

Hariuni flint 

Vitreoua quarts 

leiiKth. 

A 

ft 

dx • 

n 

dn 

dX 

n 

dn 

dX 

n 

dn 

dX 

C 0563 

1.52441 

0.35 X 10-» 


0.31 X 10-s 

1 . .58848 


1 .4.5640 

0.27 X 10-» 

r>43» 

1.52490 


1.50917 

•0.32 X^0-» 

1.58896 

0.39 X 10-» 

1 .4.5674 

0.28 X 10 '• 

D 5890 

1.52704 


1.51124 

0.41 X 10-» 

1.&144 

0..50 X 10-‘ 

1.45845 

0.35 X 10-» 

5338 

1 . 52989 


1 ? ^ 

0.55 X 10-» 

1.. 59463 

0.68 X 10-» 

1.46067 

0.45 X 10-» 

508Ci 

1.. 53 140 


1 ! 


1.59644 

0.78 X 10-» 

1.46191 

0..52 X 10-» 

F 48r>l 



1 T mr 


1.. 59825 

0.89 X 10“» 

1.40318 

0.60 X 10-« 

d' 4340 


1 . 12 X 10-» 

1.52130 


1.60.367 

1.23 X 10“» 

[KB 

0.84 X 10-» 

11 3988 

1.54245 

1.39 X 10-» 

1.52546 

1.20 X 10'» 

1.00870 

1.72 X 10-» 

1.47030 

1.12 X 10'* 


wavelength, a curve like one of those in Fig. 23-4 is obtained. The 
curves found for prisms of dilTerant optical materials will differ in detail 
but will all have the same general shape. These curves are representative 


liG. 23i4. 
prisms. 


1.70 


Ij60 
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1.40 



Dispersion curves for several different materials commonly used for lenses and 


of normal dtspemon, for which the following important facts are to be 
noted: 


1. The index of refraction increases as the wavelength decreases. 

2. The rate of increase becomes greater at shorter wavelengths. 

3. For different substances the curve at a given wavelength is usually 
steeper the larger the index of refraction. 
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4. The curve for one substance cannot in general be obtained from 
that for another substance by a mere change in the scale of the 
ordinates. 

The first of these facts agrees with the common observation that in 
refraction by a transparent substance the violet is more deviated than 
the red. The second fact can also be expressed by saying that the 
dispersion increases with decreasing wavelength. This follows because 
the dispersion, dn/dk is the slope of^the ci^rve (its negative sign is usually 
disregarded), which increases *regularly toward smaller X. An important 
conscMpience of this l)chavior of the dispersion is that in the spectrum 
formed by a prism the violet end of the spectrum is spread out on a much 



TT^ 

rr Flint 

1 1 glpss 

|4000 

5pp0 6.000 

1 

7/)00A 

(b) iiirif 

H .lU 

Crown 

glass 

t4j)00 

1 

spooevboiool 

1 

1 

1-1 1-. 

JLTTZ 

Crown 

glass 

L_L 


em jpo 

• * .. . 

«T |]n ( 

jnz . 

r normal 
spectrum 

AffXi 

$P00 6/)00 W 


Wave-length — ^ 


Fiu. 23fi. Compurison of tho helium speetrum produced by flint- and crown-glaa 
HpcctrographH with h norniul spectrum. 

larger scale than the red end. The spectrum is therefore far from being 
a normal spectrum (Sec. 17.0). This will be clear from Fig. 23fi, in 
which the spectrum of helium is shown diagrammatically as given by 
flint- and crown-glass prisms and by a grating used under the proper 
conditions to give a normal spectrum. In the prism spectra the wave- 
length scale is compressed toward the red end, as can be seen by com- 
parison with the uniform scale of the normal spectrum. 

The third fact stated above requires that for a substance of higher 
index of refraction, the dispersion dn/dk shall also be greater. Thus, 
comparing (a) and (6) in Fig. 2SB, the flint glass has the higher index 
of refraction, and gives a longer spectrum because of its greater dispersion. 
To compare the relative spacing of the lines in (b) with those in (a), the 
spectrum from crown glass has been enlarged, in (c), to have the same 
over-all length between the two lines X3888 and X6678. When this is 
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done, it is seen that there is not complete agreement with the lines 
of (a). In fact, the spectra from prisms of different substances will 
never agree exactly in the relative spacing of their spectrum lines. This 
is a consequence of the fourth of the above facts, according to which 
the shape of the dispersion curve is different for every substance. The 
curve for flint glass in Fig. 23il has a greater slope at the violet end, 
relative to that in the red, than does the curve for crown glass. Conse- 
quently, the dispersion of different substances is said to l)e irralimal^ 
since there is no simple relation bet^veen the different curves. 

All transparent substances which are not colored show normal disper- 
sion in the visible region. The magnitude of the index of refraction may 
be quite different in various substances, but its change witl\ wavelength 
always shows the characteristics described above. In general, the greater 
the density of* the substance the higher its index of refraction and its 
dispersion. For example, flint glass has a density around 2.8, consider- 
ably higher than 2.4 for ordinary crown glass. Water has a smaller n 
and dn/d\ while in a very light substance like air n is practically unity 
and dn/d\ very nearly zero. For air n = 1.000276 for red light (Fraun- 
hofer’s C line), rising to only 1.000279 for blue light (F line) This rule 
relating density to index of refraction is only a qualitative one, and 
many exceptions are known. For instance, ether hafi a higher index 
than water (1.36 as compared with 1.33), yet it is less dense, as is shown 
by the fact that ether floats on the surface of water. Similarly, the 
correlation of high dispersion ^y\th high index is only rough, and there 
are exceptions to the third rule listed above. Diamond has a density 
of 3.52 and one of the highest known indices of refraction, varying from 
2.4100 for the C line to 2.4354 for the F line. The difference in these 
values, which is a measure of the dispersion, is only 0.0254, whereas a 
dense flint glass may give as much as 0.0488 for the same quantity. 

23.2. Cauchy’s Equation. The first successful tittempt to represent 
the curve of normal dispersion by an equation was made by Cauchy in 
1836. His equation may be written 

n^A + -^, + X‘ 

where A, B, and C are constants which are characteristic of any one 
substance. This equation represents the curves in the visible region, 
such as those shown in Fig. 23A, with considerable accuracy. To find 
the values of the three constants, it is necessary to know values of n 
for three different X’s. Then three equations may be set up which, 
when solved as simultaneous equations, give A, B, and (7, For some 
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purposes it is sufficiently accurate to include only the first two terms 
and the two constants can be found from values of n at only two X’s. 
The two-constant Cauchy equation is, then, 

n = A -f (236) 


from which the dispersion becomes, by differentiation of Eq. 236, 


dn _ % 2B r 

3x ~ X* 


(23c) 


This shows that the dispersion varies approximately as the inverse cube 
of the wavejeni^h. At 4000 A it A\dll be about eight times as large as 



Fia. 23C. Anomalous dispersion of a transparent substance like quarts in the infrared. 

at 8000 A. The minus sign means that the dispersion curve has a 
negative slope. 

The theoretical reasoning on which Cauchy based his equation was 
later shown to be false, so that it is to be considered essentially as an 
empirical equation. .Nevertheless it holds very satisfactorily for cases 
of normal dispersion and is a useful equation from a practical standpoint. 
We shall show later that it is a special case of a more complete equation, 
which has a sound theoretical foundation. 

23.3. Anomalous Dispersion. If measurements of the index of refrac- 
tion of a transparent substance like quartz are extended into the infrared 
region of the spectrum, the dispersion curve begins to show marked 
deviations from the Cauchy equation. The deviation is always of the 
type illustrated in Fig. 23C, where, starting at the point JS, the index of 
refraction is seen to fall off more rapidly than required by a Cauchy 
equation that represents the values of n for visible light (between P 
and Q) quite accurately. This equation predicts a very gradual decrease 
of n for large values of X (broken curve), the index approaching the 
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limiting value il as X approaches infinity (Eq. 236). In contrast to this, 
the measured value of n first decreases more and more rapidly as it 
approaches a region in the infrared where light ceases to be transmitted 
at all. This is an absorption band (Sec. 22.3), t.e., a region of selective 
absorption, the position of which is characteristic of the material. 
Within the absorptioij band, n cannot usually be measured because the 
substance will not transmit radiation of this wavelength. On the long- 
wavelength side of the absorption band the index is found to be very 
high, decreasing at first rapidly and then more slowly as we go farther 
beyond the absorption band. Over the range from 8 to T, the C-auchy 
equation will again represent the data, but with different constants. In 
particular, the constant A will be larger. 

The existence of a large discontinuity in the dispersion curve as it 
crosses an absorption band gives rise to anomalous dispersion. The 
dispersion is anomalous because in this neighborhood the longer wave- 
lengths have a higher value of^n and are more refracted than certain 
shorter ones. The phenomenon was discovered with certain substances 
such as the dye fuchsine and iodine vapor whose absorption bands fall 
in the visible region. A prism formed of such a substance will deviate 
the red rays more than the violet, giving a spectrum which is very 
different from that formed by a substance having normal dispersion. 
When it was later discovered that transparent substances like glass and 
quartz possess regions of selective absorption in the infrared and ultra- 
violet, and therefore show anomalous dispersion in these regions, the 
term “anomalous” was seen to be inappropriate. No substance exists 
which does not have selective absorption at some wavelengths, and 
hence the phenomenon, far from being anomalous, is perfectly general. 
The so-called “normal” dispersion is found only when we observe those 
wavelengths which lie between two absorption bands, and fairly far 
removed from them. Nevertheless, the term “anomalous dispersion” 
has been retained, although it has little more than historical significance. 


A very striking experiment showing the anomalous dispersion of sodium 
vapor in the neighborhood of the yellow D lines was devised by R. W. 
Wood in 1904. White light when passed through sodium vapor under- 
goes strong selective absorption at these lines, which form a close doublet 
of wavelengths 6890 and 5896 A. At wavelengths far removed from 
these values, the index of refraction is only very slightly greater than 
unity, as we expect for a gas. With sodium vapor of appreciable density, 
the index of refraction in the neighborhood of the D lines passes through 
a region of anomalous dispersion (strictly speaking, two regions very 
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close together) of the type shown in Fig. 23(7. As the D lines are 
approached from the side of shorter wavelengths, n begins to decrease 
rapidly, becoming much less than unity as we get very close to them. 
On the other side, it is at first very high, dropping off rapidly toward 
unity as X increases further. 

To show this in a direct way. Wood made use of the fact that we can 
produce the equivalent of a prism of sodium vapor by vaporizing the 
metal in a partially evacuated tube, if the tube is heated from the bottom. 
The arrangement is shown in Fig. 23I>. A number of lumps of metallic 
sodium are placed along the bottom of a steel tube provided with water- 
cooled glass windows at the ends and an outlet for pumping. White 
light from a narrow horizontal slit is rendered parallel by the lens 
Li and after passing through the tube, forms a horizontal image S[ on 
the vertical slit Sz of an ordinary prism spectroscope. Wjien the sodium 



Fio. 23f). Experimental arrangement for observing the anomalous dispersion of sodium 
vapor. 

tube is cold, S\ will be a sharp, white image, illuminating one point of 
the spectroscope slit, and this will be spread out into a narrow horizontal 
continuous spectrum in the focal plane of the spectroscope camera 
[Fig. 21// (a)]. If the tube is evacuated to about 2 cm pressure, and the 
sodium is heated by the row of gas burners, it will vaporize slowly, the 
vapor diffusing upward through the residual gas in the tube. A density 
gradient is set up, the vapor being densest at the bottom and rarest at 
the top of the tube. This is equivalent to a prism of vapor, the refract- 
ing edge of the prism being perpendicular to the plane of the figure, and 
its thickness increasing downward. This prism will form an anomalous 
spectrum on Sz, in which the wavelengths shorter than the yellow 
(i.c., on the green side) are deviated upward, since their n is less than 1, 
and the longer ones (on the orange side) will be deviated downward. As 
a result, we might expect to observe in the spectroscope that the spectrum 
is deviated upward on the green side of the D lines, and downward on 
the red side. The directions are actually reversed because the spectro- 
scope inverts the image of the slit. Three actual photographs of the 
resulting spectra with different densities of the vapor are shown in 
Fig. 23E. As a consequence of the inversion mentioned above, the 
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photographs form qualitatively a plot of n against X, as in Fig. 23C. In 
the practical performance of this experiment, several refinements are 
desirable, of which an important one is the introduction of an auxiliary 
diaphragm 82 to select that portion of the vapor where the density 
gradient is most uniform.* 


23.4. Sellmeier’s Equation. We have seen that the Cauchy equation 
is not capable of representing the dispersion curve in a region of anom- 
alous dispersion. The first success 
in deriving a formula of more general 
applicability was obtained by postu- 
lating a mechanism by which the 
medium could affect the velocity of 
the light wave. It was assumed that 
the medium contains particles bound 
by elastic forces, so that they are 
capable of vibrating with a certain 
definite frequency vq. This is the 
so-called natural frequency^ i.c., one 
with which the particles will vibrate 
in the absence of any periodic force, 
and is identical with the natural 
frequency mentioned in Sec. 22.8 
in connection with absorption and 
selective reflection. Passage of the 
light waves through the medium is 
then assumed to exert a periodic 
force on the particles, which causes Fig. 23JSr. AnomalouB dinperHion of sodium 

them to vibrate. If the frequency different gas densities. 

{After Cario.) , 

V of the light wave does not agree 

with Vo, the vibrations will be forcecl vibrations of relatively small 
amplitude, and of frequency v. As the frequency of the light approaches 
Vo, the response of the particles will be greater, and a very large ampli- 
tude will be built up by resonance when v = v© exactly. These vibrations 
will in turn react upon the light wave and alter its velocity. A mathe- 
matical investigation of this mechanism was made in 1871 by Sellmeier^ 
who obtained the equation 
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This equation contains two constants, A and Xo, the latter being related 
to the natural frequency of the particles by the equation poXo = c. 
Hence Xo is the wavelength in vacuum corresponding to vo. To allow 
for the possibility of the existence of several different natural frequencies, 
the equation can be written with a series of terms. 


n* = 1 + 


ylnX* 
X* - Xo* 


+ 


/ItX* 
X* - Xi* 


1 + 




^.x* 

X* - x<* 


(23c) 


c t 

in which Xo, Xi, • - • correspoud to the possible natural frequencies. 
The constants Ai are proportional to the number of oscillators capable 
of vibrating with these frequencies. 

Figure 23F. is a plot of n against X according to Eq. 23c, assuming two 
natural freciuencies. As X approaches Xo or Xi, n goes to — oo or + <» 
on the short- wavelength or long-wavelength side, since th6 denominator 



Fio. 2SF. Theoretical dispcrHioii curves given by Sclliiicicr*a equation for a iticcliuin hav- 
ing two natural frequencies. 


of one of the terms in Eq. 23c goes to zero. Ot.her important, character- 
istics of the curve to be noted are that n approaches unity as X approaches 

zero, and that at X = oo , n® takes the value 1 ^ 

t 

Scllmeier’s equation represents a great improvement over that of 
Cauchy and is in fact identical with that derived from the electromag- 
netic theory (Sec. 23.9) with certain simplifying assumptions. Not only 
does it take* account of anomalous dispersion, but it also gives a more 
accurate representation of n in regions far from absorption bands than 
does a Cauchy equation with the same number of constants. That 
Cauchy’s equation is an approximation to Sellmeier’s can be seen by 
writing Eq. 23d in the form 


A 
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n* = I + A 




+^‘+ 

^ X* ^ 


•) 


For that part of the dispersion curv’^e Avhere X is considerably greater 
than Xo, the higher p3\vcrs of Xo/X will be small and may be neglected. 
This gives 

Xo^ 


\ A + A 


X* 


Writing M for 1 + A, and N for A\o^, 

n = (M + iVX-2)» 

Expanding again, 

and neglecting higher powers of 1/X, 


” 8Mi\* 


n = P + 

This is (Cauchy’s equation as given in Sec. 23.2. 


An instructive experiment to illustrate the origin of dispersion can be 
performed with a simple pendulum, to the bob of which is attached a 
light rubber band. If the end of the rubber band is held in the hand 
and moved to and fro, a periodic force is exerted on the pendulum 
similar to the action of the light wave on one of the oscillators in the 
medium. If the frequency motion of the hand is very high compared 
to the natural frequency of the pendulum, the bob will remain practically 
motionless. This corresponds to a wave of higli^ frequency and short 
wavelength, the velocity of which is practically uninfluenced by the 
presence of the oscillators. In Fig. 23F it will be seen that n approaches 
unity as X approaches zero, so the velocity becomes the same as in free 
space. 

If, now, the hand is moved with a frequency only slightly greater than 
that of the pendulum, it will be found that the pendulum swings 180^ 
out of phase with the motion of the hand. Under these conditions, the 
rubber band is considerably stretched when the displacements of the 
hand and bob are in opposite directions and so exerts its maximum 
force on the hand, tending to pull it back to the central position. This 
corresponds to an increased restoring force on the ether which propagates 
the wave, and hence to an increase in the velocity of the ether wave 
(Sec. 11.4). Thus in Fig. 23/', n becomes considerably less than 1 at 
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a wavelength slightly less than Xo. Finally when the frequency of 
motion of the hand is made less than the natural frequency, the pendulum 
will follow the hand, practically in phase with it. In this case the rubber 
band exerts only small forces on the hand, since the displacements of 
the pendulum are in the same direction. The forces are less than if the 
pendulum were at rest, so this corresponds to a dcc^rcased restoring force 
on the ether. The velocity of the wave is therefore dea'cased, and n is 
greater than one, on the long-wavelength side of Xo. 

The large discontinuity in thp dispersion *curvc at Xo is thus seen to be 
a consequence of the abrupt change of phase by 180° of the oscillator 
relative to the impressed vibration as the latter passes through a natural 
frequency. This effect may be demonstrated very directly by hanging 
three pendulums side by side from a horizontal rod clamped at one end. 
The center pendulum is a heavy one and corresponds to Uie ether W’ave 
Avhile the other two are very light, one being slightly longer and the 
other slightly shorter than the heavy, pendulum. When the center 
pendulum is set swinging, the two light ones will swing in opposite 
phases, the shorter one nearly agreeing in phase with the impressed 
vibration. 

23.5. Effect of 'Absorption on Dispersion. Although Sellmeier’s eciua- 
tion represents the dispersion curve very successfully in regions not too 
close to absorption bands, it fails completely at those wavelengths where 
the medium has appreciable absorption. This may be seen directly 
from the fact that the curve of Fig. 23F goes to infinity on either side 
of each X,-. Not only is this physically impossible, but the form of the 
curve near X,- does not agree with experiment. It has been possible to 
measure the dispersion curve right through an absorption band, although 
this is a difficult matter because practically all the light is ai)sorbcd. By 
using prisms of very tTmall refracting angle, or thin films of the material 
with a Michelson interferometer (Sec. 13.16), the indices of refraction 
of a few dyes, such as cyanine, which have an absorption band in the 
visible, have been carefully measured. The resulting curve resembles 
that shown by the heavy solid line in Fig. 230. The true form of the curve 
in the neighborhood of X; is seen to be very different from that required 
by Sellmeier’s equation (Fig. 23F). 

This discrepancy was first shown by Helmholtz* to be duo to the fact 
that Sellmeier’s equation takes no account of the absorption of energy 

♦ H. L. F. von Helmholtz (1821-1894). German physicist who contributed 
in almost every field of science. His work in physiological optics alone, or in sound, 
would have made him famous. He is regarded as one of the discoverers of the law of 
Conservation of energy. 
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of the wave. In the above discussion, and in the suggested mechanical 
analogy, it was assumed that the oscillator does not experience any 
frictional resistance to its vibration. Such a resistance is necessary if 
energy is to be taken continuously from the wave by the oscillator. 
Helmholtz assumed a frictional force directly proportional to the velocity 
of the oscillator, and ,he therefore derived an equation for the index of 
refraction which takes account of absorption. As a measure of the 



Fig. 23(7. Ideal disperaion curvoa for an oorillator with different amoiintB of friction and 
aljsorptioii ; (a) HtruiiK alMorptioii, strung friction, {h) strong absorption, weak friction, 
(c) weak alMorption, strong friction, and (d) weak absorption, weak friction. 

strength of the absorption, we could use the absorption coefficient a 
defined in Eq. Hr, but the equations are simpler when expressed in 
terms of the extinction coefficient ko, which is related to a as follows: 


aX 




( 23 /) 


Here X is the wavelength measured in vacuum. The physical.significance 
of ico is best expressed by the fact that the intensity falls to of its 

initial value in going the distance X through the medium. The disper- 
sion equation resulting from this pui-ely mechanical theory of Helmholtz 
may be written 


- ICO® = 1 + 


X 


Ai\* 

+ ?.XV(X* - X,*) 


(23iy) 



474 


DISPERSION 


[Chap. 23 


The constant gt is a measure of the strength of the frictional force. This 
equation now holds for all wavelengths, including those within an absorp- 
tion band. In regions far from absorption bands, kq and Qi are both 
essentially zero, and the equation reduces to Sellmeier’s equation 23e. 
Figure 236r(a) is a plot of n and of nico, the latter of which by Eq. 23/ 
is a measure of the absorption coefficient a, for ft case of large friction 
(g = 1.96 X 10"^). It shows quantitatively the course of dispersion and 
absorption curves through a region of absorption with a maximum at 
\i » 0.1732 microns. It will pe se^n that n no longer goes to infinity, 
as in Fig. 23F, but remains finite at X = X^. The other curves of Fig. 
2SO are drawn to show the efTectls of changing both the strength of the 
absorption and the amount of frictional loss. It should be noted in 
(6) and (d) that the maxima and minima of the refractive index curves 
come exactly at the points where the absorption is half its maximum 
value. 


The pendulum experiments described above may be modified to 
include the effect of frictional damping and to give some insight into 
the physical reason for the resulting change in the form of the dispersion 
curve. Thus if the smaller pendulum, which represents the oscillator, 
has a wire attaclied to it which dips in water or oil, we have the desired 
condition. Two important changes in the response of the pendulum to 
the impressed vibrations will now be apparent. In the first place, the 
amplitude will not become nearly so large when the impressed frequency 
is exactly equal to the natural frequency of the pendulum. With no 
friction, the amplitude produced by resonance is theoretically infinite 
(in the final equilibrium state), and the corresponding value of n goes 
to infinity also. The effect of friction, however, limits this maximum 
amplitude, and this accounts for the fact that only moderate variations 
of n are actually observed. In the second place, the change of relative 
phase when the impressed vibrations pass through the natural frequency 
is no longer abrupt, but takes place more or less gradually. This accounts 
for the fact that there is no longer a sharp discontinuity in the dispersion 
curve, but that it is rounded off into a continuous curve. The phase 
change becomes more and more gradual as the friction is made greater, 
for instance by dipping the wire farther into the water, or by using a 
more viscous liquid. 


23.6. Wave and Group Velocity in the Medium. In the curves of 
Figs. 23F and 23G, the abscissas are wavelengths in vacuum X = c/p and 
the ordinates are the ordinary indices of refraction n = c/v, where v is 
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the wave velocity in the medium. For those parts of the curve where 
n < 1, the wave velocity is greater than c, the velocity of light in vacuum. 
This is at first sight a contradiction to one of the fundamental results of 
the theory of relativity, according to which c is the highest attainable 
velocity. There is actually no contradiction here, however, since rela- 
tivity applies to the velocity with which energy is transmitted, and this, 
as we shall show, is always less than c. The rate at which energy is 
can-ied by waves is determined by the group velocity m, which is related 
to the wave velocity by Eq. ICo: • 


u = 


V 


• (iv_^ 


Here Xm is the wavelength in the medium. It is possible to find the 
value of the ratio c/u from a plot of n against X by a simple geometrical 
construction similar to that used in Sec. 12.8 to find u from a plot of 
r against X. Thus, dividing Eq. 12o by c and taking the reciprocal, 
we have 

c c ^ 1 

u'~ _ x 1 _ X d(l/n) 

^ "‘dX»i n Mc/(X/n) ^ 

since v = c/n and Xw = \/n. This expression can be simplified to 


c 

u 



(23A) 


l^y analogy willi the treatment given in Sec. 12.8, it will be seen that 
if at a point P [Fig. 2SG(a)\ a tangent be drawn to the dispersion curve, 
it will intersect the axis of n at a point Q whose ordinate is c/u. That 
is, while the ordinate of P is n, or c/v, for that wavelength, the ordinate 
of Q is tiie corresponding value of c/u for the same wavelength. 

This geometrical construction shows, then, that for any point on the 
curve where it is descending toward the right, the corresponding c/u is 
greater than unity, even though n itself may be less than unity. There- 
fore the group velocity is less than c, and there is no violation of the 
principle of relativity. An exception to this statement appears to occur 
in the region within the absorption band, where the curve slopes up 
steeply to the right. However, in this region we have strong absorption, 
so that the amplitude of the wave drops practically to zero in a fraction 
of a wavelength. In this event, the wave velocity and group velocity 
no longer have any meaning, but other considerations show that in this 
case also the relativity requirement is fulfilled. 
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23.7. The Complete Dispersion Curve of a Substance. Although the 
curve of the refractive index against wavelength is different for every 
different substance, the curves for all optical media, t.e., substances more 
or less transparent in the visible region, possess certain general features 
in common. To illustrate these, let us consider the schematic curve of 
Fig. 23//, which represents the variation of n from X = 0 to several 
kilometers for an ideal substance. Starting at X = 0, the index of refrac- 
tion is unity, as stated in Sec. 23.4. For the very short waves (7 rays 
and hard X rays), the index is slightly less than 1 . Siegbahn* proved 
this experimentally by refracting X rays through a prism. It was 
found that the beam was deflected very slightly away from the base of 
the prism, as would be the case if the waves travel faster in the prism 
than in air.* It has also been demonstrated that X rays can be totally 
reflected from a solid substance by using grazing incidence so that the 
X rays strike the surface at an angle greater than the critical angle. 



Flu. 23 H. Schematic diagram of a conipicte dispersion curve fur a substance transparent 
to the visible spectrum. 

This property of X rays lias been used by A. II. Comptoiit and others to 
measure the wavelengths of X rays by diffracting them from an ordinary 
ruled grating used at grazing incidence. 

The first absorption is encountered in the X-ray region at a wavelength 
depending upon the atomic weight of the heaviest element in the material. 
For silicon it reaches its maximum at 6.731 A, and for uranium at 
0.1075 A. This absorption rises rapidly to a maximum, and then falls 
off sharply at the so-called ‘‘K-absorption limit” of the element. It 
gives rise to a relatively narrow region of strong anomalous dispersion, 
marked K in Fig. 23^. Beyond this will lie other absorption discon- 
tinuities of this element, called L, M, • • • limits, as well as the K, 
L, iff , • • • limits of other elements present. Therefore for any actual 
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optical medium there will be many of these sharp discontinuities. For 
simplicity only three are indicated in the figure. 

From the X-ray region the curve descends more rapidly toward longer 
wavelengths, eventually reaching a broad region of strong absorption 
and anomalous dispersion in the ultraviolet (Sec. 22.3). For most optical 
media this completely covers the region between the soft X rays and 
the near ultraviolet. The descending course of the curve in the visible 
region, characteristic of normal dispersion, is seen to be connected with 
the existence of this ultraviolet alisorption. In general the curve will 
have a steeper slope in the visible region,* so that the dispersion dn/d\ is 
greater, the nearer this absorption band lies to the visible. Thus fluorite 
has a very small dispersion for visible light, quartz somewhat greater, 
and glass still greater (cf. Fig. 23>1 and Table 221). DenSe flint glass, 
which gives the highest dispersion, frequently has a yellowish color, 
ow'ing to the fact that the absorption band encroaches slightly into the 
violet end of the visible. 

Somewhere in the near infrared, the curve begins to descend more 
steeply, and runs into another absorption band. The center of this 
band is at 8.5 ^ for quartz, but the absorption begins to become strong 
at 4 or 5 /x. Beyond this first absorption band there usually exist one or 
more others. In passing each of these bands, the iqdcx of refraction 
increases. Thus the index will be higher for certain infrared wavelengths 
than for any part of the visible. For example, Rubens measured values 
of n for quartz varying from 2.40 to 2.14 in the region X = 51 to 63 
An interesting method of isolating radiation of very long wavelengths, 
called the method of ‘‘focal isolation^’ is based on this fact. Owing to 
the high value of n, a convex lens will have a much smaller focal length 
for these long waves than for the shorter waves, and the latter can be 
screened off with suitable diaphragms. In this way the longest infrared 
rays ever measured were isolated by Nichols and y."ear (Sec. 11.5). 

At wavelengths beyond all the infrared bands, the index decreases 
slowly and uniformly through the region of radio waves, approaching a 
certain limiting value for infinitely long waves. This value will be shown 
in the following section to be the square root of A;, the ordinary dielectric 
constant of the medium. 

23.8. The Electromagnetic Equations for Transparent 'Media. In 

Chap. 20 we stated Maxwell’s equations as they apply to empty space, 
and we showed how they predict electromagnetic waves of velocity c. 
It is now of interest to investigate the characteristics and velocity of such 
waves in a material substance. For the present we shall consider only 
nonconducting media, and the more difficult case of conductors will be 
taken up later in Chap. 28. When a steady electric field acts upon a 



478 


DISPERSION 


[Chap. 23 


nonconducting dielectric, tliere is a small displacement of the bound 
charges in the atoms, and we say they become polarized. The charges 
do not move continuously along, as in a conductor, but are merely dis- 
placed through minute distan(;es and come to rest again in a fashion 
analogous to the stretching of a spring. As a measure of this electric 
displacement we use the vector quantity D,* and since in an isotropic 
medium it is proportional to the impressed electric field £| we may 
write 

D • (23t) 

• 

Here k is the dielectric constant. To apply Maxwell’s equations to such 
a medium it now becomes necessary to replace E by D wherever it 
occurs in the equations for empty space (Eqs. 20a to 20d). Hence 
Maxw^ell’s equations for a nonconducting isotropic medium are written: 
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These same eciuations are sometimes given in terms of the displacement 
current j, the x component of which is written 

„ • k^ bEjf 

“■ itre dt 

The left-hand member of each equation in Eq. 2Sj is therefore written 
as 4irjx, 4ir^y, and 4irj, They may also be written in terms of the dis- 
placement D as is done in Eqs. 256. 

If we now derive the equations for plane waves as was done in Sec. 
20.4, starting with Eqs. 2Sj and 23A;, we find 

dP k dx* 

* Strictly speaking, D itself is not a direct measure of the displacement of the 
bound charges. The polarization of the medium is usually written P, and D depends 
on P by the relation D ■■ E + 4irP- 
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at* k dx* 


Comparing with Eq. 20m, we see that the velocity of the waves is now 

cly/k. The index of refraction becomes 
% 

w = ^ = y/k (^n) 

The solution of Eqs. 23j to 23m for monochromatic plane waveS| analo- 
gous to Eqs. 20o, is now to be written^ 

Ey = Ey^ cos ^ (x — vt) 

» lit = \/A Ey^ cos ^ (x — vt) 

A 


and we have, for the relation between the amplitudes of the magnetic 
and electric waves, 

= V* Ey^ 


Therefore in the usual case A; > 1 the amplitude of the magnetic wave 
is greater than that of the electric wave in a ratio equal to the index of 
refraction (Eq. 23n). 

As regards the energy and intensity of the waves, the energy per unit 
volume of the electric wave is now found to be A;J&y*/8ir, and of the magnetic 
wave JTs^/Sir. From the above relations these will be seen to be equal, so 
we may write 


Energy per unit volume 




4ir 
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When this is multiplied by the velocity v from Eq. 23?i, we get for the 
instantaneous rate of flow of energy across unit>surface the quantity 
cEylljAnr. This is the result, for the present case, of a very general law 
called Poynting^s* theorem, according to which the rate of flow of energy 
is determined by the vector product of E and H. This instantaneous 
rate of flow is not the intensity however, for the intensity is determined 
by the rate of flow of energy per second, which is an a»'erage rate. This 
turns out to be proportional to the square of Ey^, the amplitude of the 
electric wave, and therefore also to the scjuare of 

Equation 23n gives very nearly correct values of n for gases, but when 
we attempt to apply it to denser media, large deviations are found. 

* J. H. Poynting (1852-1914). Professor of ph 3 r 8 ics at the University of Birming- 
ham, England. He is also known for his accurate work on the measurement of the 
gravitational constant. 
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Thus the dielectric constant for water, measured by placing it between 
the plates of a condenser charged to a steady potential, is 81, indicating 
a value of 9 for the index of refraction. For sodium light, the measured 
index of water is 1.33. For various kinds of glass, k varies from 4 to 9, 
which would require n to vary from 2 to 3. This again is higher than 
the observed values for visible light. , 

We do not have to look far for the cause of this discrepancy. It lies 
in the fact that the electric held of a light wave is not a steady field, but 
a rapidly alternating one. F^r yellbw li^ht the frequency is 5 X 10^^ 
per sec. If the dielectric constant of a substance is measured using an 
alternating potential on the plated in place of a steady one, the result is 
found to vary with the frequency. From this we see that the index of 
refraction must also vary with frequency, or wavelength. As the wave- 
length becomes very large and approaches infinity, /ihe frequency 
approaches zero. The limiting case of a steady field thus corresponds 
to zero frequency, and we are led to expect the index of refraction to 
approach the square root of the dielectric constant for steady fields. 
That this is in fact the case is shown by the measurements of the index 
of refraction of water for electromagnetic waves quoted in Table 2311. 


TxiyLE 2311. Variation op n with X for Water 


Wavelength 

Freqiien(*y 

n 

6.89 X 10-* cm 

5.1 X 

1.333 

12. 5C 

2.?) 

1.3210 

258. 

0.116 

1.41 

800. 

0.0375 

1.41 

0 . 40 cm 

750. X 10* 

5.3 

1.75 

171. 

7.82 

8.1 

37. 

8.10 

65. 

4.6 

8.88 

00 

0. 

II 

CO 
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The value of y/k measured for steady field is shown for comparison. 
Clearly the value of n approaches exactly the predicted value for infinitely 
long waves. 

23.9. Theory of Dispersion. In order to explain the variation of n (and 
hence of y/k) with X by the electromagnetic theory, one must take 
account of the molecular structure of matter. When an electromagnetic 
wave is incident on an atom or molecule, the periodic electric force of 
the wave sets the bound charges into a vibratory motion having the 
■ frequency of the wave. The phase of this motion relative to that of the 
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impressed electric force will depend upon the impressed frequency, and 
will vary with the difference between the impressed frequency and the 
natural frequency of the bound charges in the way discussed in Secs. 
23.4 and 23.5. As the wave traverses the empty space between mole- 
cules, it will, of course, have the velocity c, and we must now inquire 
how it is possible that the presence of the oscillating charges in the 
molecules produces an effective alteration in the rate at which the wave 
progresses through the medium. 

The clue to the explanation of dispersion lies in the secondary waves 
which are generated by the induced oscillations of the bound charges. 
These secondary waves are identical with those which give rise to molec- 
ular scattering (Sec. 22.12), as in the explanation of the blue color of 
the sky. When a light beam traverses a transparent liquid or solid, the 
amount of li^ht scattered laterally is extremely small, even though the 
concentration of scattering centers is much greater than that in the air 
which gives the sky light. This is due to the fact that the scattered 
wavelets traveling out lateraliy from the beam have their phases so 
arranged that there is practically complete destructive interference. 
But the secondary waves traveling in the same direction as the original 
beam do not thus cancel out, but coml)ine to form sets of waves moving 
parallel to the original waves. Now the secondary wayes must be added 
to the primary ones according to the principle of superposition, and the 
results will depend on the phase difference between the two sets. This 
interference will modify the phase of the primary waves, and thus is 
equivalent to a change in their wave velocity. That is, since the wave 
velocity is merely the rate at which a condition of equal phase is propa- 
gated, an alteration of the phase by interference changes the velocity. 
We have seen that the phase of the oscillators, and hence of the secondary 
waves, depends on the impressed frequency, so it becomes clear that the 
velocity in the medium varies with the frequency of the light. This is 
the physical interpretation of dispersion, expressed in briefest outline. 

The foundations for the mathematical treatment of the above mecha- 
nism were laid by Rayleigh, who considered the case of mechanical waves, 
and the theory was later extended to cover the case of electromagnetic 
waves by Planck, Schuster, and others. We shall not attempt to give 
this development here. It leads to a dispersion formula similar to that 
of Helmholtz (Eq. 23^). In fact, there is a close analogy throughout 
between the electromagnetic and mechanical pictures of the phenomenon. 
The oscillations of the bound charges must be regarded as damped by a 
frictional force, just as were the particles in Helmholtz’s theory. On the 
electromagnetic theory, the damping is duo to the radiation by the 
oscillator. 
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To sho^v the relative amplitudes and phases of the incident wave, 
oscillator, and secondary wave, we consider the schematic diagrams of 
Fig. 23/. The first curve in (a) shows the response of a damped oscillator 
of natural frequency po to an impressed vibration of frequency v. The 
amplitude becomes a maximum when v = vo and drops to zero at p = « . 
The broken curve shows the amplitude radiated by the oscillator, t.e., of 
the scattered wave. As a consequence of Rayleigh’^s law that the shorter 
waves are scattered more effectively, this curve is higher on the side of 
higher p but drops to zero at low fsequencies. The third curve gives 
the amplitude of the secondary waves built up from the scattered wavelets. 
Curve (6), in conjunction with thedeft-hand scale of ordinates, gives the 
phase difference lietween the oscillator and the impressed wave. As 
pointed out hi Sec. 23.5, this changes from 0 to 180° in passing through 



Fio. 23/. Illustrating tho interpretation of dispcrHion as the result of interference of the 
secsondary wave with the direct wave. 

the natural frequency, but not abruptly because of the damping. At 
Po it is 90° behind that of the impressed wave. Theory shows, further- 
more, that the phase of the scattered waves, and therefore of the sec- 
ondary waves as well,, lags 90° behind that of the oscillators.* This is 
because electromagnetic radiation is proportional to the rate of change 
of current, or to the acceleration of a charge [see Sec. 20.8 and Fig. 207>(a)]. 
The current itself, or the velocity of the charge, has the phase that we 
attribute to the oscillator. Therefore, since in a simple periodic motion 
the acceleration is one-quarter period behind the velocity (Sec. 11.1), the 
phase of the radiated waves is retarded this much behind that of the oscil- 
lating source. Taking account of this additional retardation, it will be 
seen that the right-hand scale of ordinates in Fig. 23/(5) applies to the 
phase lag of the secondary waves behind the impressed waves. 
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We now proceed in (c) to compound vectorially the amplitudes of the 
direct and secondary waves. For the frequency v, the amplitude of the 
secondary waves is small, [curve (a)] and lags in phase behind the direct 
waves by nearly 270® [curve (fo)]. The vector diagram at the top in (c) 
shows that the resultant amplitude is nearly the same but that the phase 
is slightly advanced, corresponding to a rotation of the vector in a clock- 
wise sense. An advance of phase means an increase in velocity, since 
it will be remembered that the phase increases as we move backward 
along a wave. Thus in the odspcrslon curve (d), the index of refraction 
at V is slightly less than 1 . The second vector diagram, for v', gives a 
greater advance of phase, and a considc^rably smaller resultant amplitude. 
The special case v = is interesting, since here there is no effect on the 
phase, and the velocity is the same as in free space: Note that n = 1 
in curve (d). .The smaller resultant amplitude at vo, the center of the 
absorption band, is thus a consequence of interference. As in any case 
of interference, the intensity which is absent appears somewhere else, 
and here it is in the light scattered laterally. Beyond va, there is a 
retardation instead of an advance of phase, and the velocity of the wave 
is decreased. Thus it may be seen in a qualitative way how the curve 
(d), having the form for anomalous dispersion, can result from this 
mechanism. ^ 

23.10. Nature of the Vibrating Particles. In conclusion we may state 
very briefly the nature of the charged participles which are responsible for 
the dis(;ontinuities in the absorption and dispersion curves of a dielectric 
material (Fig. 23/f). The discontinuities in the X-ray region (K, L, 
M, • • -) arc known to be due to the innermost electrons in the atom. 
These are arranged in various shells” of different energy, which are 
distinguished by the above capital letters. Because these electrons are 
well inside the atom, they are shielded from disturbing forces from other 
atoms, and this accounts for the relative sharpne:;s of these absorption 
regions, even in solids. 

The very broad absorption in the far ultraviolet is due to the outer 
electrons in the atoms and molecules of the material. These are not 
shielded, and consequently the region is broadened by the effects of 
neighboring atoms in solids or liquids. The near infrared absorption 
bands represent the various natural freciucncics of the atoms as a whole, 
or even of molecules. Since these vibrators are much heavier than elec- 
trons, it is clear why they possess lower vibration frequencies. In the 
far infrared, other vibrations of lower frequency may be involved. Also 
the frequencies of rotation of molecules as a whole may operate, especially 
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ProblemB 

1 . Fit a thrcc-constant Cauchy equation to the refractive indices listed for boro- 
silicate crown glass in Tabic 23J. Calculate the constants so that the indices are 
exactly reproduced for XX6439, 5338, and 4340, and report the results as a table of 
observed and calculated values, and the differences of these. 

2 . Investigate the inverse X* dependence of the dispcifion predicted by the two- 
constant Cauchy formula (see £q. 23c). Test it in the cases of both barium flint glass 
and fused quartz, using the values of n listed in Table 231 for X6563 and X3988. 

3 . Using Cauchy’s equation, evaluate t^e coneitants A and B for the six intervals 
given below. Average these values and plot a dispersion curve. Make a table of 
the correct and calculated n’s on the same graph paper. 

X » 10000 8000 6563 5349 4340 3404 2763A 

n» 1.5009 1.5044 1.5074 1.5129 1.5209 1.5370 1.5603 

(Note: Equation 236 should be used exclusively by solving two simultaneous equa- 
tions for each interval.) 

4 . Using the dispersion formula derived from Cauchy’s equation for the index of 
refraction, calculate the dispersion of a glass ^rism for (a) 4500, (5) 5500, and (c) 
6500 A. The constant B « 1.6 X 10* A*. Give units. 

6. Using Cauchy’s equation alone, calculate the dispersion of a glass prism at 
Xi ■■ 5000. The constants A = 1.420 and = 1.8 X 10® A*. Determine the value 
of n for two X’s equidistant and on each side of Xi. 

6 . Assuming that Cauchy’s equation is correct for a certain piece of glass, deter- 
mine the dispersion at 5000 A if the Index of refraction n — 1.53 at 4000 A and 1 .48 at 
5000 A. 

7. Repeat Prob. 4 using Sellmeicr’s equation, Eq. 23d. 

8 . Draw the dispersion curve for a substance which shows anomalous dispersion 
at 2500, 3500, and 6500 A. The dielectric constant k — 9, the frictional term is the 
same for all, but the first resonance is twice as strong as the other two. Sketch the 
curve but do not attempt to calculate points. 

9. Complete the derivation of Eq. 23h indicated in Sec. 23.6. 

10 . From Table 231 find the wave and group velocities of light of wavelength 5086 A 
traveling in quartz. 

11 . The index of refraction of silver for X rays of wavelength 1.279 A is 0.9999785. 
Calculate the grazing angle (measured from the incident ray to the surface, in the 
plane of incidence) smaller than which total reflection will occur for X rays of this 
wavelength incident on a silver surface. 

12 . A crystal quartz lens has a focal length of 25 cm for sodium light. Calculate 
its focal length for a wavelength of 51 m- Draw to scale a diagram showing how the 
infrared light of this wavelength could be isolated from visible light by the method of 
focal isolatioii. See Sec. 23.7 and Table 251 for refractive indices. 

13 . Show the relative positions of the various visible spectral colors in the spectrum 
formed by a prism of a substance showing anomalous dispersion with the center of its 
band at X5500. Compare with the normal order of the colors in the spectrum from 
a glass prism. 

14 . Using the refractive indices from Table 231, calculate the wave and group veloci- 
ties for light of wavelength 5086 A in barium flint glass. 

16 . In the case of relatively weak absorption, where kq may be neglected as compared 
to n® in Eq. 23^, the half-maxima of the absorption curve occur at the same wave- 
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lengths as the maxima and minima of the dispersion curve. Determine graphically 
the width at half-maximum of an absorption band centered at 5000 A, for which 
gi - 0.196 X 10» A*. 

16. Derive the wave equation for a dielectric, starting with Eqs. 22j and 23A;,as 
suggested in Sec. 23.8. 

17. A plane wave of amplitude E in vacuum enters a medium of index of refraction 
n B 1.53, striking the surface of the medium normally. Find the intensity of the 
light in the medium relative to that in vacuum. 



CHAPTER 24 

f 

THE POLARIZATION OF LIGHT 

From the properties of intprferetfce anfl diffraction we are led to con- 
clude that light is a wave phenomenon, and w'e utilize these properties 
to measure the wavelength. These effects tell us nothing about the 
type of waves with which we are dealing — ^whether they are longitudinal 
or transverse, or whether the vibrations are linear, circiilar, or torsional. 
The electromagnetic theory, however, specifically reciuiros that the vibra- 
tions be transverse, being therefore entirely confined to the plane of the 
wave front. The most general type pf vibration is elliptical, of which 
linear and circular vibrations are extreme cases. Experiments which 
bring out these characteristics arc those dealing with the so-called polari- 
zation of light.’’ Although a longitudinal wave like a sound w'ave must 
necessarily be symmetrical about the direction of its propagation, trans- 
verse waves may show dissymmetries, and if any beam of light shows 
such a dissymmetry we say it is polarized. 

The present chapter, by way of introduction to the subject of polariza- 
tion, gives a brief account of the principal ways of producing plane- 
polarized light from ordinary unpolarized light. Most of the phenomena 
to be discussed here will be covered in more detail in later chapters. It 
will be helpful, however, to have a preliminary acquaintance with the 
experimental methods, and a mental picture of how the various polar- 
izing devices act t6 separate ordinary light into its polarized components. 
The common methods used in producing and demonstrating the polar- 
ization of light may be grouped under the following heads: (1) reflection, 
(2) * transmission through a pile of plates, (3) dichroism, (4) double 
refraction, and (5) scattering. 

24.1. Polarization by Reflection. Perhaps the simplest method of 
polarizing, light is the one discovered by Malus in 1808. If a beam of 
white light is incident at one certain angle on the polished surface of a 
plate of ordinary glass, it is found upon reflection to be plane-polarized. 
By plane-polarized” is meant that all the light is vibrating parallel to 
a plane through the axis of the beam (Sec. 11.3). Although this light 
appears to the eye to be no different from the incident light, its polariza- 
tion or asymmetry is easily shown by reflection from a second plate .of 
' glass as follows. A beam of unpolarized light, AB in Fig. 24A, is incide&t 
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Fig. 24il. Polarisation by reflection from 
glass surfaces. 


at an angle of about 57^ on the first glass surface at B. This light is 
again reflected at 57^ by a second glass plate C placed parallel to the 
first as shown at the left. If now the upper plate is rotated about BC 
as an axis, the intensity of the reflected beam is found to decrease, reach- 
ing zero for a rotation of 90^. Botation about BC keeps the angle of 
incidence constant. The experi- 
ment is best performed with the 
back surfaces of the glass painted 
black. The first reflected bcaro,BC' 
then appears to be cut off and to 
vanish at C". As the upper mirror is 
rotated further about BC the 
reflected fieam CD reappears, 
increasing in intensity to reach a 
maximum at 180^. Continued 
rotation produces zero intensity 
again at 270^, and a maximuih 
again at 360^, the starting point. 

If the angle of incidence on either the lower or upper mirror is not 57®, 
the twice-reflected beam will go through maxima and minima as before, 
but the minima will not have zero intensity. In other words there will 
always be a reflected beam from C. Calling the angle of incidence 0 
in general, the critical value ^ which produces a zero minimum for the 

second reflection is called the polarizing 
angle and varies with the kind of glass used. 
Before explaining this experiment, which 
shows that the light reflected at the polariz- 
ing angle is plane-polarized, it should be 
pointed out that longitudinal waves like 
sound produce no such varying intensity 
when a similar experiment is performed 
with them. ^ 

24.2. Pictorial Representation of Light 
Vibrations. Let us assume that each light 
wave is a transverse wave whose vibrations 
are in straight lines at right angles to the 
direction of propagation. An ordinary beam 
of light, then, consisting of millions of such waves each with its own plane 
of vibration, would contain waves vibrating in all planes with equal 
probability. Looking at such a beam end-on (Fig. 24B), there would be 
an equal probability of finding a wave vibrating in the plane ab as there 
^0uld be in any other plane cd. 



Fig. 24i?. End view of vibra- 
tions of the electric vector, for an 
unpolarised beam of light. 
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The mode of vibration of any one light wave may be represented as 
shown in Fig. 24^(0), (6), (d), and (e). In (a) the light is traveling to 
the right and vibrating wdth the electric vector in the plane of the page.* 
The vibrations are represented by the short vertical lines. This same 
diagram may be taken to represent a beam of many light waves all 
vibrating parallel to the plane of the page. In (6) the vibrations are 
perpendicular to the page and the end-on view of the short lines repre- 





Fxg. 24C\ Pintorial representationu of piano-polarised and orditiajry light beams. 


senting the vibrations are shown by dots. If there arc two st*ts of waves 
vibrating at right angles to ea(;h other, they may be shown as in (c). 
End-on views of the same waves arc represented in (d), (c), and (/). 

It may now be shown that a beam of ordinary light vibrating in all 
planes may be thought of as consisting of two kinds of vibrations only, 
one set of waves vibrating in one plane as in (o) and another set vibrating 
at right angles as in (6), Consider any one of the light waves as for 


y 



Fig. 24D. UesGliition of 
the amplitude of the electric 
vector of a light wave into 
components. 


example ab shown in Fig. 24B. I^et OA in Fig. 
24D represent the amplitude of the electric dis- 
placement at an angle $ with two arbitrary 
axes X and y. Treated vectorially this is 
equivalent to two component vibrations, OAx 
and OAy, w here 

Oil, = 0.4 cos ^ and 04y = 04sin^ (24(z) 

This process of resolution may be repeated for 
all vibrations in the ordinary light with the 
net result that the average of the amplitude 
components along the x axis will be just equal 
to the average along the y axis. Of course, these 


have no constant phase relation to each other. Thus Fig. 240(c) and 


(/) may be taken to represent ordinary light. For a treatment of the 


average amplitude of many weaves with random phases, see Sec. 12.4. 


* The electromagnetic theory (Chap. 20) showH that there exist both an electric and 
a magnetic displacement to be associated with each light wave. Experiments to be 
described later (Sec. 28.11) show quite definitely that it is the electric vector that pro- 
duces the observed optical effects with which we are familiar in polarized light. 
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24.3. Polarizing Angle and Brewster’s Law. Consider unpolarized 
light to be incident at an angle ^ on a dielectric like glass, as shown in 
Fig. 24J^(a). There wall always be a reflected ray OR and a refracted 
ray OT. An experiment like the one described in Sec. 24.1, and shown 
in Fig. 24 A, shows that the reflected ray OR is partially plane-polarized 
and that only at a certain definite angle, about 57^ for ordinary glass, 
is it plane-polarized. It was Brewster who first discovered that at this 
polarizing angle ^ the reflected and refracted rays are just 90*’ apart. 
This remarkable discovery enables one to correlate polarization with the 
refractive index * 


sin 

sin 


(246) 


Since for the polarizing angle R02' 

sin 0 __ sin 0 
sin 0' " cos ^ ’ 


= 90®, the sin 0' 
n = tan 0 


cos 0 giving 
(24c) 


This is Brewster’s law, which shews that the angle of maximum polariza- 
tion depends on the refractive index and therefore varies with wavelength. 



Fio. 24^. (a) Polarisation by reflection and refraction. (6) lllustratinff Brewator's law 

at the polarisiniE aiigle. 

For ordinary glass the dispersion is such that the polarizing angle ^ over 
the \vhole visible spectrum does not vary appreciably. This is readily 
verified by referring to the dispersion curves in Fig. 23A and calculating 
0 for several wavelengths. This is left as one of the problems at the end 
of the chapter. 

The physical reason why light vibrating in the plane of incidence is 
not reflected at Brewster’s angle lies in the transverse character of light 
vibrations. When the reflected beam travels at 90® with the refracted 
beam, the vibrations in the plane of incidence could generate only longi- 
tudinal w aves traveling in the direction OR of Fig. 24E(b). Since such 
weaves do not exist for light, there is zero reflection. 

24.4. Polarization by a Pile of Plates. Upon examining the refracted 
light in Fig. 24B(a) for polarization, it is found to be partially polarized 
for all angles of incidence 0, with no angle for which the light is com- 
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pletely plane-polarized. The action of the reflecting surface may be 
described somewhat as follows: Ijct the ordinary incident light be thought 
of as being made up of two mutually perpendicular plane-polarized beams 
of light as shown in Sec. 24.2. Of those waves vibrating in the plane of 
incidence, t.e., in the plane of the page, part are reflected and part 
refracted for all angles with the single exception of the polarizing angle 
for which all of the light is refracted. Of the waves vibrating perpen- 
dicular to the plane of incidence, some arc always reflected without 
exception, and the rest refracted. Thus the refracted ray always con- 
tains some of both planes of polarization.' For a single surface of glass 
with n = 1.50, it will be shown later [Sec. 28.1 and Fig. 2SB(b)] that at 



Fio. 24F, Polarisation of light by a pile of glass plates. 


the polarizing angle 100 per cent of the light vibrating parallel to the 
plane of incidence is transmitted, whereas for the perpendicular vibra- 
tions only 85 per cent is transmitted, the other 15 per cent being reflected. 
Obviously the degree of polarization of the transmitted beam is small for 
a single surface. 

If a beam of ordinary light is incident at the polarizing angle on a pile 
of plates as shown in Fig. 24F, some of the vibrations perpendicular to 
the plane of incidence are reflected at each surface and all those parallel 
to it are refracted. The net result is that the reflected beams are all 
plane-polarized in the same plane,* and the refracted beam, having lost 

* Special mention should be made of the fact that older books on optics refer to the 
plane of pdarizationf whereas newer books refer to the plane of vibration. Before 
polarisation was well understood, light reflected from a dielectric at the polarizing 
angle was said to be polarized in the plane of incidence. Now it is known (Sec. 28.11) 
that optical phenomena are due to the action on matter of the electric vector and this 
is at right angles to the plane of incidence. It must be remembered, therefore, that 
the so-called plane of polarization is always perpendicular to the plane of vibration 
of the electric (light) vector. 
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more and more of its perpendicular vibrations, is partially plane-polar- 
izod. The larger the number of surfaces, the more nearly plane-polarized 
is this transmitted beam. This is illustrated by the vibration figures 
at the left in Fig. 24F. In a more detailed treatment of polarization by 
reflection and refraction (see Chap. 28), the polarizing angle for internal 
reflection is shown to correspond exactly to the angle of refraction in 
Fig. 2\E{h). This means that light internally reflected at the angle 
will also be plane-polarized. 

Since a pile of plates forms «l useful optical device for producing plane- 
polarized light, it is of importance to determine the percentage polariza- 
tion of the light transmitted by any given ffumbor of plates. If Ip and 
7, represent the intensity components of the light emerging from the 
l)late which is vibrating parallel and perpendicular, respectively, to the 
])lanc of incide|ice, the proportion of polarization is defined by the relation 



(24d) 


For a single surface, this amounts to or only 8.1 per cent. In 
deriving an equation for the magnitude of for a pile of plates, one 
must take into account the perpendicular components of light which by 
multiple reflection between the glass surfaces (see (Fig.*24F) finally find 
their way through the last plate to be observed with the transmitted 
beam. The complete expression for the proportion of polarization, the 
derivation of which will not be given here, was first worked out in 1850 
by Provostayc and Desains.* This equation is 



where m is the number of plates (f.e., 2m surfaces) and n the refractive 
index. For eight plates with n = 1.50 this gives a value of 0.582. If 
the corrections for multiple reflection are not made, one obtains a value 
of 0.857. This shows that multiple reflections, although they spoil the 
desired effect somewhat, must be taken into account (by the use of 
Eq. 24c) if a quantitatively correct result is desired. 

A pile of plates to be used for polarizing light is usually mounted in a 
tube at such an angle that the light is incident on the plates at the 

* Provostaye and Desains, Ann, cMm. et phys,, 30, 159, 1850. See also Geiger and 
Scheel, “Handbuch der Physik,'' Vol. 20, p. 217, Springer- Vcrlag, Berlin, 1928. It 
should bo noted that most recent l)ooks on optics do not give the correct relations for 
the proportion of polarization produced by a pile of plates. 
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angle Figure 240 shows two such piles, the polarizer (a) and the 
analyzer (b), with their planes of incidence parallel. The light emerging 
at N is nearly plane-polarized, and will be transmitted freely by the 
analyzer. Rotation of the latter by 90^ about the line NM as an axis 
will cause the transmitted light to be nearly extinguished, since the 
vibrations are now perpendicular to the plane of incidence of the analyzer 


(01) (b) 



Polarizer * Analyzer 

.Fzo. 240. Glass plates mounted at the polarisinic angle f. 


Ptane of 
Analyzer 


and will be reflected to the side. A further rotation of 90® will restore 
the light, and in a complete revolution there will be two maxima and 
two minima. Any arrangement of polarizer and analyzer in tandem is 
called a polariacope, and as we shall seelbas numerous uses. 

24.6. Law of Malus. This law tells us how the intensity transmitted 
by the analyzer varies with the angle that its plane of transmission 

makes with that of the polarizer. In the 

Polarizer plates, the plane of 

I transmission is the plane of incidence, and 

* for the law of Malus to hold we must 

^ Analyzer transmitted light is com- 

/ ^ s / pletely plane-polarized. A better illustra- 

/ tion would be the double-reflection 

£ y experiment of Sec. 24.1, or a combination 

y of two polaroids or nicol prisms (see 

^ below), for which the polarization is com- 

, plete. Then the law of Malus states that 

the transmitted intensity varies as the 
/ I square of the cosine of the angle between 

I the two planes of transmission. 

25.r The proot of th. 1.W re* on the 
simple fact that any plane-polarized 
vibration — ^let us say the one produced by our polarizer — ^may be resolved 
into two components, one parallel to the transmission plane of the 
analyzer and the other at right angles to it. Only the first of these gets 
through. In Fig. 24£r, let E represent the amplitude (electric vector) 
transmitted by the polarizer for which the plane of transmission intersects 


Fto. 24H. Rosolution of the am- 
plitude of pUmo-polarized light. 


the plane of the figure in the vertical dashed line. When this light strikes 
the analyzer, set at the angle 0, one may resolve the incident amplitude 
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into components Ei and Et, the latter of which is eliminated in the 
analyser. In the pile of plates, it is reflected to one side. The ampli- 
tude of the light that passes through the analyser is therefore 


and its intensity 


El ^ E cos 0 

• Ii — El? ™ Bl* cos* 9 
= Iq cos* 9 


(2V) 

(24ff) 


Here Zo signifies the intensity/* of the incident polarized light. This is, of 
course, one-half of the intensity of the unpolarized light striking the 
polarizer, provided one neglects losses 6f light by absorption in traversing 
it. There will also be losses in the analyzer. For polarqids or nicols 
there will be some light that is removed from the beam by reflection at 
the surfaces. •Although these effects are neglected in deriving Eq. 24^, 
it will be noticed that they change only the constant in the equation 
and do not spoil the dependence^of the relative intensity on cos* B. Thus 
Malus’ law is rigorously true and applies for example to the intensity 
of the twice-reflected light in the experiment of Sec. 24.1, even thou^ 
its maximum value is only a small fraction of the original intensity. In 
such cases, the Zo in Eq. 2Ag is merely the intensity when the analyzer 
is parallel to the polarizer. • 



Fiq. 24/. Diagram of tourmaline crystals and Polaroid films illustrating polarisation by 
selective absorption. 

24.6. Polarization by Dichroic Crystals. These crystals have the prop- 
erty of selectively absorbing one of the two rectangular components of 
ordinary light. Dichroism is exhibited by a number of n&inerals and 
by some organic compounds. Perhaps the best known of the mineral 
crystals is tourmaline. When a pencil of ordinary light is sent through 
a thin slab of tourmaline like Ti, shown in Fig. 24Z, the transmitted 
light is found to be polarized. This can be verified by a second crystal 
T 2 - With Ti and T 2 parallel to each other the light transmitted by the 
first crystal is also transmitted by the second. When the second crystal 



494 


THE POLARIZATION OF LIGHT 


[Chap. 24 


is rotated through 90^, no light gets through. The observed effect is 
due to a selective absorption by tourmaline of all light rays vibrating 
in one particular plane (the O vibrations) but not those vibrating in a 
plane at right angles (the E vibrations). Thus in the figures shown, only 
the E vibrations parallel to the long edges of the crystals are transmitted 
so that no light will emerge from the crossed crystals. Since tourmaline 
crystals are somewhat colored, they are not uscd*in optical instruments 
as polarizing or analyzing devices. They are useful, however, for those 
wavelengths of light for which they ^re transparent. 

Attempts to produce polarizing crystals of large aperture were made 
by Herapath'*' in 1852. He was successful in producing good but small 
crystals of the organic compound iodosulfate of quinine (now known as 
herapathite 6r pcrapathite) which completely absorbs one component of 
polarization and transmits the other with little loss. One variety of the 
so-called polaroid film contains crystals of this substance. ' Polaroid was 
invented in 1932 by Land,t and has found uses in many different kinds 
of optical instruments. These films coniSist of thin sheets of nitrocellulose 
packed with ultramicroscopic polarizing crystals with their optic axes all 
parallel. In more recent developments the lining-up process is accom- 
plished somewhat as follows: Polyvinyl alcohol films are stretched to line 
up the complex molecules and then are impregnated with iodine. From 
X-ray diffraction studies of these dichroic films, it can be seen that the 
iodine is present in polymeric form, t.c., as independent long strings of 
iodine atoms all lying parallel to the fiber axis, with a periodicity in this 
direction of about 3.10 A. Films prepared in this way are called H-Polar- 
oid. Land and Rogers found further that, when an oriented transparent 
film of polyvinyl alcohol is heated in the presence of an active dehydrat- 
ing catalyst such as hydrogen chloride, the film darkens slightly and 
becomes strongly dichroic. Such a film becomes very stable and, having 
no dyestuffs, is not bleached by strong sunlight. This so-called 
K-Polaroid is very suitable for polarizing films for uses such as auto- 
mobile headlights and visors. 

24.7. Double Refraction. Up to the present time, the most useful 
method of producing and studying polarized light has been by double 
refraction in crystals of caldte and quartz. Both of these crystals are 
found in nature to be transparent to visible as well as to ultraviolet 
light. Calcite, which chemically is calcium carbonate, CaCOs, occurs in 
nature in a great variety of crystal forms (in the rhombohedral class of 
the hexagonal system), but it breaks readily into simple cleavage rhom- 
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bohedrons of the form shown at the left in Fig. 24/. Each face of the 
crystal is a parallelogram whose angles are 78^5' and 101*’55^ If struck 
a blow with a sharp instrument, each crystal may be made to cleave or 
break along cleavage planes into two or more smaller crystals which 
always have parallelogram faces with these same angles. 

Quartz crystals, on the other hand, are found in their natural state 
to have many different forms, the most complicated of which is shown 
at the right in Fig. 24/. Unlike calcite, quartz crystals will not cleave 



Fig. 24 J. Calcite and quarts crystal forms, xy shows the direction of the optie axis. 



along crystal planes but will break into irregular pieces when given a 
sharp blow. Their chemical constitution is silicon dioxide, SiOs. Fur- 
ther details concerning these crystals will be given in this as well as in 
the three fqllowing chapters. 

When a beam of ordinary unpolarized light is incident on a calcite or 
quartz crystal, there will be, in addition to the reflected beam, two 
refracted beams in place of the usual one as in glass. This phenomenon, 
shown in Fig. 2^K for calcite, is called double refraction, Upoif measuring 
the angles of refraction for different angles of incidence 0, one finds 
that Snell’s law of refraction 


sin 0 
sin 


= n 


(24^) 


holds for one ray but not for the other. The ray for which the law holds 
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IS called the ordinary or 0 ray and the other is called the extraordinary 
or E ray. 

Since the two opposite faces of a calcite crystal are always parallel, 
the two refracted rays emerge parallel to the incident beam and there- 
fore parallel to each other. Inside the crystal the ordinary ray is always 
to be found in the plane of incidence. Only for special directions through 
the crystal is this true for the extraordinary ray^ If the incident light 
is normal to the surface the extraordinary ray will be refracted at some 
angle that is not zero and will come out parallel to, but displaced from, 
the incident beam; the ordinary ray will pass straight through without 
deviation. A rotation of the crystal about the 0 ray will in this case 
cause the E ray to rotate around the fixed 0 ray. 

24.8. Optic Axis. One important feature concerning the behavior of 
calcite and quartz is that there is one and only one direction through 
the crystal in which the 0 and E rays behave alike in all respects. There 
are other directions in which the double refraction, or separation of the 
rays, disappears, but only in this one direction do the velocities become 
alike as well (see Sec. 25.2 and Fig. 25E). This particular direction, 
called the optic axis, is shown by the dotted lines parallel to xy in Fig. 24/. 

The direction of the optic axis in calcite is determined by drawing a 
line like xy through a blunt comer of the crystal so that it makes equal 
angles with all faces. A blunt comer is one where three obtuse face 
angles come together, and there are only two such angles that are opposite 
each other. It should be emphasized that the optic axis is not a line 
through the crystal but a direction. Through any given point in a 
crystal, however, there is one, and only one, line that can be drawn which 
makes equal angles with all faces and this is the optic axis for that point 
and all other points on that line. 

In quartz the optic axis runs lengthwise of the crystal, its direction 
being parallel to the {lix side faces as shown. Just as in calcite, the optic 
axis is a direction through the crystal and not just a line. The import- 
ance of the optic axis in crystals will become apparent in what follows. 

24.9. Principal Sections and Principal Planes. If a plane is passed 
through the optic axis and normal to a crystal surface, that plane is 
called a principal section. For every point there are therefore three 
principal sections, one for each pair of opposite crystal faces. A prin- 
cipal section always cuts the surfaces of a calcite crystal in a parallelogram 
with angles of 71^ and 109", as shown at the left in Fig. 24/iC. An end 
view of a principal section cuts the surface in a line parallel to AB, 
shown as a dotted line in the right-hand figure. All other planes through 
the crystal parallel to the plane represented by AB are also principal 
sections. These are represented by the other dotted lines. 
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The principal plane of the ordinary ray is defined as a plane in the 
crystal drawn through the optic axis and the ordinary ray, which can 
always be done, since the optic axis is merely a direction, and not a 
particular line, in the crystal. The principal plane of the extraordinary 
ray is defined as a plane in the crystal drawn through the optic axis and 
the extraordinary ray« The ordinary ray always lies in the plane of 
incidence. This is not generally true for the extraordinary ray. The 
principal planes of the two refracted rays do not coincide except in 
special cases. The special cdses ai% thoi^ for which the plane of inci- 
dence is a principal section as shown in Fig. 2^K. Under these conditions 
the plane of incidence, the principal section, and the principal planes of 
the 0 and E rays all coincide. 



Fio. 24L. Double refraction and polariaation in two oalcite cryatals with their principal 
sectiona making different angles. 

24.10. Polarization by Double Refraction. The polarization of light 
by double refraction in calcite was discovered by Huygens in 1678. He 
sent a beam of light through two crystals as sho^n at the top in Fig. 
24L. If the principal planes are parallel, the two rays O' and E' are 
separated by a distance equal to the sum of the two displacements found 
in each crystal if used separately. Upon rotating the second crystal 
each of the two rays 0 and E is refracted into two parts, making four 
as shown by an end-on view in (6). At 90® rotation the original O' and 
E' rays have faded and vanished and the new rays 0" and E" have 
reached a maximum of intensity. Further rotation finds the original 
rays appearing and eventually, if the crystals are of equal thickness, 
these come together into one single beam in the center for the 180® 
portion shawn at the bottom, the rays 0" and E" having now vanished. 

Thus, merely by using two natural crystals of calcite, Huygens was 
able to demonstrate the polarization of light. The explanation of the 
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movement of the light rays is one simply of deviation by refraction and 
easily understood. The vaiying intensity of the spots, however, involves 
the polarization of the two light beams leaving the first crystal. In brief 
the explanation is somewhat as follows: Ordinary light upon entering the 
first calcitc crystal is broken up into two plane-polarized rays, one, the 
0 ray, vibrating perpendicular to the principal 
plane, which is here the same as the principal 
section, and the other, the E ray, vibrating in 
the principal Action. In other words, the crystal 
resolves the light into two components by causing 
one type of vibration to travel one path and the 
other vibration to travel another path. 

Consider more in detail now what happens to one 
of the plane-polarized beams from the first crystal 
when it passes through the second crystal oriented 
at some arbitrary angle B. Let E in Fig. 24Af 
represent the amplitude of the E ray vibrating 
parallel to the principal section of the first crystal 
just as it strikes the face of the second crystal. This 
second crystal, like the first, transmits light vibrating in its principal section 
along one path and light vibrating at right angles along another path. 
The E ray is therefore split up into two components E' with an amplitude 
E cos $ and 0*' with an amplitude E sin 0. These emerge from the 
second crystal with relative intensities given by E^ cos* $ and E^ sin* 0. 



Fio. 24Af. Resolution 
of polarised light into 
components by double 
refraction. 





Fio. 24V. Detailed diagram of a nicol prism showing how it is made from a calcite crystal. 


At 0 — 90® E' vanishes and 0" reaches a maximum intensity of A^. At 
all positions the sum of the two components, E^ sin* 0 + £* cos* 0, is 
just equal to £* the intensity of the incident beam. 

The same treatment holds for the splitting up of the 0 beam from the 
first crystal into two plane-polarized beams 0' and E”. 
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24.11. Hicol Prism. This is an optical device made from a calcite 
crystal and is used in many optical instruments for producing and 
analyzing plane-polarized light. The nicol prism is made in such a way 
that it removes one of the two refracted rays by total reflection, as is 
illustrated in Fig. 24iV’. There are several different forms of nicol 
prism,* but we shall describe here one of the commonest ones. First a 
crystal about three times as long as it is wide is taken, and the ends 
cut down from 71" in the principal section to a more acute angle of 68". 
The crystal is then cut apart along the p4ne A'D' perpendicular to both 
the principal section and the end faces. The two cut surfaces are ground 
and polished optically flat and then* cemented together with Canada 
balsam. Canada balsam is used because it is a clear transparent sub- 
stance with an index of refraction about midway between the index of 
the 0 and E rays. For sodium yellow light, X5893, 


Index of O ray no * 1.65836 

Index of Canada balfiaiii ns ™ 1 . 55 

Index of E ray nx — 1.48641 


Optically the balsam is more dense than the calcite for the E ray, and 
less dense for the 0 ray. The E ray therefore will be refracted into the 
balsam and on through the calcite crystal, whereas the 0 ray for large 
angles of incidence will be totally reflected. The critical angle for total 
reflection of the 0 ray at the first calcite to balsam surface is about 69" 
and corresponds to a limiting angle SMSfi in Fig. 24iV' of about 14". 
At greater angles than this, some of the 0 ray will be transmitted. This 
means that a nicol should not be used in light which is highly convergent 
or divergent. 

The E ray in a nicol also has an angular limit, beyond ‘which it will 
be totally reflected by the balsam. This is due to the fact that the 
index of refraction of calcite is different for differont directions through 
the crystal. In the next chapter it will be seen that the index n* = 1 .486, 
as it is usnally given, is just for the special case of light traveling at 
right angles to the optic axis. Along the optic axis the E ray travels 
with the same speed as the 0 ray and it therefore has the same index of 
1.658. For intermediate angles the effective index lies between these 
two limits 1.486 and 1.658. There will therefore be a maximum angle 
SMSe beyond which the balsam will be optically less dense than the 
calcite, and there will be total reflection of the E vibrations. The prism 
is so cut that this angle likewise is in the neighborhood of 14". The 

* Very complete descriptions of polarizing prisms will be found in A. Johannsen, 
Manual of Petrographic Methods," 2d ed., pp. 158-164, McGraw-Hill Book Com- 
pany, Inc., New York, 1918. ' 
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direction of the incident light on a nicol therefore is limited on the one 
side to avoid having the 0 ray transmitted and on the other side to 
avoid having the E ray totally reflected. In practice, it is important 
to keep this limitation in mind. 

Polarizing prisms are sometimes made with end faces cut perpendicular 
to the sides so that the light enters and leaves normal to the surface. The 
most popular one of this type, the Glan^Thompson prism, has an angular 
tolerance or aperture approaching 40^, hence much larger than that of 
the nicol. But this prism myst be* cut with the optic axis parallel to 
the end faces and is wasteful of calcite, large crystals of which are expen- 
sive and difficult to obtain. In another type the halves are held together 
so that there is a film of air between them instead of balsam. This 
device, called the FoucauU prism, will transmit ultraviolet light. It has 

Polarizer Analyzer 

0 

Fio. 240. Two nicol prisms mounted oh polurisor and analyser. 

an angular aperture of only about 8**, however, and some difficulty is 
experienced with interference occurring in the air film. 

24.12. Parallel and Crossed Nicols. When two nicol prisms are lined 
up one behind the other, as shown in Fig. 240, they form a good polari- 
scope (Sec. 24.4). Positions (a) and (c) are referred to sCs parallel 
nicols,” and for them the E ray is transmitted. A loss of some 10 per 
cent of the incident light is caused by reflection at the prism faces and 
absorption jn the balsam layer, so that the over-all transmission of a 
nicol for incident unpolarized light is about 40 per cent. Position (b) in 
the figure represents one of the two positions called ” crossed nicols.” 
Here the E ray from the first nicol becomes an 0 my in the second, and 
is totally, reflected to the side. For intermediate angles, the incident E 
vibradons from the first nicol are broken up into components as shown 
b]f the vector diagram in Fig. 24ilf , where 0 is the angle between the 
* principal sections of the two nicols. The E' component is transmitted 
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by the second nicol with the intensity cos^ $ and the 0'^ component 
is totally reflected. 

24.13. Refraction by Calcite Prisms. Calcite prisms are sometimes 
cut from crystals for the purpose of illustrating double refraction and 
dispersion simultaneously as well as single refraction along the optic axis. 
Two regular prisms of calcite are shown in Fig. 24P, the first cut with 
the optic axis parallel to the base and the refracting edge A, and the other 
with the axis also parallel to the base but perpendicular to the refracting 
edge. In the first prism thdre is double^ refraction for all wavelengths 
and hence two complete spectra of plane-polarized light, one with the 
electric vector parallel to the plane of incidence and the other with the 
electric vector perpendicular to it. An interesting demonst]:ation of this 



Fio. 24P. Double and eingle refraction of white liglit by prisms cut from calcite crystals. 

polarization is accomplished by inserting a polarizer * *into the incident 
or refracted beams. Upon rotation of the polarizer, first one spectrum 
is extinguished and then the other. 

In the second prism Fig. 24P(b) only one spectrum is observed as in 
the case with glass prisms. Here the light travels along the optic axis, 
or very nearly so, so that the two spectra are superposed. In this case 
a polarizer, when rotated, will not affect the intensity as it does with 
the first prism. The more detailed treatment of double refraction in 
the next chapter will clarify these experimental observations. 

24.14. Rochon and Wollaston Prisms. Nicol prisms cannot be used in 
ultraviolet Jight, as the Canada balsam is not transparent to these shorter 
wavelengths. For this purpose other types of prisms have been designed, 
the most satisfactory of which are the Rochon or Wollaston prisms. 
These optical devices, sometimes called double-image prisms, are made 
of quartz or cal(;ite, cut at certain definite angles and cemented together 
with glycerine or castor oil. 

In the Rochon prism [Fig. 24Q(a)] the light, entering normal to the 
surface, travels along the optic axis of the first prism and then undergoes 

* Although nicol prisms arc perhaps the best polarizing devices found in most 
laboratories, Polaroid films or a pile of gloss plates mounted as in Fig. 240 are quite 
suitable for nearly all experimental demonstrations. 
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double refraction at the boundary of the second prism as shown. The 
optic axis of the second prism is perpendicular to the plane of the page, 
as is indicated by the dots. In the Wollaston prism [Fig. 24(?(6)] the 
light enters normal to the surface and travels perpendicular to the optic 
axis until it strikes the second prism, where double refraction takes place. 
The essential difference between the two is sliow^ in the figures by the 
directions of the tAvo refracted rays. The Rochon prism transmits the 
0 vibrations Avithout deviation, the beam being achromatic. This is 
frequently desired in optical instruments Av*here only one plane-polarized 
beam is desired. The E beam, which is chromatic, is readily screened 
off at a sufficiently large distance from the prism. 

The Wollip,ston prism deviates both rays and consequently yields 
greater separation of the two chromatic beams. This device is par- 

• 

(a) (b) 


0 
E 

Fig. 2AQ, Diagiains of (a) Hucliori and (6) Wollaston prisms mado from quarts. 

ticularly useful Avhere intensities in polarized light are involved, since 
the images of the tAvo beams, Avhose vibrations are perpendicular to 
each other, can be compared side by side. It should be noted that in 
the Kochon prism the light should always enter from the left in order to 
travel first along the optic axis as shown in the figure. If sent through 
in the other direction, the different wavelengths will come out Aribrating 
in different planes OAving to a phenomenon called rotatory dispersion (see 
Sec. 27.1). This phenomenon as Avell as the directions taken by doubly 
refracted beams in quartz Avill be treated in detail in the folloAving three 
chapters. •. 

24.16. Polarization by Scattering. The scattering of light by small 
ultramicroscopic particles has been discussed in some detail in Sec. 22.9. 
There it A\'as stated that for particles smaller than a wavelength of light 
the scattering is proportional to the fourth poAver of the frequency. 
While this laAV accounts for the blue color of the sky, it may also be 
shown to account for the polarization of the blue light as well as for the 
orange and red color of the sun at sunset. 

The polarization of scattered light follows directly from the classical 
picture of light as a transverse Avave Avith no longitudinal component. 
If we consider, for example, ordinary light incrident on a charged par- 
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tide e in Fig. 2412, the light scattered in any direction in the transverse 
plane must be plane-polarized with the electric vector as shown. In all 
other directions the scattered light will be only partially polarized (see 
the last two paragraphs of Sec. 22.12 and Fig. 22H). The reason why 
the light scattered in the transverse plane has no component vibration 
parallel to the direction of propagation of the incident light is that the 
incident light, being a transverse wave, can have no longitudinal 
component. 

Consider now the blue light of a clear.sky as seen by an observer at 
the time near sunset. Let Q represent the observer on the earth with 



Fig. 2472. Polarization by scattering from a single particle. 


P 



(a) ’ fb) 

^ Fig. 24S. The scattering of light by the earth's atmosphere. 


the sunlight incident through the atmosphere as shown in Fig. 24£[(a). 
Looking straight overhead, the light scattered from particles in the 
neighborhood of P will be partially plane-polarized with 9 , maximum 
perpendicular to the plane SQP. The reason pure plane-polarized light 
is not observed is that multiple scattering occurs in the relatively long 
light paths. By multiple scattering is meant that many of the incident 
light waves have been scattered several times before reaching the 
observer. Maximum polarization of this light, in agreement with 
theory, is observed in a direction perpendicular to the incident sunlight.. 
The frequent observation of a red sunset is readily attributed to the 
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scattering of light by fine dust and smoke particles near the earth’s 
surface. This is illustrated by the double shaded area in Fig. 24Si(5). 
If an observer is at the point marked {w) it is midaftemoon, and the 
direct sunlight travels a relatively short dust path. Here only a little 
of the blue and violet have been lost by scattering and the sun appears 
white. To an observer at (y) the dust path is increased with the result 
that most of the blue and violet have been scattered and the sun, owing 
to the remaining colors red, orange, yellow, and green, appears yellow 
at (o) the blue, violet, and a good share dl the green are scattered and 
the sun appears orange since now only the red, orange, and }>^llow reach 
the eye. At (r) it is sunset, and the dust path has increased to many 
times thatior {w). Along this path all but a little of the very longest 
visible waves are scattered and the sun appears red. liooking overhead, 
the sky still appears blue and the light from it is partially plane-polarized. 


A very interesting experimental demonstration of the blue sky and red 
sunset may be performed as shown in Fig. 242’. liight from a bright 
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Fio. 247*. Experimental arrangement for demonstrating polarisation by scattering, and 
for showing the origin of the blue sky and red sunset. 

source S (sunlight or a carbon arc) is made to pass through a lens Li, 
a tank of clear water T, a screen with a circular aperture 7, a lens L 2 , 
and finally to a scrceii W. Lens L\ produces a parallel beam of light 
in the tank, and L 2 focuses an image of the circular opening I on the 
screen. About 20 g of photographic fixing powder (hyposulfilc of soda) 
are dissolved in each gallon of water in the tank T. This tank should 
be from 12 to 24 in. long. If about 1 to 2 cc of concentrated sulfuric 
acid is now added to the tank, fine microscopic sulfur particles will begin 
to precipitate slowly. The correct amount of salt and acid to produce 
the best effect must be determined by trial. It should take 2 or 3 min 
for the first visible precipitate to form. 

As the particles begin to form, scattered blue light will mark the path 
of the beam of light through the tank. Viewed through a nicol prism 
or other analyzer, from a direction at right angles to the light beam, the 
light is first found to be plane-polarized and later, after more particles 
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have formed, to be partially polarised, as predicted. The bright circular 
image on the screen, representing the sun, will be observed to change 
slowly from white to yellow then to orange and finally red. In the latter 
stages of the experiment multiple scattering causes the whole front end 
of the tank to be blue. The other end is yellow and orange since the 
blue and violet has beon scattered out of the beam. When demonstrated 
to an audience where individual analyzers are not to be had, a large 
nicol or polarizing plate can be inserted at the position P. Upon rotating 
this polarizer the scattering is made to appear or disappear with each 
90^ rotation. A large mirror M placed directly above the tank will in 
this case show the beam alternately in the mirror and in the tank. 


In performing an experiment of this kind Tyndall was the first to 
observe another type of scattering when the particles become large 
enough to scatter white light. If the white scattered light is viewed 
through a nicol held in the position for the ordinary extinction of blue 
scattered light, the blue color appears again with increased brilliancy. 
This Tyndall called the residual blue. A theoretical consideration of 
the phenomenon by Rayleigh shows that this scattering is proportional 
to v^. With smaller particles the residual blue vanishes and a zero 
minimum is observed. 


Problems 

1. A beam of light traveling in water strikes the surface of a glass plate, and when 
the angle of incidence is adjusted to be 50.82*’ the reflected beam is found to be plane- 
polarized. What is the refractive index of the glass? 

2. Calculate the polarizing angle for a dense flint glass of index n » 1 .768. 

3. Calculate the limits of the polarizing angle for white light, X » 4000 to 7000 A 
for telescope crown glass as given by the dispersion curve in Fig. 23A. 

4 . 1^'ove that when light is incident on a plane-parallel glass plate at the polariz- 
ing angle for the upper surface, the refracted beam also meets the lower surface at the 
polarizing angle for that surface. 

6. A bcaib of plane-polarized light is incident normally on a calcite crystal with 
its vibrations making an angle of 17** with the principal section. Calculate the rela- 
tive amplitudes and intensities of the two refracted beams. 

6. Find the relative intensities of the four images in Fig. 24L(&) if the angle 

between the principal sections of the two crystals is 9.5”. * 

7. A beam of plane-polarized light is incident normally on a calcite crystal with 
its vibrations making an angle of 26” with the principal section. The two refracted 
beams now pass through a nicol prism placed behind the calcite and oriented with its 
principal section at 70” with the original light vibrations and at 44” with the principal 
section. Calculate the relative intensities of the two beams. 

8. From the index of refraction of calcite and Canada balsam, compute the maxi- 
mum angle at which light may be incident on a nicol prism and still have the ordinaiy 
ray totally reflected by the Canada balsam (no — 1.6584, noa 1.55). What docs 
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this give for the maximum allowable angle with respect to the axis of the nicol (angle 
SoMS in Fig. 2^N)1 

9. If two nicol prisms are mounted as a polarizer and an analyzer with their 
principal sections making an angle of 16" with each other, what will be the relative 
intensity of the transmitted light when the angle is changed to 46"? 

10. Two light sources are observed, one after the other, with two nicol prisms 

mounted one behind the other as polarizer and analyzes. What are the relative 
intensities of the two sources if the intensities of the emergent beams in both instances 
arc equal when the angles between the principal planes of the nicols arc 45" and 70", 
respectively? • 

11. Ordinary light is incident on k pile of eight glass plates at the polarizing angle. 
If n B 1.602, find the proportion of polarization of the light transmitted. 

12. Four Polaroid sheets are placed on top of each other, each with its axis rotated 

by a c;ertain apgle ot with respect to the preceding one. Find the transmitted inten- 
sity, relative to that of the incident unpolarizcd light, (a) when a » 4", and (b) when 
u a* 32". Assume that because of absorption any one sheet transmits only 40 per 
cent of incident unpolarized light (80 per cent of incident light polarized parallel to 
its plane of its transmission). What is the orientation of the emergent vibrations in 
cases (a) and (&)? t 

18. Quartz has no « 1.54425 and ns » 1.55336 for sodium light. Calculate the 
angle between the emergent O and E rays for a Rochon prism (Fig. 24Q) made of 
quartz with prism angles of 20". (Noth: As will be shown in the next chapter, the 
refractive index for the E ray has the value no when the ray is parallel to the optic axis 
and the value ue when it is perpendicular to this axis.) 

14. Calculate the"percentage polarization of the light scattered by very small par- 
ticles at an angle of 70" with the direction of the incident unpolarized beam. Any 
multiple scattering is, of (;ours(;, to be neglected. 

16. Given that the three angles at the blunt corner of a calcite crystal arc 101 "54', 
find the angles (a) between each pair of faces forming this corner, (h) between the 
optic axis and an edge where the faces form an obtuse angle, and (c) between the 
optic axis and the face of the crystal, in the principal section. 

16. Find the number of glass plates of index n = 1.55 which must be used in a pile 
of plates to obtain 00 per cent polarization of the transmitted light. 






